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Preface

These lecture notes were prepared for the course, taught by the author at the
Faculty of Mathematics and CS of the Weizmann Institute of Science. The course
is intended as the first encounter with stochastic calculus with a nice engineering
application: estimation of signals from the noisy data. Consequently the rigor
and generality of the presented theory is often traded for intuition and motivation,
leaving out many interesting and important developments, either recent or classic.
Any suggestions, remarks, bug reports etc. are very welcome and can be sent to
pavel.chiganskyOweizmann.ac.il.

Pavel Chigansky
WIS, February 2005






Instead of Introduction

An example

Consider a simple random walk on integers (e.g. randomly moving particle)
XjZXj,1 + €5, JEZy (1)
starting from the origin, where ¢; is a sequence of independent random signs P(e; =
+1) = 1/2, j > 1. Suppose the position of the particle at time j is to be estimated
(guessed or filtered) on the basis of the noisy observations

where ¢; is a sequence of independent identically distributed (i.i.d.) random vari-
ables (so called discrete time white noise) with Gaussian distribution, i.e.

L[ e
P(fje[a,b]):\/—ﬂ_/ e~ /2du, Vj>1.

Formally an estimate is a rule, which assigns a real number'to any outcome of
the observation vector Yy jj = {Y1,...,Y;}, in other words it is a map ¢;(y) : R/ —
R. How different guesses are compared ? One possible way is to require minimal
square error on average, i.e. @; is considered better than ; if

2 2
E(X; —¢j(Yig)” <BE(X; —4;(Yng) s (3)
where E(-) denotes exzpectation, i.e. average with respect to all possible outcomes
of the experiment, e.g. for j =1
2 1 e 2 2 1 2

E(Xi—o (V1) = = (1— 1 1 (-1 )7*“/%1.

(Fi—e) =5 [ (=) + (< 1= (14w e
Note that even if (3) holds,

2 2
(X5 =0 (V)™ > (X = 95(Yp))
may happen in an individual experiment. However this is not expected®to happen.
Once the criteria (3) is accepted, we would like to find the best (optimal)
estimate. Let’s start with the simplest guess
Xj=0;(Y,5) =Y.
The corresponding mean square error is

P=EX;-Y;)?=E(X; - X; - &) =E¢ =1

1Though X takes only integer values, we allow a guess to take real values, i.e. ”soft” decisions
are admissible

2think of an unfair coin with probability of heads equal to 0.99: it is not expected to give
tails, though it may!
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This simple estimate does not take into account past observations and hence po-
tentially can be improved by using more data. Let’s try

y _YitYia
X; = —“—
The corresponding mean square error is

2 2
~ = Y, +Y,_
Pj—E(Xj—XJ) —E(Xj—ﬂgﬂ 1) —

B (Xj X +Xj712+ §i1 +§j>2 _
B((X; - X;1)/2 - (1 +)/2)" =
E(e;/2 — (6.1 +&)/2)° = 1/4+1/2=0.75

which is an improvement by 25% ! Let’s try to increase the ”memory” of the
estimate:

2
E(Xj—YjJFY}‘lJrYj‘Q) = .=

3

2 1 §+& 1+ 2\ 4 1 3
E(Ze 42, 4 ToimtTei=2) % 212 089
<3€J+3€] 1+ 3 9+9+9

i.e. the error increased! The reason is that the estimate gives the "old” and the
"new” measurements the same weights - it is reasonable to rely more on the latest
samples. So what is the optimal way to weigh the data ?

It turns out that the optimal estimate can be generated very efficiently by the
difference equation (j > 1)

X;=X;1+P(Y;,—X;-1), Xo=0 (4)

where P; is a sequence of numbers, generated by
ijl +1

p, ==t
TP+ 2

Py =0. (5)

Let’s us calculate the mean square error. The sequence A; := X; — X ;j satisfies
Aj=Aj1+e—Pi(Aj+e &) = (L= P) A1+ (- Pyej — B
and thus ISJ- = EA? satisfies

2~

Pi=(1-P)’' P +(1—P)?+P2 B=0

where the independence of €;, {; and A;_; has been used. Note that the sequence
P; satisfies the identity (just expand the right hand side using (5))

Pj=(1-P)'Pii+(1-P)*+P?, Py=0.
So the difference ﬁj — P; obeys the linear time varying equation
~ 2 -~
(Pj—=PFj) =(1=P) (Pjoa— Pj), t>1

and since ﬁo — Py = 0, it follows that ﬁj = P; for all j > 0, or in other words P; is
the mean square error, corresponding to X; ! Numerically we get
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i 1L [2 |3 4 5
P; [0.5]0.6 | 0.6154 | 0.6176 | 0.618

In particular P; converges to the limit P, which is the unique positive root of the
equation

P+1
= — = P =vV5/2—-1/2~0.618.
P+2 o = V5/ /
This is nearly a 40% improvement over the accuracy of )Ej! As was mentioned
before, no further improvement is possible among linear estimates.
What about nonlinear estimates? Consider the simplest nonlinear estimate of
X1 from Yi: guess 1if Y7 > 0 and —1if Y7 <0, i.e.

Xl = sign(Yl).

The corresponding error is

P =E(X, - X,)" = %E(l —sign(1+ &))" + %E( —1—sign(-1+&))" =

1 1 1 ©
Z02P(& < —1) 4+ =22P(€; > 1) = 4P(£, > 1) = 4—/ e %/ 2du ~ 0.6346
5 (& < -1) 5 (& >1) (& >1) Nz

which is even worse than the linear estimate X 1! Let’s try the estimate
Xl = tanh(Y1)7
which can be regarded as a ”soft” sign. The corresponding mean square error is

2_

P =E(X, - X))’ =
1 [ 2 2, 1 9
= 1 —tanh(u+1))" + (1 4 tanh(u — 1 —— exp{—u~/2}du ~ 0.4496
5 [ (1= tanhu 1)) + (14 tanh(a = 1) S exp{—u/2)
which is the best estimate up to now (in fact it is the best possible!).

How can we compute the best nonlinear estimate of X efficiently (meaning

recursively)? Let p;(4), i € Z, j > 0 be generated by the nonlinear recursion

p(i) = exp{Yyi — 2/2} (pjo1(i = )+ pjoai+ 1)), j=1 (6)

subject to po(0) = 1 and po(i) = 0, ¢ # 0. Then the best estimate of X, from the
observations {Y7,...,Y;} is given by

5. — Zim—oo 05 (0)
T nid)
How good is it ? The exact answer is hard to calculate. E.g. the empirical mean
square error Pjqg is around 0.54 (note that it should be less than 0.618 and greater
than 0.4496).

How the same problem could be formulated in continuous time, i.e. when the
time parameter (denoted in this case by t) can be any nonnegative real number
? The signal defined in (1) is a Markov3chain with integer values, starting from
zero and making equiprobable transitions to the nearest neighbors. Intuitively the

(7)

3Recall that a sequence called Markov if the conditional distribution of X, given the ”history”
{Xo,...,X;_1}, depends only on the last entry X;_1 and not on the whole path. Verify this
property for the sequence defined by (1).
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analogous Markov chain in continuous time should satisfy

1-2¢, i=2X;
P(Xyye =i|X,,0<s<t)=<¢ i=X,+1 (8)
0 otherwise

for sufficiently small € > 0. In other words, the process is not expected to jump on
short time intervals and eventually jumps to one of the nearest neighbors. It turns
out that (8) uniquely defines a stochastic process. For example it can be modelled
by a pair of independent Poisson processes. Let (7,)nez, be an i.i.d sequence of
positive random variables with standard exponential distribution

1—e7t, t>0
P(r, <t) = =
(7 <1) {0, t<0 )

Then a standard Poisson process is defined as *

n
IT; = max{n : ZT[ <t},
=1

Clearly II, starts at zero (IIp = 0) and increases, jumping to the next integer at
random times separated by 7’s. Let II; and II; be a pair of independent Poisson
process. Then the process

X, =1 —1I;, t>0

satisfies (8). Remarkably the exponential distribution is the only one which can
lead to a Markov process.

To define an analogue of Y;, the concept of ”white noise” is to be introduced
in continuous time. The origin of the term ”white noise” stems from the fact that
the spectral density of an i.i.d. sequence £ is flat, i.e.

(oo} oo
Se(N) = > E&&Ge ™ = > 6(j)e™N =1 VA€ (—m,7].

j=—00 j=—o00

So any random sequence with flat spectral density is called (discrete time) white
noise and its variance is recovered by integration over the spectral density

1 ™
ngzﬁ/ 1d\ = 1.

—T
The same definition leads to a paradox in continuous time: suppose that a stochastic
process have flat spectral density, then it should have infinite variance®

1 o0
ng:—/ d\ = oco.

21 J_

This paradox is resolved if the observation process is defined as

t
y;:/ X.ds + Wi, (10)
0

4with convention S0, =o.

5recall that the spectral density for continuous time processes is supported on the whole real

line, rather than being condensed to (—m, 7] as in the case of sequences.



AN EXAMPLE 11

where W = (W,)¢>0 is the Wiener process or mathematical Brownian motion. The
Wiener process is characterized by the following properties: Wy = 0, the trajectories
of W, are continuous functions and it has independent increments with

EW Wy, u<s) =W, E((Wy— W)} Wy, u<s)=t—s.

Why is the model (10) compatible with the ”white noise” notion? Introduce the
process
A_Wi=Wia

v = , A>0
Then Evf = 0 and®
1 I JA—t—s|, [t—s| <A
A A ’
Brpvs = GE(We = Wees) (We = Wiea) = 55 {o - > A

So the process v is stationary with the correlation function

— <

A2 o, 7| > A"

For small A > 0, R2(7) approximates the Dirac §(7) in the sense that for any
continuous and compactly supported test function ¢(7)

o0
A A—0
| e @ 225 o(0)
— 0o

and if the limit process v := lima_,o v"* existed, it would have flat spectral density
as required. Then the observation process (10) would contain the same information
as

K:Xt"_l/ta

with v; being the derived white noise. Of course, this is only an intuition and v,
does not exists as a limit in any reasonable sense (e.g. its variance at any point
t grows to infinity with A — 0, which is the other side of the "flat spectrum”
paradox). It turns out that the axiomatic definition of the Wiener process leads to
very unusual properties of its trajectories. For example, almost all trajectories of
W4, though continuous, are not differentiable at any point.

After a proper formulation of the problem is found, what would be the analogs
of the filtering equations (4)-(5) and (6)-(7)7 Intuitively, instead of the difference
equations in discrete time, we should obtain differential equations in continuous
time, e.g.

Xt:Pt(Y%—Xt)7 X():O
However the right hand side of this equation involves derivative of Y; and hence also
of Wy, which is impossible in view of aforementioned irregularity of the latter. Then

instead of differential equations we may write (and implement!) the corresponding
integral equation

t t
th/ Pdes—/ P,X,ds,
0 0

6Note that EW, W = min(t,s) :=t A s for all t,s > 0.
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where the first integral may be interpreted as Stieltjes integral with respect to Y;
or alternatively defined (in the spirit of integration by parts formula) as

t t
/PSdYS = YtPt—/ Y, P.ds.
0 0

Such a definition is correct, since the integrand function is deterministic and differ-
entiable (Y; turns to be Riemann integrable as well). Of course, we should define
precisely what is the solution of such equation and under what assumptions it exists
and is unique. The optimal linear filtering equations then can be derived:

t
X, = | P.(dY, - X.d
t /0 s( s E 5) (11)
P,=2—P Py=0.

Now what about the nonlinear filter? The equations should realize a nonlinear
map of the data and thus their right hand side would require integration of some
stochastic process with respect to Y;. This is where the classical integration theory
completely fails! The reason is again irregularity of the Wiener process - it has
unbounded variation! Thus the construction similar to Stieltjes integral would not
lead to a well defined limit in general. The foundations of the integration theory
with respect to the Wiener process were laid by K.Ito in 40’s. The main idea is
to use Stieltjes like construction for a specific class of integrands (non-anticipating
processes). In terms of It6 integral the nonlinear filtering formulae are”

Pt(i):5(i)+/0 (ps(i+1)+ps(i71)—2p5(i))ds+/0 ips(i)dYs (12)

and -
D m= o0 MP(1M)
2ie oo (1)
This example is the particular case of the filtering problem, which is the main
subject of these lectures:

Xt:

Given a pair of random process (Xy,Y:)i>0 with known statistical
description, find a recursive realization for the optimal in the mean
square sense estimate of the signal Xy on the basis of the observed
trajectory {Ys,s <t} for each t > 0.

The brief history of the problem

The estimation problem of signals from the noisy observations dates back to
Gauss (the beginning of XIX century), who studied the motion of planets on the
basis of celestial observations by means of his least squares method. In the modern
probabilistic framework the filtering type problems were addresses independently
by N.Wiener (documented in the monograph [26]) and A.Kolmogorov ([20]). Both
treated linear estimation of stationary processes via the spectral representation.
Wiener’s work seems to be partially motivated by the radar tracking problems and
gunfire control. This part of the filtering theory won’t be covered in this course
and the reader is referred to the classical text [28] for further exploration.

1 =0

"From now on §(i) denotes the Kronecker symbol, i.e. §(i) = {0 .20
i
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The Wiener-Kolmogorov theory in many cases had serious practical limitation
- all the processes involved are assumed to be stationary. R.Kalman and R.Bucy
(1960-61) [13], [14] addressed the same problem from a different perspective: us-
ing state space representation they relaxed the stationarity requirement and ob-
tained closed form recursive formulae realizing the best estimator. The celebrated
Kalman-Bucy filter today plays a central role in various engineering applications
(communications, signal processing, automatic control, etc.) Besides being of signif-
icant practical importance, the Kalman-Bucy approach stimulated much research
in the theory of stochastic processes and their applications in control and esti-
mation. The state space approach allowed nonlinear extensions of the filtering
problem. The milestone contributions in this field are due to H.Kushner [29], R.
Stratonovich [37] and Fujisaki, Kallianpur and Kunita [10] (the dynamic equations
for conditional probability distribution), Kallianpur and Striebel [17] (Bayes for-
mula for white noise observations), M. Zakai [41] (reference measure approach to
nonlinear filtering).

There are several excellent books and monographs on the subject including
R.Lipster and A.Shiryaev [21] (the main reference for the course), G.Kallianpur
[15], S.Mitter [23], G. Kallianpur and R.L. Karandikar [16] (a different look at the
problem), R.E. Elliott, L. Aggoun and J.B. Moore [8]. Classic introductory level
texts are B.Anderson and J. Moore [1] and A. Jazwinski [12].






CHAPTER 1

Probability preliminaries

Probability theory is simply a branch of measure theory, with its
own special emphasis and field of application (J.Doob).

This chapter gives a summary of the probabilistic notions used in the course, which
are assumed to be familiar (the book [34] is the main reference hereafter).

1. Probability spaces

The basic object of probability theory is the probability space (2, F,P), where
Q2 is a collection of elementary events w € ) (points), JF is an appropriate family
of all considered events (or sets) and P is the probability measure on F. While 2
can be quite arbitrary, & and P are required to satisfy certain properties to provide
sufficient applicability of the derived theory. The mainstream of the probability
research relies on the axioms, introduced by A.Kolmogorov in 30’s (documented in
[19]). F is required to be a o-algebra of events, i.e. to be closed under countable
intersections and compliment operations'

QedF
AeF = Q/AeTF
Aped = Ny A, €T

P is a g-additive nonnegative measure on F normalized to one, in other words P
is a set function F — [0, 1], satisfying

P <L+J An> =Y P(A,), A, €9 o-additivity
n=1 n=1

P(Q2)=1 normalization.

Here are some examples of probability spaces:

1.1. A finite probability space. For example
Q:={1,2,3}
F:=1{0,1,2,3,1U2,1U3,2U3,Q}
P(A)= ) 1/3, VAeF

weEA

Note that the o-algebra F coincides with the (finite) algebra, generated by the
points of € and P is defined on JF by specifying its values for each w € €, i.e.
P(1) =P(2) =P(3) =1/3.

IThese imply that JF is also closed under countable unions as well, ie. A, € F —
UX jAn €T
n=14"1 .

15
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ExaMPLE 1.1. Tossing a coin n times. The elementary event w is a string of
n zero-one bits, i.e. the sampling space € consists of 2" points. F consists of all
subsets of {2 (how many are there?). The probability measure is defined (on F) by
setting P(w) = 27", for all w € Q. What is the probability of the event A ="the
first bit of a string is one”?

P(A)=P(w:w(l)=1)= > 27"=1/2 (by symmetry).
L:we(1)=1
|

1.2. The Lebesgue probability space ([0,1],B,)). Here B denotes the
Borel o-algebra on [0,1], i.e. the minimal o-algebra containing all open sets from
[0,1]. Tt can be generated by the algebra of all intervals. The probability measure
A is uniquely defined (by Caratheodory extension theorem) on B by its restriction
e.g. to the algebra of semi-open intervals

AM(a,b0))=b—a, b>a.

Similarly a probability space is defined on R (or R?). The probability measure in
this case can be defined by any nondecreasing right continuous (why?) nonnegative
function F : R +— [0, 1], satisfying lim, o, F(z) = 1 and lim,_, _, F(z) = 0:

P((a,b]) = F(b) — F(a).
What is the analogous construction in R? ?

EXAMPLE 1.2. An infinite series of coin tosses. The elementary event is an
infinite binary sequence or equivalently  a point in [0, 1], i.e. = [0,1]. For the
event A from the previous example:

MA) = A(w:w(l) =1) =Aw >1/2) =1/2.
|

1.3. The space of infinite sequences. (R*°, B(R*>°), P). The Borel o-algebra
B(R*) can be generated by the cylindrical sets of the form

A= {SU € R : T € (al,bﬂ,...,l'i S (an,bn]}, bl > a;

n

The probability P is uniquely defined on B(R*°) by a consistent family of probability
measures P™ on (R",B(R™)), n > 1 (Kolmogorov theorem), i.e. if P" satisfies
P""(B xR) = P"(B), B € B(R").

EXAMPLE 1.3. Let p(z,y) be a measurable® R x R ++ R, nonnegative function,
such that

/p(:my)dy =1, asVx
R

and let v(z) be a probability density (i.e. v(z) > 0 and [, v(z)dz = 1). Define a
family of probability measures on B(R"*1) by the formula:

P”+1(A0 X ... X An) :/ / v(zy)p(x1, x2)..p(Xpn_1, Ty )dx;...dT,.
AO An

250me sequences represent the same numbers (e.g. 0.10000... and 0.011111...), but there are

countably many of them, which can be neglected while calculating the probabilities.
3measurability with respect to the Borel field is mean by default
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This family is consistent:

P"H(Ao X ... X R) = / / v(xy)p(x1, 2)..p(Xpn—1,Tn)dxy...dxy =
4, Jr

/ / v(z1)p(xy, ) ..p(Xp—2, Tp_1)dx)..dTpH_1 = P”(Al X ... X An,l),
4, Jr

and hence there is a unique probability measure P (on B(R*)), such that
P(A) =P"(4,) VA, €B[R"), n=12,..

The constructed measure is called Markov. |

2. Random variables and random processes

A random variable is a measurable function on a probability space (2, F, P) to
a metric space (say R hereon), i.e a map X (w) :  — R, such that

{w:X(w) e B}edF, VBeBR).

Due to measurability requirement X (the argument w is traditionally omitted)
induces a measure on B(R):

Px(B):=P(w: X(w) € B), VB € B(R).
The function Fx : R — [0,1]
Fx(z) =Px((—o0,2]) = P(X <), z€R

is called the distribution function of X. Note that by definition Fy (x) is a right-
continuous function.

A stochastic (random) process is a collection of random variables X, (w) on a
probability space (2, F,P), parameterized by time n € Z,. Equivalently, a sto-
chastic process can be regarded as a probability measure (or probability distribu-
tion) on the space of real valued sequences. The finite dimensional distributions
F% :R" — [0,1] of X are defined as

F3(z1, .y xp) = P(Xl <z1,..,X, < acn), n>1

The existence of a random process with given finite dimensional distributions is
guaranteed by the Kolmogorov theorem if and only if the family of probability
measures on R”, corresponding to F'¥%, is consistent. Then one may realize X as a
coordinate process on an appropriate probability space, in which case the process
is called canonical.

3. Expectation and its properties

The expectation of a real random variable X > 0, defined on (2, F, P), is the
Lebesgue integral of X with respect to the measure P, i.e. the limit (either finite
of infinite)

EX:/X(w)P(dw) = lim EX,,
Q n—oo

where X, is an approximation of X by simple (”piecewise constant”) functions,
e.g.
n2™

Xn(w)zzf;nll{f;llSX(w)<2€l}+n1(X(w)2n) (1.1)
{=1
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for which

nan

(—1_(t-1 ‘
EX, =) o P{ o <X(w)<2n}+nP(X(w)>n)
(=1

is defined. Such limit always exists and is independent of the specific choice of the
approximating sequence. For a general random variable, taking values with both
signs, the expectation is defined*

EX=EOAX)-EOVX):=EXT+EX"
if at least one of the terms is finite. If EX exists and is finite X is said to be

Lebesgue integrable with respect to P. Note that expectation can be also realized
on the induced probability space, e.g.

oo

EX — /Q X (w)P(dw) = /R 2Py (dz) = / 2dFy (z).

— 00

(the latter stands for the Lebesgue-Stieltjes integral).

EXAMPLE 1.4. Consider a random variable X (w) = w? on the Lebesgue prob-
ability space. Then

EX = wWwi\(dw) =1/3
[0,1]
Another way to calculate EX is to find its distribution function:
0 z <0
Fx(z)=P(X(w)<2) =P <2)=Pw<Vr)={z 0<z<l1
1 1<z

and then to calculate the integral

BX — /_OO 2dFy (z) = /[0 e =1 [ Vade= s

[0,1]

The expectation have the following basic properties:
(A) if EX is well defined, then EcX = ¢cEX for any ¢ € R
(B) if X <Y P-as., then EX < EY
(C) if EX is well defined, then EX < E|X|
(D) if EX is well defined, then EX14 is well defined for all A € F. If EX is
finite, so is EX14
(E) if E|X| < 0o and E|Y| < oo, then E(X +Y) =EX + EY
(F) if X =0 P-a.s., then EX =0
(G) if X =Y P-as. and E|X| < o0, E|Y| < 00, then EX = EY
(H) if X >0 and EX =0, then X =0 P-a.s.
The random variables {Xy,..., X} are independent if for any subset of indices
{i1,.ryim} C {1,...,n} and Borel sets Ay, ..., A,

P()(Z1 € Al, X € Am) = P(Xil S Al)P(sz S Am)
For example X and Y are independent if
P(Xe€eAYeB)=P(X € A)P(X € B)

m

44 Ab=aminb and a Vb= amaxb
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for any Borel sets A and B. Note that pairwise independence is not enough in gen-
eral for independence of e.g. three random variable. Also note that independence
is the joint property of random variables and the measure P. Being dependent
under P, the same random variables may be independent under another measure
P (defined on the same probability space).

The characteristic function of X is the Fourier transform of its distribution, i.e.

ox(A) :=Eexp (iAX), XeR.

The independence can be alternatively formulated via distribution or characteristic
functions (How?).

4. Convergence of random variables

A sequence of random variables X,, converges to a random variable X
1) P-almost surely, if P(limn_mo X, = X) =1.
2) in probability P if lim,,_, P(\Xn - X| > 5) =0, Ve>D0.

) in LP(Q,F,P), p > 1 if lim, o E|X,, — X|” = 0 and E|X|P < 0.
) weakly or in law, if for any bounded and continuous function f

(
(
(3
(4
lim Ef(X,) =Ef(X).
n—oo
Other types of convergence are possible, but these are used mostly. Note that the
convergence in law is actually not a convergence of the random variables, but rather
of their distributions: for example, an i.i.d. random sequence converges in law and

does not converge in any other aforementioned sense.
The following implications can be easily verified

Ep_ - } =54 =22
=N
while the other are wrong in general.
ExampLE 1.5. Let X, be an sequence of independent random variables with
PX,=1)=1/n, P(X,=0)=1-1/n.
Then X,, converges in probability: for 0 < e < 1
P(X,>¢e)=P(X,=1)=1-1/n—0.
However it doesn’t converge P-a.s. Let 4, = {X,, = 1} and let
Aio= () U 4n
n>0m>n

i.e. the event of X,, being equal to 1 infinitely often. Let us show that P(A4;,.) =1
or alternatively® P(AS,) = 0:

Pz ) =P () 45) < S P(() 45)

n>0m>n m>n

5the superscript ¢ stands for compliment, i.e. A¢ = Q\A.
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For any fixed n and ¢ > 1, due to independence

n+¢ n+t n+t n+t
P( m AL = H P(A%) = H (1-1/m)= exp{z log(1 — 1/m)} <

m=n m=n
n+£
exp{— Z l/m} foee, 0,
m=n

so, by continuity of P (which is implied by o-additivity!),

P( ﬁ Ag) =0

for any n and thus P(A4;,) = 1, meaning that X,, does not converge to zero P-a.s.
Is the independence crucial? Yes ! For example take dependent (why?) random
variables on the Lebesgue space, X, = 1(w < 1/n). Then the set {w : X, (w) /4 0}
is just the singleton {0}, whose probability is zero and so P(X,, — 0) = 1! |

This example is the particular case of the Borel-Cantelli lemmas:
Z P(A,) <00 = P(4;,) =0

and
S P(A4,) =

n=1

A,, are independent } = Pdio) =1

5. Conditional expectation

The conditional expectation of a random variable X > 0 with respect to a o-
algebra § (under measure P) is a random variable, denoted by E(X|G)(w), which
satisfies the properties:

(1) E(X]9)(w) is S-measurable

(2) E(X — E(X\S))lA =0forall Aecg.
The conditional expectation is characterized by these properties up to almost sure
equivalence.

EXAMPLE 1.6. Suppose G is generated by a finite partition G of €2, i.e.
G={G1,...G.}, GinG;=0, HG =q

Then (why?)

E(XIS) Z lcg( ),
=
where 0/0 = 0 is understood. [ |

For a general random variable X, E(X|G) = E(XT|9) + E(X™|9) if no uncer-
tainty of the type "co — c0” arises.

The inverse images {w : Y € B}, B € B(R) of a random variable Y form a
o-algebra G¥ C F. The conditional expectation E(X|GY) is usually denoted by
E(X|Y) and there always exists® a Borel function 1, such that E(X|Y) = 4(Y).

6if the space is not too wild, e.g. Polish spaces are OK



6. GAUSSIAN RANDOM VARIABLES 21
The conditional expectation enjoys the same properties as the expectation and
in addition
(A"} if G; C G, then E(E(X\92)|91) — E(X|S,) P-as.
(B') if E|X|? < oo, then for any Borel function g
2 2
E(X — E(X|Y)) < E(X —g(Y)) . (1.2)

The latter property can be interpreted as optimality in the mean square sense of
the conditional expectation among all estimates of X given the realization of Y
(cf. (7) from the previous chapter). The main tool in calculation of the conditional
expectation is the Bayes formula.

ExAMPLE 1.7. Let (X,Y) be a pair of random variables and suppose that their
distribution has density (with respect to the Lebesgue measure on the plane), i.e.

Ty
P(X <z,Y <y) = / / f(u,v)dudv.
Suppose that EX? < oo, then (why?)

B Jr xf(x, Y(w))dx

BY)(w) = Jo f(u,Y (w))du

Later we will prove and use a more abstract version of this formula.

6. Gaussian random variables

A random variable X is Gaussian with mean EX = m and variance E(X —

EX)? =02 > 0 if
1 u—m)?

The corresponding characteristic function is
. 1
ox(A\) = Be™* = exp {imx\ - 202)\2} .

If the latter is taken as definition (since there is a one to one correspondence between
Fx and ¢x), then the degenerate case o = 0 is included as well, i.e. a constant
random variable can be considered as Gaussian.

Analogously a random vector X with values in R? is Gaussian with mean
EX = m € R? and the covariance matrix C = E(X — EX)(X — EX)* > 0 (semi
positive definite matrix!), if

1
ox(A) =Eexp {iX*\} = exp {im*)\ - 2)\*0)\} .
Finally a random process is Gaussian if its finite dimensional distributions are

Gaussian. Gaussian processes have a special place in probability theory and in
particular in filtering as we will see soon.
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(1)

(2)
(3)

(8)
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Exercises

Let A, n > 1 be a sequence of events and define the events A;, =
ﬂnZl UmZn An and Ae = UnZl ﬂmZn An
(a) Explain the terms "i.0.” (infinitely often) and ”e” (eventually) in the
notations.
(b) Is A;, = A, if A, is a monotonous sequence, i.e. A, C A,41 or
Ap D Apyq foralln>17
(c) Explain the notation A; , = lim, 00 A, and A, = lim, , _ A,.
(d) Show that A, C A, ,.
Prove the Borel-Cantelli lemmas.
Using the Borel-Cantelli lemmas, show that
(a) a sequence X,, converging in probability has a subsequence converg-
ing almost surely
(b) a sequence X,,, converging exponentially” in L2, converges P-a.s.
(c) if X, is an i.i.d. sequence with E|X;| < oo, then X,,/n converges to
zero P-a.s.
(d) if X, is ani.i.d. sequence with E|X| = oo, then lim,, o | X,|/n = 00
P-a.s.
(e) show that if X, is a standard Gaussian i.i.d. sequence, then

lim |X,|/V2Inn=1, P —a.s.
n—oo

Give counterexamples to the following false implications:

(a) convergence in probability implies .2 convergence

(b) P-a.s. convergence implies L2 convergence

(c) L? convergence implies P-a.s. convergence
Let X be a r.v. with uniform distribution on [0,1] and 7 be a r.v. given
by:

{ X X<05
’]7 =

05 X>05
Find E(X|n).
Let &1,&o, ... be an i.i.d. sequence. Show that:
Sn
E(£1|Sna Sn-H7 ) = ?

where S, =& + ... + &,.
(a) Consider an event A that does not depend on itself, i.e. A and A are
independent. Show that:

P{A} =1 or P{A}=0

(b) Let A be an event so that P{A} =1 or P{A} = 0. Show that A and
any other event B are independent.
(¢) Show that a r.v. £(w) doesn’t depend on itself if and only if £(w) =
const.
Consider the Lebesgue probability space and define a sequence of random
variables®

Xn(w) =12"w] mod 2.

Ti.e. E|Xp — X|2 < Cp" for all n > 1 with C >0 and p € [0,1)
8| ] is the integer part of z
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Show that X, is an i.i.d. sequence.
(9) Let Y be a nonnegative random variable with probability density:

1 e~ ¥/2

f(y):\/T?W’ y=>0

Define the conditional density of X given fixed Y:

)= v

i.e. for any bounded function f

)W) = [ s

Does the formula E( (X]Y)) = EX hold ? If not, explain why.

(10) Give an example of three dependent random varlables, any two of which
are independent.

(11) Let X and Z be a pair of independent r.v. and E|X]| < oo. Then
E(X|Z) = EX with probability one. Does the formula

E(X|Z,Y)=E(X]|Y)

holds for an arbitrary Y 7

(12) Let X; and X3 be two random variables such that, EX; = 0 and EX, =
0. Suppose we can find a linear combination ¥ = X; + aXs, which is
independent of X5. Show that E(X;|X3) = —aXs.

(13) Show that the coordinate (canonical) process on the space from Example
1.3 is Markov, i.e.

E(f(Xa)| X0, Xn1) = B(F(X,)[Xn 1), P—a.s. (1.3)

for any bounded Borel f.
(14) Let (X,)n>0 be a sequence of random variables and let
G<n :=0{X0,.... X} and G, :=c{Xn, Xnt1,.-}
Show that the Markov property (1.3) is equivalent to the property
E(r6|X,)) = E(6|X,)E(r]X,.)
for all bounded random variables = and ¢, §<,, and G-, measurable re-
spectively. In other words, the Markov property is equivalently stated as
”the future and the past are conditionally independent, given the present”.
(15) Let X and Y be iid. random variables with finite variance and twice
differentiable probability density. Show that if X +Y and X — Y are
independent, then X and Y are Gaussian.
(16) Let X7, X2 and X3 be independent standard Gaussian random variables.
Show that
X £ XXy
V1+ X2
is a standard Gaussian random variable as well.
(17) Let {X1, X2, X3, X4} be a Gaussian vector with zero mean. Show that

EX; XoX3X, = EX; XoEX3 X, + EX; X3EXo Xy + EX; X4 EXo X,

Recall that the moments, if exist, can be recovered from the derivatives
of the characteristic function at A = 0.
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(18) Let f(x) be a probability density function of a Gaussian variable, i.e:

]. 2 2

__ = _—(z=a)?/(207)
xXr) = e
f(z) s

Define a function:
gl@r, wwn) = [ [T £ [1+ TLGr - 0)f @) (@1,m0) €RT
j=1 k=1

(a) Show that g, (1, ..., 2,) is a valid probability density function of some
random vector X = (X1, ..., X,,).
(b) Show that any subvector of X is Gaussian, while X is not Gaussian.
(19) Let f(z,y,p) be a two dimensional Gaussian probability density, so that
the marginal densities have zero means and unit variances and the corre-
lation coefficient is p = fR fR zyf(z,y,p) = p. Form a new density:

9(@,y) = c1f(z,y, p1) + c2f (2,9, p2)
with ¢; > 0,¢c0 > 0,¢1 + ¢ = 1.
(a) Show that g(x,y) is a valid probability density of some vector {X,Y}.
(b) Show that each of the r.v. X and Y is Gaussian.
(c) Show that ¢1, co and p1, pa can be chosen so that EXY = 0. Are X
and Y independent ?



CHAPTER 2

Linear filtering in discrete time

Consider a pair of random square integrable random variables (X,Y’) on a
probability space (2, F,P). Suppose that the following (second order) probabilistic
description of the pair is available,

EX, EY
cov(X) := B(X — EX)?, cov(Y) := E(Y —EY)?,
cov(X,Y) =E(X —EX)(Y —EY)
and it is required to find a pair of constants af, and a}, such that
E(X —ay—dY)? <E(X —ap—aY)’, Vag,a1 € R.

The corresponding estimate X = ag + a}Y is then the optimal linear estimate of
X, given the observation (realization) of Y. Clearly

E(X —ap—a1Y)? =E(X —EX —a;(Y — EY) + EX — a;EY — o)’ =
cov(X) = 2a; cov(X,Y) + a? cov(Y) + (EX — e EY — ag)? >
cov(X) — cov(X,Y)?/ cov(Y)

where cov(Y') > 0 was assumed. The minimizers are

,  cov(X)Y) , cov(X,Y)
o) —px - )
“ cov(Y) ’ %o cov(Y)

If cov(Y) = 0 (or in other words Y = EY, P-a.s.), then the same arguments lead
to

EY.

!/ !
a; =0, ay=EX.
So among all linear functionals of {1,Y} (or affine functionals of Y'), there is the
unique optimal one !, given by

X == EX + cov(X,Y) cov®(Y) (Y — EY) (2.1)
with the corresponding minimal mean square error
E(X — X)? = cov(X) — cov?(X,Y) cov®(Y),

where for any z € R

-1
D L x#0
0, z=0

INote that the pair of optimal coefficients (ap,a}) is unique, though the random variable
ag + Y (w) can be modified on a P-null set, without altering the mean square error. So the
uniqueness of the estimate is understood as uniqueness among the equivalence classes of random
variables (all equal with probability one within each class)

25
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Note that the optimal estimate satisfies the orthogonality property

E(X - X)1=0

E(X -X)Y =0
that is the residual estimation error is orthogonal to any linear functional of the
observations. It is of course not a coincidence, since (2.1) is nothing but the orthog-
onal projection of X on the linear space spanned by the random variables 1 and

Y. These simple formulae are the basis for the optimal linear filtering equations of
Kalman-Bucy and Bucy ([13], [14]), which is the subject of this chapter.

1. The Hilbert space L?, orthogonal projection and linear estimation

Let L2(Q2, F, P) (or simply LL.?) denote the space of all square integrable random
variables 2. Equipped with the scalar product
(X,Y):=EXY, X,Ycl?

and the induced norm || X || := 1/(X, X), L? is a Hilbert space (i.e. infinite dimen-
sional Euclidian space). Let £ be a closed linear subspace of IL? (either finite or
infinite dimensional at this point). Then

THEOREM 2.1. For any X € L2, there exists a unique® random variable X e L,
called the orthogonal projection and denoted by E(X|L), such that

E(X — X) = inf B(X — X) (2.2)
Xel
and
E(X -X)Z=0 (2.3)
forany Z € L.

PROOF. Let d? := infg . E(X i)?)Q and let )N(j be the sequence in £, such

that d := E(X — X;)? = d2. Then X is a Cauchy sequence in L2
N

-~ - - X, + X,

E(X, - X,)® =2E(X - X,)* +2E(X - X;)* —4E <X — ;J> <

,j—00

2E(X — X,)? +2B(X — X;)* — 4> - 0,

where the inequality holds since X’l +X ; € £. The space L2 is complete and so X j
converges to a random variable X, in L? and since £ is closed, X, € £. Then

2 > > 2 j—oo
X — Xl = \/E(X - Xo) < \/E(X — X;)2+ \/E(Xj - X)) %4
and so X is a version of X. To verify (2.3), fix a t € R: then for any Z € £
E(X-X)’<E(X-X-12)° = 2EX-X)Z<EZ>

The latter cannot hold for arbitrary small ¢ unless E(X — X )Z = 0. Finally X is
unique: suppose that X’ € £ satisfies (2.2) as well, then

EX-X) =BEX-X+X-X)?=EX-X)?+EX -X')?

2
3

more precisely of the equivalence classes with respect the relation P(X =Y) =1
actually a unique equivalence class
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which implies E(X — X)2 =0 or X = X/, P-a.s. O
The orthogonal projection satisfies the following main properties:
(a) E)E(X|L) =EX R
(b) EX|L)=XifXeLlLand E(X|£)=0if X 1L L
(c) linearity: for X1, Xo € L? and c1,cp € R,
E(c1 X1 + ¢2X3]L) = a1 E(X1|£) + eoE(X5| L)
(d) for two linear subspaces £1 C Lo,
B(X[£1) = B(E(X]£2)|£1)
PROOF. (a)-(c) are obvious from the definition. (d) holds, if
B(X - BE(B(X|£2)[£1))Z =0
for all Z € £, which is valid since
E(X - E(E(X|Lg)|£1))Z -
E(X - E(sz))z + (E(sz) - E(E(X|L2)|L1)>Z =0 (24)
where the first term vanishes since £1 C Lo. ([l

Theorem 2.1 suggests that the optimal in the mean square sense estimate of
a random variable X € L2 from the observation (realization) of the collection of
random variables Y; € L2, j € J C Z, is given by the orthogonal projection of X
onto £ :=span{Y},j € J}. While for finite J the explicit expression for E(X|L};)
is straightforward and is given in Proposition 2.2 below, calculation of E(X 1£Y)
in the infinite case is more involved. In this chapter the finite case is treated (still
we’ll need generality of Theorem 2.1 in continuous time case).

PROPOSITION 2.2. Let X and Y be random vectors in R™ and R™ with square
integrable entries. Denote* by E(X|LY) the orthogonal projection®of X onto the
linear subspace, spanned by the entries of Y and 1. Then®

E(X|£Y) = EX + cov(X,Y) cov(Y)® (Y — EY) (2.5)
and
E(X -E(X[LY)) (X -E(X|£Y))" = cov(X) —cov(X,Y) cov(Y)® cov(Y, X), (2.6)
where Q¥ stands for the generalized inverse of Q (see (2.8) below).

PROOF. Let A and a be a matrix and a vector, such that E(X|£Y) = a + AY.
Then by Theorem 2.1 (applied componentwise!)

0=E(X —a— AY)

4sometimes the notation B(X|Y) = E(X|£Y) is used.

5Naturally the orthogonal projection of a random vector (on some linear subspace) is a vector
of the orthogonal projections of its entries.

6the constant random variable 1 is always added to the observations, meaning that the
expectations EX and EY are known (available for the estimation procedure)
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and
0=E(X —a—AY)(Y -EY)" =
E(X —EX — A(Y —EY) —a+EX — AEY)(Y —EY)" = (2.7)
cov(X,Y) — Acov(Y)
If cov(Y) > 0, then (2.5) follows with cov(Y)® = cov(Y)~L. If only cov(Y) > 0,

there exists a unitary matrix U (i.e. UU* = I) and a diagonal matrix D > 0, so
that cov(Y) = UDU*. Define”

cov(Y)® := UD®U* (2.8)
where D? is a diagonal matrix with the entries
1/Dii, Dy
Di@? — / >0 ) (2.9)
07 Dii =0

Then
cov(X,Y) — cov(X,Y) cov(Y)® cov(Y) =
cov(X,Y)U(I = D®D)U* = > cov(X,Y)usu; (2.10)
£:D =0
by the definition of D®, where w, is the ¢-th column of U. Clearly
ujcov(Y)up =0 = E(uj(Y — EY))2 =0 = (Y*-EY*)u =0, P—as.
and so
cov(X,Y)uy = B(X — EX)(Y — EY)*u; =0,

i.e. (2.7) holds. The equation (2.6) is verified directly by substitution of (2.5) and

using the obvious properties of the generalized inverse.
|

REMARK 2.3. Note that if instead of (2.9), D® were defined as
De _ 1/Dy;, Dy >0

“ ¢ D;; =0
with ¢ # 0, the same estimate would be obtained.

2. Recursive orthogonal projection

Consider a pair of random processes (X,Y) = (X}, Y;);jecz, with entries in L2
and let L;-/ =span{1,Yy,...,Y;}. Calculation of the optimal estimate E(Xj|L}/) by
the formulae of Proposition 2.2 would require inverting matrices of sizes, growing
linearly with j. The following lemma is the key to a much more efficient calculation
algorithm of the orthogonal projection. Introduce the notations
< - Y < 5 Y o 5 Y
Xj= E(Xj|£‘j )7 Xjjj—1 = E(Xj|Lj—1), Yjjj—1 = E(Yj|Lj—1)

X ._ < T \* X - T *
PP = B(X; = X5) (X = X5)7, Py = BIXG = X)0) (X5 = Xj15-1)

XY ._ % v * Y 9, T *
Py =BG = X-0) (Y = Y1) Ppyoa = B(Y = Y20) (V5 = Yjjm)
Then

this is the generalized inverse of Moore and Penrose, in the special case of nonnegative
definite matrix. Note that it coincides (as should be) with the ordinary inverse if the latter exists.
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PROPOSITION 2.4. Forj>1

% % XY Y 53] &
Xy =X+ Bl [Py (Y5 = Vi) (2.11)
and
X _ pX XY Y D HXY
Pt =Py — Pl [Py Pl (2.12)

Proor. To verify (2.11), check that
A~ @ A~
0= X = Xy + P [P ] (Y = Vi)

is orthogonal to L}/. Note that 7 is orthogonal to L}/_l and so it suffices to show

that n L Y} or equivalently n L (Y; — f/j‘j,l):

En(Y; = Vyy-0) = Py = P [P ] PP

jli-1 = Y1ty Jli-1 7=
XY Y D pY _
Pj\jfl(f_ [Bjl5-1] Pm-,l) =0

where the last equality is verified as in (2.10). The equation (2.12) is obtained
similarly to (2.6). O

3. The Kalman-Bucy filter in discrete time

Consider a pair of processes (X,Y) = (X;,Y});>0, generated by the linear
recursive equations (j > 1)

Xj=ao(j) + a1(j)Xj—1 + a2(5)Yj—1 + b1(j)e; + b2(5)§; (2.13)
Y; = Ao(j) + A1(4)Xj—1 + A2()Yj-1 + B1(j)e; + B2(5)§; (2.14)

where

* X, and Y; have values in R™ and R"™ respectively
* e = (gj)j>1 and £ = (§;);>1 are orthogonal (discrete time) white noises
with values in R? and R¥, i.e.

I, 1=
Ee; =0, Eegjef=4" l j e R**
0, i#]

. 1 i=j
E¢; =0, E@@-{O i¢j€R’“X’“

and
Ee;éf =0 Vi,j >0.

* the coefficients ag(j),a1(j), etc. are deterministic (known) sequences of
matrices of appropriate dimensions 8. From here on we will omit the time
dependence from the notation for brevity.

* the equations are solved subject to random vectors Xy and Y, uncorre-
lated with the noises € and &, whose means and covariances are known.

8Note the customary abuse of notations, now time parameter is written in the parenthesis
instead of subscript
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Denote the optimal linear estimate of X;, given £} =span{1,Y1,...,Y;}, by
X, =E(X;/£])
and the corresponding error covariance matrix by
Py =E(X; - X)) (X; - X,)"
THEOREM 2.5. The estimate )?j and the error covariance P; satisfy the equa-

tions

~

Xj=ao+ CL1)A(j—1 +a2Yj_1 + (a1 Pj_1A] + bo B)-

(A1P; 1AL+ BoB)” (Y; — Ag— 41X, 1 — AY; ) (2.15)
and

Py =a,P;_1al +bob— (a1 Pj_1 Al +bo B).
(A1P; 1 A5+ Bo B) (a1 P;_1 A5 +bo B)" (2.16)
where
bob=bib: +bsbs, boB =bB+bB;, BoB=DBB+ByB}

(2.15) and (2.16) are solved subject to
Xo = EXy + cov(Xo, Yo) cov(Yy)® (Y — EYy)
Py = cov(Xp) — cov(Xo, Yp) cov(Yy)® cov(Xo, Yp)*.

PROOF. Apply the formulae of Proposition 2.4 and the properties of orthogonal
projections. For example

5% & T

Xjjj—1 = E(ao +a1 X1+ axYj_1 4+ bigj + b2§j|£}/_1) =
ag + GIE(X]'—1|L}/_1) +aYj_1 =ao+ CL1)A(j—1 +asY;_1,
where the equality t holds since €; and §; are orthogonal to L}/_l. O
EXAMPLE 2.6. Consider an autoregressive scalar signal, generated by
X;j=aX;_1+¢e, Xo=0

where a is a constant and ¢ is a white noise sequence. Suppose it is observed via a
noisy linear sensor, so that the observations are given by

Vj=Xj 1+

where &; is another white noise, orthogonal to €. Applying the equations from
Theorem 2.5, one gets

where
2 a
;i =a"P; 1+1—% Py =0. (2.17)
|

Many more interesting examples are given as exercises in the last section of
this chapter.
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3.1. Properties of the Kalman-Bucy filter.
1. The equation for P; is called difference (discrete time) Riccati equation (analo-

gously to differential Riccati equation arising in continuous time). Note that it does
not depend on the observations and so can be solved off-line (before the filter is
applied to the data). Even if all the coefficients of the system (2.13) and (2.14) are
constant matrices, the optimal linear filter has in general time-varying coefficients.

2. Existence, uniqueness and strict positiveness of the limit P := lim;_, o P; is
a non-trivial question, the answer to which is known under certain conditions on
the coeflicients. If the limit exists and is unique, then one may use the stationary
version of the filter, where all the coefficients are calculated with P;_; replaced by
P,. In this case, the error matrix of this ”suboptimal” filter converges to P, as
well, i.e. such stationary filter is asymptotically optimal as 7 — oco. Note that the
infinite sequence (X,Y) generated by (2.13) and (2.14) may not have an L? limit
(e.g. if |a| > 1 in Example 2.6), so the infinite horizon problem actually is beyond
the scope of Theorem 2.1. When (X,Y) is in L2, then the filter may be used e.g.
to realize the orthogonal projection® E(X0|L?:OO,O}). This would coincide with the
estimates, obtained via Kolmogorov-Wiener theory for stationary processes (see
[28] for further exploration).

3. The propagation of X ; and P; is sometimes regarded in two-stages: prediction

)A(j\jq =ap + al)?jfl +a2Yj 1, }/}j|j71 = Ao + A1)A(j71 + A2Y;
and update
Xj = Xjpj-1+ K;(Y; = Y1)
where K is the Kalman gain matrix from (2.15). Similar interpretation is possible
for P;.

4. The sequence R

{:Tj = Y; — AO — AlXj—l — AQY}'_l (218)
turns to be an orthogonal sequence and is called the innovations: it is the residual
”information” borne by Y; after its prediction on the basis of the past information
is subtracted.

Exercises

(1) Prove that L2 is complete, i.e. any Cauchy sequence converges to a random
variable in 2. Hint: show first that from any Cauchy sequence in L? a
P-a.s. convergent subsequence can be extracted (Exercise (3a) on page
22)

(2) Complete the proof of Proposition 2.2 (verify (2.6))

(3) Complete the proof of Proposition 2.4.

(4) Show that the innovation sequence &; from (2.18) is orthogonal. Find its
covariance sequence Eg;e7.

(5) Show that the limit lim; o P; in (2.17) exists'® and is positive. Find
the explicit expression for Ps,. Does it exist when the equation (2.17) is
started from any nonnegative Py 7

%here ﬁﬁwm = span{..., Y1, Yo}
10Note that the filtering error Pj is finite even if the signal is ”unstable” (|a| > 1), i.e. all its
trajectories diverge to oo as j — oo.
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(6)

2. LINEAR FILTERING IN DISCRETE TIME

Derive the Kalman-Bucy filter equations for the model, similar to Example
2.6, but with non-delayed observations

X j= aX j—11TEj

Vi=X;+¢
Derive the equations (4) and (5) on the page 8.
Consider the continuous-time AM! radio signal X; = A(s;+1) cos(ft+¢),
t € Ry with the carrier frequency f, amplitude A and phase . The time
function s; is the information message to be transmitted to the receiver,
which recovers it by means of synchronous detection algorithm: it gener-

ates a cosine wave of frequency f’, phase ¢’ and amplitude A’, and forms
the base-band signal as follows

St = [A cos(f't + ") Xl pp » (2.19)
where [-]rpr is the (ideal) low pass filter operator, defined by
[Qt + 7 COS(Clt + CQ)]LPF =q, Ver,c0 €R, ¢ #0
for any time functions ¢; and 7.

(a) Show that to get §; = s; for all ¢t > 0, the receiver has to know f, A
and ¢ (and choose f’, ¢’ and A’ appropriately).

(b) Suppose the receiver knows f (set f = 1), but not A and . The
following strategy is agreed between the transmitter and the receiver:
sy =0 for all 0 < ¢t < T (the training period), i.e. the transmitter
chooses some A and ¢ and sends X; = A cos(t+ ) to the channel till
time T. The digital receiver is used for processing the transmission,
i.e. the received wave is sampled at times t; = Aj, j € Z; with
some fixed A > 0, so that the following observations are available for
processing:

Yjt1 =Acos(Aj+¢)+0&41, j=0,1,.. (2.20)

where £ is a white noise sequence of intensity ¢ > 0. Define

X,
G = (X)

and let Z; := (aj, j € Z4. Find the recursive equations for Z;, i.e.
the matrix (A) (depending on A) such that

Zii1=0(A)Z;. (2.21)

(¢) Using (2.21) and (2.20) and assuming that A and ¢ are random
variables with uniform distributions on [a1,as], 0 < a1 < a2 and
[0, 27] respectively, derive the Kalman-Bucy filter equations for the
estimate Z; = E(Zj|L}/) and the corresponding error covariance P;.
(d) Find the relation between the estimates 23-, 4 =0,1,... and the signal
estimate!?
for all t € Ry

HAM - amplitude modulation

12p6call that |z] is the integer part of z
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(e) Solve the Riccati difference equation from (c) explicitly!?
(f) Is exact asymptotical synchronization possible, i.e.

lim E(Xr - X8)*=0 (2.22)
T—o0

for any A > 0 ? For those A (2.22) holds, find the decay rate of
the synchronization error, i.e. find the sequence r; > 0 and positive
number ¢, such that

. A 2
jlgroloE(XAj — X3;) /rj=c

(g) Relying on the asymptotic result from (e) and assuming A = 1, what
should be T' to attain synchronization error of 0.001 ?

(h) Simulate numerically the results of this problem (using e.g. MAT-
LAB)

(9) (taken from R.Kalman [13]) A number of particles leaves the origin at
time j = 0 with random velocities; after j = 0, each particle moves with
a constant (unknown velocity). Suppose that the position of one of these
particles is measured, the data being contaminated by stationary, additive,
correlated noise. What is the optimal estimate of the position and velocity
of the particle at the time of the last measurement ?

Let x1(j) be the position and x2(j) the velocity of the particle; z5(j)
is the noise. The problem is then represented by the model:

21(j +1) = 21(j) + 22())
Z‘Q(j + 1) = LL’Q(]) (223)
z3(j + 1) = pa3(j) + ulj)
y(j) = 21(j) + 23(j)
and the additional conditions
* Ex2(0) = Exa(0) = 0, Ex3(0) = a® > 0
* Bu(j) =0, Eu?(j) =
(a) Derive Kalman-Bucy filter equations for the signal
1(7)
X = | 2:0)
z3(J)
(b) Derive Kalman-Bucy filter equations for the signal

6= (1)

using the obvious relation x1(j) = jza(j) = jx=2(0).
(¢) Solve the Riccati equation from (b) explicitly'*

L3Hint: you may need the very useful Matrix Inversion Lemma (verify it): for any matrices
A,B,C and D (such that the required inverses exist), the following implication holds

A=Bl4+cD7'c* e A"t =B - BC(D+C*BC)"1Cc*B

1K int: use the fact that the error covariance matrix is two dimensional and symmetric, i.e.
there are only three parameters to find. Let the tedious calculations not scare you - the reward is
coming!
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(d) Show that for ¢ # 1 (both |p| < 1 and |p| > 1!), the mean square
errors of the velocity and position estimates converge to 0 and b2
respectively. Find the convergence rate for the velocity error.

(e) Show that for ¢ = 1, the mean square error for of the position di-
verges®®!

(f) Define the new observation sequence

Sy +1) =y +1) —ey(), =0
and d0y(0) = y(0). Then (why?)

span{dy(j),0 < j < n} =span{y(j),0 < j < n}.
Derive the Kalman-Bucy filter for the signal X, := x2(j) and obser-
vations dy;. Verify your answer in (e).

(10) Consider the linear system of algebraic equations Az = b, where A is an
m X n matrix and b is an n X 1 column vector. The generalized solution
of these equations is a vector x’, which solves the following minimization
problem (the usual Euclidian norm is used here)

o argming o Hx“2 L#0
' argrninmeRHAa:—bH2 =90

where I' = {x € R : ||Az — b|]| = 0}. If A is square and invertible then
x = A7'b. If the equations Az = b are satisfied by more than one vector,
then the vector with the least norm is chosen. If Az = b has no solutions,
then the vector which minimizes the norm || Az —b|| is chosen. This defines
2/ uniquely, moreover

7= A% = (A*A)®P A*p
where A? is the Moore-Penrose generalized inverse (recall that (A*A)®
has been defined in (2.8)).

(a) Applying the Kalman-Bucy filter equations, show that z’ can be
found by the following algorithm:

P Gip it > 0
~ _ = ~ TP, _jai*’ j—
Tj =T+ (b —Tj1)§ ¥He : .
0 aJPj_laJ =0
and
Pj,laj*aij—l j g
P ) —p L+ ai P, _jai* -, ijla >0
]_ —_— ]_ . . ?
aJPj,laJ* =0

where a is the j-th row of the matrix A and b; are the entries of b.
To calculate x, these equations are to be started from Py = I and
Zo = 0 and run for j = 1,...,m. The solution is given by =’ = Z,.
(b) Show that for each j < m,
2

a’Pj_1a’* = min
C1ly..,C5—1

j—1

Jjo_ e

a E ;6
=1

15Note that for || > 1 the noise is "unstable” in the sense that its trajectories escape to
+00. When || > 0 this happens exponentially fast (in appropriate sense) and when ¢ = 1, the
divergence is ”linear”. Surprisingly (for the author at least) the position estimate is ”worse” in
the latter case!
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so that a/ Pj_ja7* = 0 indicates that a row, linearly dependent on the
previous ones, is encountered. So counting the number of times zero
was used to propagate the above equations, the rank of A is found
as a byproduct.
(11) Let X = (Xj) ez, be a Markov chain with values in a finite set of numbers
S = {a1, ...,aq}, the matrix A of transition probabilities \;; and initial
distribution 19, i.e.

P(Xj :ag|Xj_1 :am) :/\gm, P(X():ag) = Uy, 1 §E,m§d
(a) Let p, be the vector with entries p;(i) = P(X; = a;), j > 0. Show
that p; satisfies
p; =Api_1, st.pp=v j>0.

(b) Let I; be the vectors with entries I;(i) = 1(X; = a;), j > 0. Show
that there exists a sequence of orthogonal random vectors €;, such
that

Ii=AN1_1+¢;, j>0
Find its mean and covariance matrix.
(¢) Suppose that the Markov chain is observed via noisy samples

Y =h(X;) +0&,5>1
where £ is a white noise (with square integrable entries) and o > 0
is its intensity. Let h be the column vector with entries h(a;). Verify
that
Y; = h*I; + 0¢;.

(d) Derive the Kalman-Bucy filter for 1/'; = E(IJ\LX)

(e) What would be the estimate of E(g(Xj)w}/) for any g : S — R in
terms of jcj ? In particular, )?j = E(Xﬂﬁ}/)?

(12) Consider the ARMA(p,q) signal’™ X = (X;);>0, generated by the recur-

sion . .
Xj=- Zakafk + Zaﬁj—e, Jjzp
k=1 £=0
subject to say Xo = X; = ... = X;, = 0. Suppose that

Yi=X;1+¢, j=>1
Suggest a recursive estimation algorithm for X;, given L}/, based on the

Kalman-Bucy filter equations.

165ych a chain is a particular case of the Markov processes as in Example 1.3 on page 16
and can be constructed in the following way: let Xo be a random variable with values in S and
P(Xo=ay) =1y, 0<¢<d and

d
Xj :Zn;l{xj—lmli}’ jz0
i=1

where 772- is a table of independent random variables with the distribution

P =ag) =Xy, >0, 1<i£<d

17ARMA(p,q) stands for ”auto regressive of order p and moving average of order ¢”. This
model is very poplar in voice recognition (LPC coefficients), compression, etc.






CHAPTER 3

Nonlinear filtering in discrete time

Let X and Z be a pair of independent real random variables on (€2, ¥, P) and
suppose that EX? < co. Assume for simplicity that both have probability densities
fx(u) and fz(u), ie.

U u
P(X <wu) :/ fx(@)dz, P(Z <u) :/ fz(x)dx.
— 0o — 00
Suppose it is required to estimate X, given the observed realization of the sum
Y = X + Z or, in other words, to find a function! g : R — R, so that
_ 2 2
E(X - g(¥))* <E(X - g(v)) (3.1)

for any other function g : R — R. Note that such a function should be square
integrable as well, since (3.1) with g = 0 and g?(Y) < 2X? +2(X — g(Y))2 imply

Eg?(Y)? <4EX? < cc.
Moreover, if g satisfies

B(X — g(¥))g(Y) = 0 (3.2)
for any g : R — R, such that Eg?(Y) < oo, then (3.1) would be satisfied too.
Indeed, if E(X — g(Y))2 = 00, the claim is trivial and if E(X — g(Y))2 < 00, then
Eg?(Y) < 2EX? + 2E(g(Y) — X)? < oo and

2 _ _ 2
E(X —g(Y))" =EX —g(Y)+g(Y) —g(Y))" =
_ 2 _ 2 _ 2
E(X —g(Y))" +E(g(Y) —g(Y))” 2 E(X - g(Y))

Moreover, the latter suggests that if another function satisfies (3.1), then it
should be equal to g on any set A, such that P(Y € A) > 0. Does such a function
exist ? Yes - we give an explicit construction using (3.2)

E(X —g(Y))g(Y) = (z — glz + 2))g(x + 2) fx (2) f2(2)dwdz =
R JR
/ / (z—g(uw)g(u)fx (@) fz(u— z)dxdu =
R JR
/Rg(u) (/R (z—g(w) fx(@)fz(u— ac)dm) du

The latter would vanish if

/]R (z—g(u) fx (@) fz(u—z)dz =0

1g should be a Borel function (measurable with respect to Borel o-algebra on R) so that all
the expectations are well defined

37
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is satisfied for all u, which leads to

o) = Jrzfx(x)fz(u—z)dx
f]R fx@)fz(u—x)dx
So the best estimate of X given Y is the random variable
Je2fx (@) fz(Y(w) — z)dx
Je Tx @) 2V () — @)’
which is nothing but the familiar Bayes formula for the conditional expectation of
X given Y.

E(X]Y)(w) = (3.3)

1. The conditional expectation: a closer look

1.1. The definition and the basic properties. Let (Q,F,P) be a proba-
bility space, carrying a random variable X > 0 with values in R and let § be a
sub-o-algebra of F.

DEFINITION 3.1. The conditional expectation® of X > 0 with respect to G is a
real random variable, denoted by E(X|9)(w), which is §-measurable, i.e.

{w:E(X[G)(w) € A} €S, VAcBR)

and satisfies

B(X - B(X|9)(w))1aw) =0, VAES.

Why is this definition correct, i.e. is there indeed such a random variable and
is it unique? The positive answer is provided by the Radon-Nikodym theorem from
analysis

THEOREM 3.2. Let (X Z") be a measurable space3, w be a o-finite * measure
and v is a signed measure®, absolutely continuous ¢ with respect to . Then there is
exists an 2 -measurable functzon f = f(z), taking values in RU {£o0}, such that

/f pldx), Ae 2.

f is called the Radon-Nikodym derivative (07’ density) of v with respect to p and is
denoted by . It is unique up to p-null sets’.

Now con51der the measurable space (2, §) and define a nonnegative set function
on® G
Q) = [ XPldo) ~EX1s A€, (3.0
A

2Note that the conditional probability is a special case of the conditional expectation:
P(B|S) = E(I9)

3i.e. a collection of points X with a o-algebra of sets 2

4e. 1(X) = oo is allowed, only if there is a countable partition D; € 2, Lﬂj D; =X, so that
u(Dj) < oo for any j. For example, the Lebesgue measure on B(R) is not a finite measure (the
”length” of the whole line is 0o0). It is o-finite, since R can be partitioned into e.g. intervals of
unit Lebesgue measure.

5i.e. which can be represented as v = v1 — v, with at least one of v; is finite

6A measure p is absolutely continuous with respect to v (denoted p < v), if for any A € 2
v(A) =0 = pu(A) = 0. The measures p and v are said to be equivalent p ~ v, if p < v and
v M.

7i.e. if there is another function h, such that v(A) = Ja h(x)p(dx) then pu(h # f) =0

8Note that the integral here is well defined for A € F as well, but we restrict it to A € G only
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This set function is a nonnegative o-finite measure: take for example the partition
={j <X <j+1},j=01,.., then Q(D;) = EX1yxe[j+1)) < 00 even if
EX = oco. To verify Q < P, let A be such that P(A) = 0 and let X, be a sequence
of simple random variables, such that X; X (for example as in (1.1) on page
17), ie
Xj=) wlly, BleF, az3€R
k

Since . ‘
EX;14 =) «P(BJNA)=0,
k
by monotone convergence (see Theorem A.1 in the Appendix ) Q(A) = EX14 =
lim; EX;14 = 0. Now by Radon-Nikodym theorem there exists the unique up to
P-null sets random variable £, measurable with respect to § (unlike X itself!), such
that

:/gP(A), VA€
A

This £ is said to be a version of the conditional expectation E(X|G) to emphasize
its uniqueness only up to P-null sets:

dQ
- W)

For a general random variable X, taking both positive and negative values,
define E(X9) = E(XT|G) — E(X~19), if no co — co confusion occurs with positive
probability. Note that co — oo is allowed on the P-null sets, in which case an
arbitrary value can be assigned. For this reason, the conditional expectation E(X|9)
may be well defined even, when EX is not. For example, let FX be the o-algebra
generated by the pre-images {X € A}, A € B(R). Suppose that EXT = co and
EX~ = 00, so that EX is not defined. Since {XT = 00N X~ = oo} is a null set,
the conditional expectation is well defined and equals

EX|7%) =BEXHF) -BX |9 =X - X" =X.

E(X|9) =

EXAMPLE 3.3. Let G be the (finite) o-algebra generated by the finite partition
D;ed,j=1,.,n wD; =Q, P(D;) > 0. Any G-measurable random variable
(with real values) £ is necessarily constant on each set D;: suppose it takes two
distinct values on e.g. Dy, say @’ < z”, then {w: X(w) < 2’'}ND; and {w: X(w) >
2"} N Dy are disjoint subsets of Dy and hence not in any other D;, i # j. Thus
both events clearly cannot be in §. So for any random variable X,

E(X]|9) Zajlp

The constants a; are found from

E(X_Za’lej)lDi :0, izl,...,n,
j=1

which leads to

B(X|S) = Z XlD (w).
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The conditioning with respect to c-algebras generated by the pre-images of
random variables (or more complex random objects), i.e. by the sets of the form

F¥ =o{w:Y € A}, AcBR)

are of special interest. Given a pair of random variables (X,Y), E(X|Y) is some-
times? written shortly for E(X|FY). It can be shown, that for any ¥ -measurable
random variable Z(w), there exists a Borel function ¢, such that Z = ¢(Y(w)). In
particular, there always can be found a Borel function g, so that E(X|Y) = g(Y).
This function is sometimes denoted by E(X|Y = y).

The main properties of the conditional expectations are

(A) if C is a constant and X = C, then E(X|S) = C

(B) it X <Y, then E(X|9) <E(Y|9)

(C) [E(X]9)| < E(X]|9)

(D) if a,b € R, and aEX + bEY is well defined, then

E(aX + bY|S9) = aE(X|S) + bE(YS)

(E) if X is G-measurable, then E(X|G) = X

(F) if G4 C Gy, then E(E(X|92)}91) =E(X|%1)

(G) if X and Y are independent and f(z,y) is such that E|f(X,Y)] < oo,
then

10

E(f(X,Y)|Y) = /Q FX (W), Y (@) P(d)

In particular, if X is independent of G and EX is well defined, then
E(X|9) = EX.
(H) if Y is G-measurable and E|Y| < co and E|Y X| < oo, then
B(XY|5) = YE(X]9)

(I) let (X,Y) be a pair of random variables and E|X|? < oo, then
2

E(X —E(X|Y))® = inf B(X — o(Y)) (3.5)
%)
where all the Borel functions ¢ are taken.
Let A; be a sequence of disjoint events, then
P(wA;[G) = > P(4]9). (3.6)
J

So one is tempted to think that for any fixed w, P(A|9)(w) is a measure on F. This
is wrong in general, since (3.6) holds only up to P-null sets. Denote by N; the set of
points at which (3.6) fails for the specific sequence AE—Z), j=1,2,.... And let N be
the set of all null sets of the latter form. Since in general there can be uncountably
many sequences of events, N may have positive probability ! So in general, the
function
Fx(z;w) = P(X < 2|5) (w)

may not be a proper distribution function for w from a set of positive probability.

It turns out that for any random variable X with values in a complete separable
metric space X, there exists so called regular conditional measure of X, given G,
i.e. a function Px(B;w), which is a probability measure on B(X) for each fixed

9throughout these notations are freely switched

1055 usual any relations, involving comparison of random variables are understood P-a.s.
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w €  and is a version of P(X € B|9)(w). Obviously regular conditional expec-
tation plays the central role in statistical problems, where typically it is required
to find an explicit formula (function), which can be applied to the realizations of
the observed random variables. For example regular conditional expectation was
explicitly constructed in (3.3).

1.2. The Bayes formula: an abstract formulation. The Bayes formula
(3.3) involves explicit distribution functions of the random variables involved in
the estimation problem. On the other hand, the abstract definition of the con-
ditional expectation of the previous section, allows to consider the setups, where
the conditioning o-algebra is not necessarily generated by random variables, whose
distribution have explicit formulae: think for example of E(X|F} ), when F} =
o{Y;,0 < s <t} with Y3, being a continuous time process.

THEOREM 3.4. (the Bayes formula) Let (Q, F,P) be a probability space, carry-
ing a real random variable X and let G be a sub-o-algebra of F. Assume that there
exists a reqular conditional probability measure ' P(dw|X = x) on G and it has
Radon-Nikodym density p(w;x) with respect to a o-finite measure A (on G):

P(BIX =2) = /Bp(w;x))\(dw).
Then for any ¢ : R — R, such that E|p(X)| < oo,
_ Jrp(w)p(w; w)Px (du)
E(p(X)|9) = T o P 57

where Px is the probability measure induced by X (on B(R)).

PRrROOF. Recall that
_d4Q

E(¢(X)19) (@) = 55 (@)

where Q is a signed measure, defined by
QUB) = [ p(X(@)P(), BES.
B

Let FX = ¢{X}. Then for any B € G

P(B) = EE(15|7%) :/P(B|§X)(w)1>(dw) L/RP(B|X=u)PX(du) =

ALp(w;Z)A(dw)PX(du)iL(Ap(w;u)PX(du)) M) (3.9)

where the equality } is changing variables under the Lebesgue integral and i follows
from the Fubini theorem (see Theorem A.5 Appendix for quick reference). Also for
any B € G

Q(B) = Ep(X)1p = Ep(X)E(15|5%) (w) = /RSD(U)P(BIX = u)dPx (du) =

[ et [ stwinaopsian = [ ([ etppsan) v 60

11j e. a measurable function P(B;z), which is a probability measure on F for any fixed z € R

and P(B; X (w)) coincides with P(B|FX)(w) up to P-null sets.
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Note that Q < P and by (3.9) P <« A (on §!) and thus also Q < A. So for any
Be§

B) - [ Flep) = [ B
while on the other hand

Q(B) = /fg( )d\, VB eS.

By arbitrariness of B, it follows that

dQ, . dQ
= )dA( wh A-as.

Now since

plo: @ =0f = [1(5) =0) plaw) -

[ 15w =0) G -

it follows a0 1Q/dA(w)
w
d—P(w) = P/dNw) P—a.s.
The latter and (3.8), (3.9), (3.10) imply (3.7). O

COROLLARY 3.5. Suppose that G is generated by a random variable Y and there
is a o-finite measure v on B(R) and a measurable function (density) r(u;x) > 0 so
that

PYeAX=2x)= /Ar(u;x)y(du).
Then for |p(X)| < oo,

B(e(x)1g) = 221 ( i)

Jer (Y (w), u)PX(du)
PRrROOF. By the Fubini theorem (see Appendix)
P(Y € A) = EP(Y € A[X) = E/ (s X () (du) = / Br(u; X (o)) (du).
A A
Denote 7(u) := Er(u; X (w)) and define
T(Y(w),m) w
plw; ) = { r(Yw) (Y@) >0
0, F(Y(w)) =0

Any G-measurable set is by definition a preimage of some A under Y (w), i.e. for
any B € G, there is A € B(R) such that B = {w: Y (w) € A}. Then

/B plu; )P (dw) = /A (?u”;) () v(du) =

/Ar(u;m)y(du) =P(Y € A|IX =z) =P(B|X =x).

(3.11)

=

Now (3.11) follows from (3.7) with the specific p(w;z) and A(dw) := P(dw), where
the denominators cancel. (]
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REMARK 3.6. Let (€, F,P) be a copy of the probability space (Q, F,P), then
(3.11) reads
Ep(X(@))r (Y (w), X (@))
Er(Y(w),X((D)) ’
where E denotes expectation on ({2, F, P) (and X (@) is a copy of X, defined on this
auxiliary probability space).

REMARK 3.7. The formula (3.11) (and its notation (3.12)) holds when X and
Y are random vectors.

E(p(X)[9) = (3.12)

REMARK 3.8. Often the following notation is used

r(y, u)PX (du
P(X € dulY = y) = A iy(y,l)P)(f(dl)

for the regular conditional distribution of X given F¥. Note that it is absolutely
continuous with respect to the measure induced by X.

2. The nonlinear filter via the Bayes formula

Let (X;,Y});>0 be a pair of random sequences with the following structure:

* X, is a Markov process with the transition kernel'?A(z,du) and initial
distribution p(du), that is

P(X; € BIF; VT )= / AXj_1,du), P —a.s.
B
Where13 9:;(71 = U{Xo, ...,Xjfl}

P(X, € B) = /Bp(du), VB € B(R).

* Y} is a random sequence, such that for all'** j >0
P(Y; € BIFf vF) ) :/ I'(X;,du), P—a.s (3.13)
B

with a Markov kernel I'(z, du), which has density v(x,u) with respect to
some o-finite measure v(du) on B(R).

* f: R — R be a measurable function, such that E|f(X;)| < oo for each
Jj=0.

THEOREM 3.9. Let 7;(dx) be the solution of the recursive equation

_ Je v ( Yi(w) Ay, dx)m; s (du)
Je Jo v (w, Y () A(u, dz)mj— (du)’

75 (dx) i>0 (3.14)

subject to
~ Jev (@, Yo (w))p(du)

- fIR f]R 7(“7 Yo(w))p(du)

mo(dx) (3.15)

124 function A : R x B(R) — [0, 1] is called a Markov (transition) kernel, if A(z, B) is a Borel
measurable function for each B € B(R) and is a probability measure on B(R) for each fixed z € R.

134 family J; of increasing o-algebras is called filtration

by convention Y, = {0, Q}
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Then
E(f(X;)1F)) :/Rf(x)wj(dx), P —a.s. (3.16)

Proor. Note that by the above assumptions the pair process (X, Y;) is Markov
with the transition kernel A(z, du)y(u, )

P(XjEA,YjEB|9"JX_1 1 // u, V)V (dv)A(X;_1, du),

and hence the regular conditional measure for the vector {Yy,...,Y;}, given ,’ij =
O'{Xo, ) Xj} is

P(Yy € Ao, ... Y; € A|F)) =
o [ o) 2 (5w vl (317)
Then by Remark 3.7 0 ]
Ep(X;(@) T 7 (Xi(@), Y3)
EHZ 07( V)7Yi>

E(p(X;)|F)) = (3.18)

Introduce the notation

Li(X(@),Y) = Hv(Xi@),Yi) (3.19)

Lj (X (@), Y)E(o(X; (@)y(X;(@), Y| F5) =
Li1(X(@),Y) R@(U)V(uan)A(Xjfl(@)»du)
Then
(o)) = OPEDLXELT)
BL; 1 (X(@),Y) fp o(u)y(u, V) A(X;—1 (@), du) _
BL, 1(X(@),Y) [o (0 V) AKX, 1 (@), du)

BL,_1(X )
B( fi p(wr(w, . > (Xj1,du)|T)-,)
(fR’y u, Y;)A Xj_l,du)|2}’”j71)

Now let 7j(dx) be the regular conditional distribution of X, given ff"}/. Then the
latter reads (again the Fubini theorem is used)

P (d) — VY = [ ol Jr (@ YA, du)m—1 (d2)
| @mtda) = Blex,)1aY) = [ oty BRI T

and by arbitrariness of ¢ (3.14) follows. The equation (3.15) is obtained similarly.
O

) )
@ (
EL; 1(X(w),Y) fﬂw U)V(u,YJ)A(Xjfl
(@),Y) fg(
(
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REMARK 3.10. The proof may seem unnecessarily complicated at the first
glance: in fact, a simpler and probably more intuitive derivation is possible (see
Exercise 10). This (and an additional derivation in the next section) is given for
two reasons: (1) to exercise the properties and notations, related to conditional
expectations and (2) to demonstrate the technique, which will be very useful when
working in continuous time case.

3. The nonlinear filter by the reference measure approach

Before proceeding to discuss the properties of (3.14), we give another proof of
it, using so called reference measure approach. This powerful and elegant method
requires stronger assumptions on (X,Y), but gives an additional insight into the
structure of (3.14) and turns to be very efficient in the continuous time setup. It
is based on the following simple fact

LEMMA 3.11. Let (Q,F) be a probability space and let P and P be equivalent
probability measures on F, i.e. P ~ P. Denote by E(:|9) and E(:|G) the conditional
expectations with respect to G C F under P and P. Then for any X, E|X| < oo

(v dP
E(XEw)[9)
=
E(%w)|9)
PROOF. Note first that the right hand side of (3.20) is well defined (on the sets
of full P-probability!?) , since

P (E(Zg(w)w) = 0) —E1 (E@’E(””S) = o) %(w) -
F1 (E(;lg(wng) - 0> B (Zg(w))g) —o.

Clearly the right hand side of (3.20) is §-measurable and for any A € §

E(X 9 (, - E(X 2 (y
E<X_E(de>()|9)> 1A(M)ZE<X_E(XdP()}9)> 1A(W)£(w):

E(X|S) = (3.20)

E(4(w)[9) E(4£(w)[9) dp
o dP o CB(XRE@IS) P\
_Ede)(w)lA E E(%(w)yg) 14 (dﬁ(w)fg) =0,
which verifies the claim. O

This lemma suggests the following way of calculating the conditional proba-
bilities: find a reference measure ﬁ, equivalent to P, under which calculation of
the conditional expectation would be easier (typically, P is chosen so that X is
independent of G) and use (3.20).

Assume the following structure for the observation process ' (all the other
assumptions remain the same)

15and thus also lS—probability
16greater generality is possible with the reference measure approach, but is sacrificed here
for the sake of clarity
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*Y; = h(X;)+¢;, where h is a measurable function R — R and £ = (£;),>0
is an i.i.d. sequence, independent of X, such that &; has a positive density
g(u) > 0 with respect to the Lebesgue measure:

Pe<w=[ a)is

— 00
Let’s verify the claim of Theorem 3.9 under this assumption. For a fixed j, let

F; = FX VI (or equivalently F; = F¥ vV fr"f) Introduce the (positive) random
process

D;(X,Y) = ﬁ LY) (3.21)

and define the probability measure P (on J;) by means of the Radon-Nikodym
derivative

o) = &5 (X(), Y (@),

with respect to the restriction of P on Jj. P is indeed a probability measure, since
®; is positive and

S on R O X (0 ORR O
P(Q)—E@-(XY)—Elliq(yi_h(Xi))_Egiq(&) =

/ /H Hq (ue)dug...du; =
/ /Hq +Uz duo d’u,j_
EH/ —|—u2 du; =1

Under measure 13, the random processes (X,Y) ”1look” absolutely different:

(i) the distribution of the process'” ¥ under P, coincides with the distribution
of £ under P
(ii) the distribution of the process X is the same under both measures P and
f’ ~
(iii) the processes X and Y are independent under P

17of course the restriction of Y to [0, 5] is meant here
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Let 9(zo,...,x;) and ¢(zo,...,z;) be measurable bounded R/T! — R functions.
Then

Ev(Xo, ..., X;)3(Yo, ..., Y;) = Ep(Xo, ..., X;) (Yo, ..., Y;)®,(X,Y) =

E(Xo, ..., X;)0(Yo, ..., Yj) 11) m -

E)(Xo, -y X5)¢(h(X0) + &0, -y B(X )+53)HW —
1=0 ?

Ey(Xo,..., X / /qb (Xo) +uo,.-.,h(Xy)+Uj)'

J
Xo,..., / /(,25 X() +’U,0,,h(X])+UJ)Hq(h(X1)+u1)d’u,0d’u,] =

=0
Xo,..., / /¢ UQy oeey U q(uz)duoduj =
i 0
E¢(Xo, ..., X;)E¢(&o, ..., &)

Now the claim (i) holds by arbitrariness of ¢ with ¢) = 1. Similarly the (ii) holds
by arbitrariness of ¢ with ¢ = 1. Finally, if (i) and (ii) hold then,

E'(/J(Xo, X))oV, ... Y;) = E¢¥(Xo, ..., Xj)¢(fo, ...,£j) =
E'll)(XOa B3] Xj)Ed)(Yb7 "',Y—j)a

which is nothing but (iii) by arbitrariness of ¢ and .
Now by Lemma 3.11 for any bounded function g,

E(g(X;)®; (X, Y)|F))  Bg(X;(@)®; 1(X(012),Y( w)) (3.22)

NFYY) = =
E(g(X])lgj) E(‘I)j_l(X,YNEFJY) E‘I)J_l(X( )a w))

where dg (w) = <I>]71(X, Y'). The latter equality is due to independence of X and Y

under P (the notations of Remark 3.6 are used here).
Now for arbitrary (measurable and bounded) function g
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On the other hand

Lo [ WA<s,du>pj_l<ds>.

By arbitrariness of g, the recursion

pita) = [ WMs,du)dpjl(s). (3.23)

is obtained. Finally by (3.22)

(o)1) = L2100 £ep
RFMI

and hence the conditional distribution 7;(du) from Theorem 3.9 can be calculated
by normalizing

p;(du)
mi(du) = ————. (3.24)
! f]R pj(ds)
Besides verifying (3.14), the latter suggests that 7;(du) can be calculated by solving
linear (!) equation (3.23), whose solution p;(du) (which is called the unnormalized
conditional distribution) is to be normalized at the final time j. In fact this remark-

able property can be guessed directly from (3.14) (under more general assumptions
onY).

4. The curse of dimensionality and finite dimensional filters

The equation (3.14) (or its unnormalized counterpart (3.23)) are not very prac-
tical solutions to the estimation problem: at each step they require at least two
integrations! Clearly the following property would be very desirable

DEFINITION 3.12. The filter is called finite dimensional with respect to a
function f, if the right hand side of (3.16) can be parameterized by a finite number
of sufficient statistics, i.e. solutions of real valued difference equations, driven by
Y.

The evolution of 7; can be infinite-dimensional, while the integral of 7; versus
specific function f may admit a finite dimensional filter (see Exercise 21). Unfor-
tunately there is no easy way to determine whether the nonlinear filter at hand is
finite dimensional. Moreover sometimes it can be proved to be infinite dimensional.
In fact few finite dimensional filters are known, the most important of which are
described in the following sections.
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4.1. The Hidden Markov Models (HMM). Suppose that X; is a Markov
chain with a finite state space S = {a1, ..., aq}. Then its Markov kernel is identified®
with the matrix A of transition probabilities A, = P(X; = am|Xj—1 = ar). Let
po be the initial distribution of X, i.e. po(f) = P(Xy = a¢). Suppose that the
observation sequence Y = (Y});>1 satisfies

P(Y; € AIFS VI ) = /Aw(du), (=1,...d.

Note that each vy(du) is absolutely continuous with respect to the measure v(du) =
quﬂ Vm(du) and so no generality is lost if vy(du) = fo(u)r(du) is assumed for
some fixed o-finite measure on B(R) and densities fy(u). This statistical model is
extremely popular in various areas of engineering (see [7] for a recent survey).
Clearly the conditional distribution 7;(dx) is absolutely continuous with respect
to the point measure with atoms at aq,...,aq and so can be identified with the
density 7;, which is just a vector of conditional probabilities P(X; = ad?f), =
1,...,d. Then by the formulae (3.14),
D(Yj)A*mj 1

_ A1 3.25

subject to myp = po, where |z| = 25:1 |z¢| (¢* norm) of a vector x € R? and D(y)
is a scalar matrix with fy(y), y € R, £ =1,...,d on the diagonal. Alternatively the
unnormalized equation can be solved

pi =DY;)Apj1, j=>1

subject to pg = po and then 7; is recovered by normalizing m; = p;/|p;|. Finite
dimensional filters are known for several filtering problems, related to HMM - see
Exercise 21.

4.2. The linear Gaussian case: Kalman-Bucy filter revisited. The
Kalman-Bucy filter from Chapter 2 has a very special place among the nonlinear
filters due to the properties of Gaussian random vectors. Recall that

DEFINITION 3.13. A random vector X, with values in R?, is Gaussian if
1
Eexp {ix"X } = exp {ix'm - iA*KA}, VA € R
for a vector m and a nonnegative definite matrix K.

REMARK 3.14. It is easy to check that m = EX and K = cov(X).

It turns out that if characteristic function of a random vector is exponential of
a quadratic form, this vector is necessarily Gaussian. Gaussian vectors (processes)
play a special role in probability theory. The following properties make them special
in the filtering theory in particular:

LEMMA 3.15. Assume that the vectors X and Y (with values in R™ and R™
respectively) form a Gaussian vector (X,Y) in R™™. Then

(1) Any random variable from the linear subspace, spanned by the entries of
(X,Y) is Gaussian. In particular Z = b+AX with a vector b and o matriz
A, is a Gaussian vector with EZ = b+ AEX and cov(Z) = Acov(X)A*.

1811 this case the Markov kernel is absolutely continuous to the point measure Z?:l 8a,; (du)
and the matrix A is formally the density w.r.t this measure.
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(2) If X and Y are orthogonal, they are independent (the opposite direction
is obvious)
(3) The regular conditional distribution of X, given Y is Gaussian P-a.s.,
moreover'® E(X|Y) = E(X|Y) and
Y) -

cov(X) — cov(X,Y) cov®(Y) cov(Y, X). (3.26)

cov(X|Y) := E((X - E(X|Y))(X - E<X|Y>)*

REMARK 3.16. Note that in the Gaussian case the conditional covariance does
not depend on the condition !

Proor. For fixed b and A
Eexp {i/\*(b + AX)} = exp {iA*(b+ AEX) }Eexp {z’(/\*A)(X - EX)} -
exp {z’)\*(b + AEX)} exp { - %)\* (A COV(X)A*))\},

and the claim (1) holds, since the latter is a characteristic function of a Gaussian
vector.
Let A\, and A\, be vectors from R™ and R™ (so that A = (A;, \y) € R™™), then
due to orthogonality cov(X,Y) =0 and
1 1
Eexp {i/\*(X, Y)} = exp {i/\;EX— 5)\; COV(X)/\JC} exp {i/\ZEY— 5/\2 COV(Y))\y},

which verifies the second claim.
Recall that X — E(X]Y) is orthogonal to Y, and thus by (2), they are also
independent. Then

E(exp {iA; (X - E(X|Y))}]Y) = Eexp {M; (X - E(X|Y))}

and on the other hand
E(exp {M; (X - B(X|Y)) } yY) = exp { - M;E(X|Y)}E(exp {M;X} yY)
and so
E(exp {z’A;X} |Y) = exp {i/\;E(X\Y)}E exp {M;‘; (X - B(X|Y)) }
Since X — E(X|Y) is in the linear span of (X,Y), the latter term equals
exp {M;;E(X ~EX|Y)) - %A; cov (X — E(X\Y))Al},

and the third claim follows, since E(X —E(X|Y)) = 0 and cov (X —E(X|Y)) equals
(3.26). O

Consider now the Kalman-Bucy linear model (2.13) and (2.14) (on page 29),
where the sequences £ and € are Gaussian, as well as the initial condition (X, Yp).
Then the processes (X,Y’) are Gaussian (i.e. any finite dimensional distribution
is Gaussian) and by Lemma 3.15, the conditional distribution of X; given 3"}/ is
Gaussian too. Moreover its parameters - the mean and the covariance are governed
by the Kalman-Bucy filter equations from Theorem 2.5.

191 other notations E(X|FY) = B(X|£Y)



EXERCISES 51

REMARK 3.17. The recursions of Theorem 2.5 can be obtained via the nonlinear
filtering equation (3.14), using certain properties of the Gaussian densities. Note
however that guessing the Gaussian solution to (3.14) would not be easy !

In particular for any measurable f, such that E|f(X;)| < co (the scalar case is
considered for simplicity)

u— X2
B = [ J;*Pp{%;ﬂ}d

where P; nd X ; are generated by the Kalman-Bucy equations. In Exercise 24 an
important generalization of the Kalman-Bucy filter is considered. More models, for
which finite dimensional filter exists are known, but their practical applicability is
usually limited.

Exercises

(1) Verify the properties of the conditional expectations on page 40

(2) Prove that pre-images of Borel sets of R under a measurable function

(random variable) is a o-algebra

(3) Prove (3.6) (use monotone convergence theorem - see Appendix).

(4) Obtain the formula (3.3) by means of (3.11).

(5) Verify the claim of Remark 3.7.

(6) Explore the definition of the Markov process on page 43: argue the exis-

tence, etc. How such process can be generated, given say a source of i.i.d.

random variables with uniform distribution ?

(7) Is Y, defined in (3.13) a Markov process? Is the pair (X;,Y;) a (two
dimensional) Markov process?

8) Show that P(BL;(X(@),Y) = 0) = 0 (L;(X,Y) is defined in (3.19)).

9) Complete the proof of Theorem 3.9 (i.e. verify (3.15)).

0) Derive (3.14) and (3.15), using the orthogonality property of the condi-
tional expectation (similarly to derivation of (3.3)).

(11) Show that (3.23) and (3.24) imply (3.14).

(12) Derive the nonlinear filtering equations when Y is defined with ”delay”:

P(Y; €B|ffj)-(_1,5"}/_1):/B’y(Xj,l;du), P—a.s

(13) Discuss the changes, which have to be introduced into (3.14), when X and
Y take values in R™ and R respectively (the multivariate case)

(14) Discuss the changes, which have to be introduced into (3.14), when the
Markov kernels A and 7 are allowed to depend on j (time dependent case)
and 3"}:1 (dependence on the past observations).

(15) Show that if the transition matrix A of the finite state chain X is ¢-
primitive, i.e. the matrix A? has all positive entries for some integer
g > 1, then the limits limj_,ooP(Xj = ag) = g exist, are positive for
all ag € S and independent of the initial distribution (such chain is called
ergodic).
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(16)

(20)

(21)

3. NONLINEAR FILTERING IN DISCRETE TIME

Find the filtering recursion for the signal/observation model
Xj=9(Xj1)+e, j=1
Vi=[f(X;)+¢&

subject to a random initial condition X, (and Yy = 0), independent of
€ and €. Assume that g : R — R and f : R — R are measurable func-
tions, such that E|g(X,_1)| < co and E|f(Xj)| < oo for any j > 0. The
sequences € = (¢;);>1 and £ = (§;);>1 are independent and i.i.d., such
that €1 and & have densities p(u) and g(u) with respect to the Lebesgue
measure on B(R).

Let X be a Markov chain as in Section 4.1 and Y; = h(X;) + &5, j > 1,
where £ = (§;);>0 is an i.i.d. sequence. Assume that &; has probabil-
ity density f(u) (with respect to the Lebesgue measure). Write down
the equations (3.25) in componentwise notation. Simulate the filter with
MATLAB.

Show that the filtering process 7; from the previous problem is Markov.
Under the setting of Section 4.1, denote by %; the family of ff"}/ - measur-
able random variables with values in S (detectors which guess the current
symbol of X, given the observation of {Y7,...,Y;}). For a random variable
n; € %;, let Py denote the detection error:

Py =P(n; # X;).

Show that the optimal detector, minimizing the detection error in the
class %j is given by

7; = argmax,,cg m;(£).

Find (an implicit) expression for the minimal detection error.
A random switch 6; € {0,1}, j > 0 is a discrete-time two-state Markov
chain with transition matrix:

A1 1-X

A= Y PR

Assume that 6y = 1.
A counter &;, counts arrivals (of e.g. particles) from two indepen-
dent sources with different intensities o and 5. The counter is connected
according to the state of the switch 6; to one source or another, so that:
& =&-1+1(6; = )5 +1(0; = 0)e]

7 j=12,.
subject £ = 0. Here 5 and « are constants from the interval (0,1) and
e} € {0,1} stands for an i.i.d. sequence with P{e] =1} =~ (0 <y < 1).
(a) Find the optimal estimate of the switch state, given the counter data
up to the current moment, i.e. derive the recursion for m; = E(6, \ffjf)

(b) Study the behavior of the filter in the limit cases:

(i) @ =1 and 8 = 0 (simultaneously).

(ii) Ay =1 and Ay = 0 (and vice versa).

(iil) A = Ao =1
Let ; be the number of times, a finite state Markov chain X visited
("occupied”) the state a; (or any other fixed state) up to time j. Find
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the recursion for calculation of the optimal estimate of the occupation

time E(9j|3"}/), where Y is defined as in Section 4.1.

(a) Let I; be the vector of indicators 1;x,—4;}, ¢ = 1,...,d and define
Z; := 0;1;. Find the expression for Zj‘j,l = E(Zj|9'}/_1) in terms of

Zj—l = E(Zj_1|9:;:1) and 7rj|j—1 = A*7Tj.

(b) Find the expression of Z; in terms of Zm_l and thus "close” the
recursion for Z;.

(c) How E(6;|F)) is recovered from Z;?

Let 7; be the number of transitions from state a; to state ag (or any other

fixed pair of states), a finite state Markov chain X made on the time

interval [1, j]. Find the finite dimensional filter for E(Tj|3"}/). Hint: use

the approach suggested in the previous problem.

Check the claim of Remark 3.14.

Consider the signal/observation model (X;,Y;);>o0:

Xj = ao(YOjil)+a1(Y()J-71)Xj_1+b€j, j: ].,2,...
Y, = AoV +AYd X, + B

where b and B are constants and A;(Y{ ") and a;(Y7 ™), i = 0,1 are some

functionals of the vector {Yy,Y1,....Y;_1}. € = (€5);>1 and & = (§;);>1

are independent i.i.d. standard Gaussian random sequences. The initial

condition (Xo,Yp) is a standard Gaussian vector with unit covariance

matrix, independent of € and &.

(a) Is the pair of processes (X;,Y;); >0 necessarily Gaussian ? Give a
proof or a counterexample.

(b) Find the recursion for )?j = BE(X;|F)) and P; = E((Xj —)?j)2|3"}/).
Is the obtained filter linear w.r.t. observations ? Does the error P;
depend on the observations ?

Hint: prove first that X; is Gaussian, conditioned on ff}/.

REMARK 3.18. The filtering recursion in this case is sometimes re-
ferred as conditionally Gaussian filter. It plays an important role
in control theory, where the coefficients usually depend on the past
observations.

(c) Verify that in the case of a;(Y{ ") = a; and 4;(Y7 ') = A4;,i=0,1
(a; and A; constants) your solution coincides with the Kalman-Bucy
filter.

Consider the recursion

Xj:an—l +5]‘, ]21
subject to a standard Gaussian random variable Xy and where € is a
Gaussian i.i.d. sequence, independent of Xy. Assuming that the param-

eter a is a Gaussian random variable independent of € and X, derive a
recursion for E(a|F) and for the square error

P; = E((a— B(al57))?|F5).

Is the recursion for E(a|l}"j-( ) linear ? Does P; converge 7 If yes, to which
limit and in which sense? Hint: use the results of the previous exercise.
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(26) Consider a signal/observation pair (8, ¢;);>1, where 6 is a random variable
distributed uniformly on [0,1] and (§;) is a sequence generated by:

& =0U;
where (Uj);>1 is a sequence of i.i.d. random variables with uniform dis-
tribution on [0,1]. # and U are independent.
(a) Derive the Kalman-Bucy filter for 9A] = E(9|£{)
(b) Find the corresponding mean square error P; = E(@—@-)? Show that

it converges to zero as j — oo and determine the rate of convergence
20

(c) Consider the recursive filtering estimate (6;);>0
gj = max(éijfhgj)a 50 =0

Find the corresponding mean square error, Q; = E(6 — éj)z

(d) Show that @; converges to zero and find the rate of convergence.
Does this filter give better accuracy, compared to Kalman-Bucy filter,
uniformly in j ? Asymptotically in j — co0?

(e) Verify whether 6; is the optimal in the mean square sense filtering
estimate. If not, find the optimal estimate 6; = E(¢9|ff§)

20 6. find a sequence r;, such that lim;_, ., r; P; exists and positive



CHAPTER 4

The white noise in continuous time

A close look at the derivation of nonlinear filtering recursions reveals that one
of the crucial assumptions is independence of the observation noise on the past.
The model (3.13) is in fact a generalization of the following ”additive white noise”
observation scenario

Yy =h(X;)+¢&, j=0 (4.1)

where h is a measurable function and £ is an i.i.d. sequence. As was mentioned in
the introduction, the term ”white noise” stems from the fact that power spectral
density of the sequence ¢ (when E&? < o0), defined as the Fourier transform of
the correlation sequence R(n) = E&y&,, is constant. In the continuous time case
similar definition would be meaningless both for mathematical and physical reasons:
the sample pathes of such process would be extremely irregular (e.g. not even
continuous in any point) and its variance is infinite. It turns out that overcoming
this difficulty is not an easy mathematical task. It is accomplished in several steps

i. Introduce a continuous time process with independent increments. The
motivation is that a formal derivative of such process is a ”white noise” (recall the
discussion on page 10). It turns out that such a process can be constructed (the
Wiener process), but it is not differentiable in any reasonable sense. At this point
the hope for real ”"white noise” is abandoned and instead of considering problems
involving differentials (e.g. differential equations, etc.), their integral analogues are
considered.

ii. This naturally leads to considering integration with respect to the Wiener
process. It turns out however that the Wiener process has irregular trajectories,
so that all the classical integration approaches (e.g. Stieltjes, Lebesgue, etc.) fail.
However integration can be carried out if the family of integrands is chosen in a
special way. Specifically we will use the stochastic integral introduced by K.It6

iii. After introducing the integral, one is led to establish the rules to manipulate
the new object: e.g. the change of integration variable, chain rule, etc. Surprisingly
(or not!) the Itd integral have properties, dramatically different from the classical
integration. The particularly useful tool in, what is called by now, the stochastic
calculus, is the It6 formula.

iv. Once there is a new calculus, the ultimate goal is accomplished: the sto-
chastic differential equations are introduced. The term “differential” is in fact
misleading, though customary: actually the integral equations involving usual Rie-
mann integrals and It6 integrals are considered. It turns out that besides strong
solutions (roughly speaking analogous to the usual solutions of ODE), one may
consider weak solutions, which have no analogue in classical ODE’s. We will be
concerned mainly with the first kind of solutions, though weak solutions play an
important role in filtering in particular.

55
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REMARK 4.1. The introductory scope of these lectures doesn’t include many
important concepts and details from the vast theory of random processes in contin-
uous time. The reader may and should consult basic books in this area for deeper
understanding. The author’s choice was and still is: the classic J.Doob’s book [5]
and the modern [39] for general concepts of stochastic processes in continuous time,
the book [18] is a good starting point for further study of the Brownian motion and
stochastic calculus, the first volume of [21] is a confined but very accessible coverage
of stochastic It6 calculus and its applications (collected in the second volume).

1. The Wiener process

The main building block of the white noise theory is the Wiener process (or
mathematical Brownian motion), which is defined (on some probability space (€2,
J,P)) as a stochastic process W = (W;(w))ser, , satisfying the properties

(1) Wo(w) =0, P —a.s.

(2) the trajectories of W are continuous functions

(3) the increments of W are independent Gaussian random variables with zero
mean and E(W, — W)2 =t —s,t > s.

1.1. Construction. The existence of such process is not at all clear. There
are many constructions of W (see e.g. [18]) of which we choose the one due to
P.Levy (Section 2.3 in [18])

THEOREM 4.2. The Wiener process W = (Wy)ieo,1] exists.

PROOF. Let I(n) denote the odd integers from {0,1,...,2"}. Define the Haar
functions as HY(t) =1,t € [0,1] and n > 1, k € I(n)
27(7171)/27 kfl <t< L
H] (t) = ¢ —2-(n=1)/2, I <t< ki1 .

po— on

0 otherwise

t
= / H} (s)ds
0

which do not overlap for different k, when n is fixed, and have a "tent” like shape.
Let &7, j € I(n), n = 1,... be an array of i.i.d. standard Gaussian random
variables. Introduce the sequence of random processes, n > 0

=3 > grsew, e, (4.2)

m=0kel(m)

The Schauder functions are

Note that W;* has continuous trajectories for all n. If the sequence W;* converges
P-a.s. uniformly in ¢ € [0, 1], then the limit process has continuous trajectories as
required in axiom 2.

Let’s verify the convergence of the series

n

> Z 671850 < > max |6 Z Syt

el(m)
m=1jel(m S JeI(m
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(vecall that S7"(t) do not overlap for a fixed m and different j). Since

2
2 > 2 [° 2 e—x"/2
P(lgjml > 33) — \/?/ 6_"2/2du < \/>/ ge—qﬂ/Qdu: \/>6 :
T Jx ™ Jr T

form>1
P(max [&| = m) =P( |J {I§"1>m}) <2"P(ig)"| = m) < 22me 2
j<am LT J > il Z S\ —

j<am
Since Y o, 9me=m*/2m =1 < 50, by Borel-Cantelli Lemma

P(]rr<1521§}§ | >m, i.0.) =0.

In other words, there is a set Q' of full P-measure and a random integer n(w), such
that max;<om |§;"| < m for all m > n(w) for all w € . Then the series in (4.3)
converge on )’ since

n
™| < Z 27Mm < 0.

2™ max
Z j<%7n g]

m=n(w) m=n(w)

So the processes W]* converge P-a.s. uniformly in ¢ to a continuous process W;. It
is left to verify the axiom 3. The Haar basis forms a complete orthonormal system
in the Hilbert space L?[0, 1] with the scalar product (g, f) = f[o 1 s)ds and

so by Parseval equality

H=>3" g HY)f, HY).

n=0kel(n)

For g, = 1(u <t) and f(u) = 1(u < s), the latter implies

s/\t—z > SEt)Sk(s

n=0kel(n)
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Now let A\, 7 = 1,...,n be real numbers and fix n distinct times t; < ... < t,.
Then (with A,+1 =0)

Bexp (=i Y (As1 = AW ) =
j=1

n J4
Bexp (=i (g —A) D Y &spy) =
j=1 m=0kel(m)
L n
Eexp(— Z Z & (N1 — A )Sgl(tj)> =
m=0kel(m g=1
14 n
T II Bes( *éﬁzi(/\1+1 A)SE(E) =
m=0 kel (m) j=1
14 n
T IT e (- 3{Stum—aspe} ) -
m=0keI(m) j=1
1 o - 2
exp(—§Z Z {ZO\J‘JA_ tj)} ):
m=0kecI(m) j=1
n L
exp (- %z M= A =) DD SRS ))
j=1i= 1 m=0kel(m)
1 n n
exp ( -3 Z Z J+1 A1 — Ai )(tj A tl))
Jj=11i=1

Then

n

Bexp (i YA (Wi, = Wi,.,)) = Bexp (— izn:(AjH — X)Wy, ) =
j=1

j=1
exp ( - %Z D (a1 = A Nigr = i)t A ti)) =
j=11i=1
n—1 n n
exp ( - (N1 = A Nipr = At A ty) — % D Oy - )\j)Qta‘) =
Jj=1i=j+1 J
n—1 n n
€xp < =D (Nt = Nt Z i+l — % Aj+1 — ) =
j=1 =j+1 J
n—1 n
exp (Z(Aj—’_l — )\J)t A]_;,_l %Z()\j_i_l )\]) t]) =
Jj=1 J
n—1
eXP( ty{@\jﬂ AjAj+1 %(/\j-‘rl Aj) }— A ) =
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1 n—1 1 1 n
exp (5 th{)‘§+l - A} - 5)‘itn) = exp ( —5 ZA?(tj — tj_l)) =
j=1 j=1

H exp ( — %)\?(t] - f,j_1)>,
j=1

which verifies axiom 2. O

REMARK 4.3. The Wiener process on [0,00) can be constructed by patching
the Wiener processes on the intervals [j,5 + 1], = 0,1, ....

REMARK 4.4. Though Gaussian distribution of the i.i.d. random variables in
this proof plays crucial role, the Gaussian property of the limit W is "universal”:
it turns out that any continuous time process with independent increments (a mar-
tingale!), continuous trajectories and variance t is the Wiener process. Roughly
speaking, this suggests that the ”white noise”, which originates from a random
process with these properties is necessarily Gaussian! More exactly

THEOREM 4.5. (P. Levy) Let B; be a continuous process with EB; =0, ¢t > 0
and
E(B} -t|58)=BZ-s, t>s>0.
Then By is a Wiener process.

REMARK 4.6. Sometimes it is convenient to relate the Wiener process to some
filtration F;, by extending the definition in the following way: W; is the Wiener
process with respect to a filtration Fy, if W has continuous pathes, starts from zero
and for any t > s > 0, W; — Wy is a Gaussian random variable, independent of F,
with zero mean and variance (¢t — s). The previous definition reduces to the case
Fo =TV ={W,,s <t}

1.2. Nondifferentiability of the pathes. The properties of the trajectories
of W are really amazing and up to now do not cease to attract attention of math-
ematicians. We will verify a few of them, which are crucial to understanding the
origins of stochastic calculus.

For a function f : [0,1] + R, denote by D* the upper left and right Deni

derivatives at ¢: ( ) o
" o ft+h)—f(t
D=1t = hlggi h
and by D4 (t) the lower left and right Deni derivatives at t:
t+h)— f(t
Dof(t) = tm LEENZIO
h—0+ h
The function is differentiable at ¢ from the right if D* f(t) and D f(t) are finite and
coincide. Similarly left differentiability is defined by means of D~ f(¢) and D_ f(t).

If all the Deni derivatives are equal, f is differentiable at ¢. Differentiability at t = 0
and t = 1 is defined as right and left differentiability respectively.

THEOREM 4.7. (Paley, Wiener and Zygmund, 1983) The Wiener process has
nowhere differentiable trajectories, more precisely

P(w : for each t < 1, either DYW, = 0o or D, W, = foo) =1
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PRrROOF. For fixed j,k > 0, define the sets
Ajp = U ﬂ {UJi |Witn — Wi th}~
t€[0,1] h€[0,1/k]
Clearly
{w:—oo<D+Wt§D+Wt<oo}§ U UAjk
J21k>1

and so to verify the claim, it would be enough to show that P(Ajk) =0 for any j, k.
Fix a trajectory in the set Ajj. For this trajectory there exists a number ¢ € [0, 1],

such that |Wt+h — Wt‘ < jh for any 0 < h < 1/k. Fix an integer n > 4k and let
1 <4 < n be such that (i —1)/n <t <i/n. Then we have

2§ 3j
Wit iy/m = Wign| < [Weasnym = We| + |[We = Wi < =42 = 2
3j 2j 5
(Wiit2)n = Weinyn| < [Wiirayn = We| + [We = Wiy < ;‘7 + ;‘7 = g‘]
4 35 T
(Wiitay/n = Waray/al < [Weikayn = We| + [We = Wiz | < ;j + ;j = gj

Then Aj, € U, C™ with

3 9 1)4
oM = ﬂ {|W(i+7')/n — Wigr—1y/m| < w}

n
r=1

hold for any n > 4k or in other words

n
Arc N Ue =c
n>4k i=1
Note that since W;tp)/n — W(iyr—1)/n are independent and Gaussian with zero
mean and variance 1/4/n,
3.5.753
32
where the inequality P(|¢] < ¢) < ¢ for a standard Gaussian r.v. £, have been used.
Then P(Aj;) < P(C) < infp>ap P(U?:lcfn)) = 0, where the latter holds since

P(C™) <

- 10553 n—seo
P(Uz ¢f) < 3or(E) = B 2,
=1

O

Recall that the p-variation of the function f : [0,1] — R on the partition
I = {tz}, 0=ty <...< tny1 = 1lis

\/f(t) = Z }fti+1 _fti
H’n.

tiv1<t

Pootelo,1].

The function f is said to be of finite p-variation on [0, 1] if the limit is finite

n

\/f(t) ‘= sup Z ‘fti+1 — Ju:

II" nez 1<t

Pootelo,1].
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THEOREM 4.8. The quadratic variation of the Wiener process trajectories equals

t in the sense, that
2

2
t)= 1 t)=t
VW = lim \/ W)=t
H'n.
where' the limit in L2 is understood?.

PRrOOF. Use the Gaussian properties of the Wiener process

E( Z Wiy — Wt,,)2 - t)2 = E( Z (Wiipr — Wti)Q = (tiv1 — tz‘))z =

tit1<t tip1<t
2 2
Z E((th - Wti) — (tiy1 — ti)) = Z 2t —t;)* < 2|H"‘t 27000,
tiy1<t i<t

]

THEOREM 4.9. The Wiener process has trajectories with infinite variation, in
particular

n—0 -
0<i<n

P(hm Z ’Wi/nfw(i—l)/n| :OO) =1

PrOOF. The random variables (Wi/n — W(i,l)/n)\/ﬁ form an i.i.d. standard
Gaussian sequence, so that by the law of large numbers

n—00 N 4

1 n
P ( lim —Z |Wi/n - W(ifl)/n|\/7: E|Wl|> =1
=1

Since E|W;| > 0, this implies in particular

p (Z |Wi/n —Wa—nym| 2 n1/27€, eventually ) =1.

=1

for any € > 0. (]

2. The It6 Stochastic Integral
Recall the following fact from the classical analysis Vol.3, Ch. 15, §4-5 in [9].

THEOREM 4.10. (Stieltjes integral) Let® f: [0,1] — R be a uniformly continu-
ous function and g; : [0,1] = R be a function of finite variation. Let 0 =ty < t; <
... <t, =1 be a sequence of partitions and denote 0" = max; |t; —t;_1|. Then the
limit

1 n
/0 frdgs = 513310; ) (9, — 91,) (4.4)

exists and is unique for any choice of points i € [tj—1,t5], 7 =1,..,n. Itis
called the Stieltjes integral of f; with respect to g;.

L) = maxg<i<n+1 |ti+1 — t;| is the size of the partition.

2Stronger convergence is possible if the partitions sizes are allowed to decrease fast enough.

3For the sake of notation simplicity, the dependence of the partition {t;} on n is always
assumed implicitly.
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PrOOF. Assume first that g does not decrease. Define the Darboux sums
Sn :ij_l(gtj _gtjfl)’ Sn:ZMj—l(gtj _gtj,1)
Jj=1 j=1

where mj_1 = mingep, , ¢, fs and M;_1 = maxser; , ¢;) fs. It is easy to see that
S™ (s™) does not increase (decrease) with n and moreover S > s™ for any m,n > 1.
Then the limit in (4.4) exists and is unique if I* := inf,, S™ = sup,, s” =: I.. The
latter holds if

n
(Jii)nm (Mj_l - mj_l)(gtj - gtj—l) =0.
j=1
If f is uniformly continuous, then for any € > 0, one may choose §"™ > 0 such that
M; —m; <¢e/(g1 — go) uniformly in j. Then
n
Z(qu —mj_1)(gy; —9t,.,) <&,
j=1
and the claim of the Theorem holds for nondecreasing g. The general case fol-
lows from the fact that g with finite variation can be decomposed into sum of a
nonincreasing and nondecreasing functions. O

The Wiener process has infinite variation and hence it is not clear how Stieltjes
integral with respect to its trajectories can be constructed. This is clarified in the
following example:

EXAMPLE 4.11. Suppose we would like to define the integral fg WedW, as the
limit n — oo of the sums
[tn]

st (W5i+1 - WSi)? te[0,1]
1=0

where s; = i/n and sf is a point from interval [s;_1, s;] for each . Consider the
two choices: sf = s; and s7 = (s;41 + $;)/2, which lead to
[tn]

Itn = Z WSi (W8i+1 - WSz)
=0

and
[tn]
Jtn = Z W(S'£+Si+1)/2 (Wsi+1 - WSZ)
i=0
respectively. Clearly EI* = 0 for all ¢ and n > 1. On the other hand

[tn]
EJtn = ZEW(Sr‘rSHl)/? (W91:+1 - W97) =
1=0
[tn] 1
Z ((si +5i41)/2 = 81) = i[tn]/n 27 1)2.
1=0

It is not hard to see that the limits in probability I; = lim, . I;* and J; =
lim,,—, oo Ji* exist and satisfy EI; = 0 and EJ; = t/2 for all ¢ € [0,1]. So one does
not obtain the same limit for different partitions as promised in Theorem 4.10.
This is a manifestation of the trajectories irregularity of W: if their variation were
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finite the same limit would be obtained! Let us note that both examples are in
fact the prototypes of the stochastic integrals in the sense of It6 and Stratonovich
respectively. See Exercise 7 for further exploration. |

2.1. Construction. The It6 integral will be defined in this course* under the
following setup. Let (€2, 7, P) be a complete® probability space with the increasing
family of sub-o-algebras (filtration) F;, C F. Sometimes (Q, F, (F¢)¢>0, P) is referred
as filtered probability space or stochastic basis.

DEFINITION 4.12. A random process X is said to be adapted to filtration JF if
for each fixed ¢ > 0, the random variable X; is F;-measurable.

From here on all the random processes are assumed to be adapted to Fy, if
not stated otherwise. For example the Wiener process W; is trivially adapted to
its natural filtration F}¥ = o{Ws,s < t}, but is also assumed to be adapted to
F;. This allows to define the integral more generally and is of no limitation, since
F; can be usually defined to be the least filtration, to which all the processes are
adapted. For example it allows to define integrals like fg V. dWy where W and V
are independent Wiener processes: V is not adapted to ?XV , but both W and V
are adapted to JF; := FY v IV

Construction of the It6 integral is based on two main ideas: (1) to restrict the
choice of the sampling points of the integrand in the prelimit sums to the beginning
of the sub-intervals of the partition and (2) to consider integrands for which this
restriction leads to the unique limit.

DEFINITION 4.13. The process X;(w) is said to belong to the family .’H[QO’T] if

(1) the mapping (t,w) — X;(w) is measurable with respect to B([0,T]) x F
(as a function of both arguments)

(2) Xi(w) is F; adapted

(3) EfOT X2(w)ds < 00

REMARK 4.14. The stochastic integral can be constructed for a more general
class of integrands, satisfying only

T
P(/ X,?dt<oo)=1,
0

instead of (3). In what follows the stochastic integral will be used with the inte-
grands satisfying the stronger condition, if not specified otherwise. It turns out
that the properties of the stochastic integral may crucially depend on the integrand
type - this point is demonstrated in Example 4.25 below.

Generally stochastic integration can be defined with respect to processes, more
general than the Wiener process: the martingales. For further exploration see the
introductory text [4] and [22] for a more advanced treatment.

DEFINITION 4.15. The process X; is fH[QO T]—simple (or just simple) if it belongs

to 5{[20 7] and has the form X' = Z?Zl §i—11y,_, t;) for some fixed partition 0 =
to <t < ... <t, =T and random variables &;.

4The text [25] is followed here.
Sstandard technical requirement which is usually imposed on probability spaces: it means
that F contains all the sets A, such that A C A C A for some measurable sets A and A (on which

P is defined) with P(A) = P(A). Then P(A) = 0 is set.
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Assume that V' C F; and define the It6 integral for a simple process X[ as

T n
I(X™) ;:/O XPdWy = & (Wi, =Wy, _,).

j=1

Then®

EI*(X") :E(Zgjfl(wtj - Wt_,._l))2 =
j=1
S CEE (W, — Wiy_)
j=1

n—1
23 N B& & (Wh, — Wi, ) (W, = Wi, _,) =

i=1 j<i

n (4.5)
S B E((Wy, = Wi, ,) T, )+
j=1

n—1
2 Z ZEfi—lfj—l(Wtj - Wtj_l) (E(th — Wti—l) |3“ti_1) -

i=1 j<i

n T
STEE L (t; —t1) :/ B(X7)2dt.
j=1 0

The latter property is called the Ité isometry and is the main feature in the con-
struction of the stochastic integral.

LEMMA 4.16. Let {t;} be a sequence of partitions on [0,T], such that 6" =
max; [t; —tj_1]| =0, asn — 0. Then

1. for any continuous’ and bounded %[207T] process X[¢, there is a sequence of
simple 9{[20 ] Drocesses Xf, €>0, such that

T
lim [ B(XP—X{)%dt=0 (4.6)

L—o0 Jq

2. for any bounded J—C[QO’T] process X? there is a sequence of continuous ?C[QO’T]
processes X", m > 1, such that

T
lim [ B(X—X7™)%dt=0 (4.7)

m— oo 0

3. for any 5{[20 ] Process X; there is a sequence of bounded 9{[20 1] Processes
Xf’n n > 1 such that

T
lim [ E(X,— X"")%dt = 0. (4.8)

n— oo 0

61t can be shown that the filtration FV is continuous, i.e. ?XK = Ne>o ?XKG and FV :=
Veso S"tvzs coincide. It is customary to assume that F; is continuous (or at least right continuous)
as well. This and the definition of X* implies that £;_; is (J"tj_l-measurable.

Tie a process with continuous trajectories
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PROOF. 1. Let Xy = 3, o, Xp 1, . Clearly X{ is a simple bounded
J{[QO,T] process, which converges to X?¢ uniformly in ¢ due to its continuity. Then
(4.6) follows by dominated convergence.
2. Let ¥/, m > 1 be a sequence of continuous functions supported on (—n "1, 0)
and satisfying [, ¢I'ds = 1. Define

t
vamz/ Xbym  ds.
0

Clearly X" are continuous %[20 7] Processes (since ¥}* was chosen in a ”casual”

way) and
T

lim [ E(X!—X{™)?dt=0, P-—a.s.

m—o0 0

since convolution with 97" approximates the identity operator for bounded func-
tions. Again (4.7) follows by dominated convergence.
3. Fix an integer n > 1 and define

Xb,n _ Xt |Xt| <n
sign(Xo)n | X¢| >n

Clearly | X" < |X,| and so

T T
/ BE(XP" - X,)%dt < 2/ EX}dt < oo
0 0

and hence (4.8) follows by dominated convergence. O

THEOREM 4.17. (It6 stochastic integral) For any Xy € 9{[207T], the 1L2-limit

T T
/ X, dW, = lim [ X7'dW,
0

dm—o0 Jo
exists and is independent of the specific sequence X™ of simple processes, approxi-
mating X in the sense

T
/ E(X, — X")%ds 2= 0.
0

PrOOF. By Lemma 4.16 for any 9([20 j-process X, there is a sequence of simple
processes X' for which I(X™) is well defined. Note that for any n,m, X;* — X" is
a simple %FOVT]—process. Then sequence I(X™), n > 1 satisfies the Cauchy property

B(I(X™)-I(X™))" = E(/T(XZ‘—XZ")th)2 = /TE(X?—X;“)th mmzee, g
0 0

where the latter holds since X™ is a convergent sequence in® L.2. The existence of
the limit I(X) = lim,, o, [(X™) follows since any Cauchy sequence converges in
L2.

The uniqueness is obtained by standard arguments. Let XT(Ll) and X7(12) be two
approximating sequences and let X™ denote the sequence obtained by taking Xy(Ll)
for odd n and taking X for even n. Suppose that different limits I (X) and

I5(X) are obtained when using Xr(Ll) and Xr(Ll). Then the approximating sequence

8.2 (Q x [0,T],F x B,P x /\) is meant here
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X" will not converge to any limit. This however contradicts the existence of a limit
for X™. O

REMARK 4.18. Calculation of the It6 integral is possible by applying the con-
struction used in its definition - see Exercise 8. Another way is to apply the Itd
formula to be given below.

2.2. Properties. Let X and Y be i}C[20 )-brocesses, then (all "random” equal-
ities hold P-a.s.)

fOT X dWy = [ XodW, + fST XedWy;, S < T
(11) fo (a Xy + bY})dW, = afo X dW; + bfo Y, dW,, for constants a and b
(iii) Efo X dWy =0
() B( fy XeaWi ;' Yiaws) = [T EX,Yidt. Tn particular

E(/OTXtth)Q - /OTEXEdt.

v) [3 X.dW, is Fp-adapted
vi) fot X,dW,, t € [0,T] admits a continuous version’, i.e. there exists a
random process I;(X), t € [0,7] with continuous trajectories, so that

P(/t X, dW, = It(X)) =1, Vtelo,T].
0

PROOF. The properties (i)-(v) are inherited from the simple functions approx-
imation. Let’s verify, say (i): take a sequence X™ — X, in the sense

T
/ E(X] — X;)%dt — 0.
0

T s T
/ X dWy :/ Xt”th—k/ X dWy
0 0 S
and so

T s T 9
E(/ Xtth—/ Xtth—/ Xtth) <
0 0 S
T T 2 S S 2
4E</ Xtth—/ Xt"th) +4E(/ Xtth—/ Xt"th> +
0 0 0 0

T T 9
4E</ Xtth—/ Xt"th> noe, g,
S S

Then

9Several types of equalities between continuous time random process are usually considered.
The processes X and Y are said to be indistinguishable if

P(ate 0,7] : X, 7&1@) :P(tsgg\Xt—Yd >o) —o0.

This is the strongest kind of equality, which is sometimes hard to establish. X is said to be a
version of Y if for any ¢ € [0, T]

P(X:#Y:)=0 (4.9)
Clearly indistinguishable processes are versions of each other. Note that if X and Y satisfy (4.9),
then their finite dimensional distributions coincide.
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The property (vi) stems from continuity of W. It’s proof relies on the fact that
fo X}'dW, is continuous for a fixed n > 1 and that this sequence converges uniformly
in ¢, making the limit a continuous function of ¢ as well (the proof uses Doob’s
inequality for martingales). (I

REMARK 4.19. If the assumption

T
/ EX}dt < oo
0

T
P(/ det<oo>1,
0

the integral is still well defined (as mentioned before in Remark 4.14), however the
properties (iii) and (iv) may fail to hold (!) - see Example 4.25 below.

is replaced by

3. The Ito formula

Consider the scalar random process
t t
Xy = Xo +/ as(w)ds +/ bs(w)dWs, t<T, (4.10)
0 0

where a; and b; are 9—([20 7] brocesses and W = (Wy);<r is the Wiener process,
defined on a stochastic basis (2, F, F, P). A random process is an Ité process, if it
satisfies (4.10), which is usually written in a ”differential” form

Note that this It6 differential is nothing more than a brief notation in the spirit of
classical calculus.

Let f(t,2) be a Ry x R — R function with one and two continuous derivatives
in ¢ and z respectively. It turns out that the process & := f(¢, X;) admits unique
integral representation, similar to (4.10), or in other words, it is also an It6 process.

THEOREM 4.20. (the Ito formula) Assume f and its partial derivatives with
respect to t and x variables f{, f. and fl are bounded and continuous, then the
process & = f(t, X¢) admits the Ito differential

1
d&y = fl(t, X¢)dt + fL.(t, X¢)azdt + 5fg;’(t,Xt)bde Th(t, Xo)bedWr, (4.12)
subject to & = f(0, Xo).

REMARK 4.21. Consider the similar setting in the classical nonrandom case:
let V; be a function of bounded variation and dX; = a;dt + b;dV;, where the latter
is the Stieltjes differential. Then the differential for & = f(t, X;) is obtained by the
well known chain rule

The major difference between the classic differentiation and (4.12) is the extra term
Lf2(t, X;)bdt, which is again the manifestation of trajectories irregularity of W.

This non-classic chain rule is called It6 formula and is the central tool of sto-
chastic calculus with respect to Wiener process.
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REMARK 4.22. The requirements for f and its derivatives to be bounded can be
relaxed even if working under the condition, mentioned in Remark 4.14. Moreover
the second derivative in = can be discontinuous at a countable number of points.
One should be careful to make further relaxations: for example if the first derivative
has a discontinuity point, the local time process arises - see Example 4.26.

REMARK 4.23. The It6 formula remains valid under condition mentioned in
Remark 4.14 (recall that the stochastic integral itself may have different properties
depending on the integrability conditions of the integrand - see Remark 4.19).

PROOF. (Sketch) Let af(w) and b} (w) be simple J—C[QO 7 Processes, approximat-
ing a; and b;:

T
/E|a?—at|dt"—>—oo>0
OT i
/E(b?—bt) dt 2= 0,
0

Let X' = X0+f0t agds+fg b"dWy and suppose that (4.12) holds for £ := f(t, X}").
Then (4.12) holds for & by continuity and boundedness of f and its derivatives:

E‘f(ta Xt) - f(OaXO)i

¢ 1 ¢
/ (fi(s, Xs) + frols, Xs)asds + Qf;'(s, Xs)bi)ds — / fr(s, Xs)bsdWs| <
0 0

T
Bl %0 = 5. XD + [ B[ X0 = 1. XD)

T T 1
/ E asds—l—/ -E
0 0 2

T 1/2
(] Bt x0 - sito,x00)025) " 2200,
0

So it is enough to verify (4.12), when a; and b; are simple. Due to additivity of the
stochastic integral, it even suffices to consider constant a(w) and b(w) (such that
the Ttd integral is well defined), in which case X; = at + bW;. Since f(t,at + bWy)
is now a function of ¢t and W4, the formula (4.12) holds, if

ds+

f:;:(&XS)_fa/:(&Xg) falvl(87XS)_fnls/(8ﬂXg) bids'i_

t ¢ 1/t
u(t, Wy) = u(0,0)+/ ué(&Ws)ds—&—/ u;(&WS)dWS—i—f/ ull (s, Wy)ds (4.13)
0 0 0

2
for a bounded u(t,x) with two bounded continuous derivatives. Using the Taylor
expansion for u(t,x), the telescopic sum is obtained (with At; := ¢; — ¢;—1 and

AW; = Wti - Wti—l)

ult, We) =u(0,0) + Y " uj(tiy, We,_ )Ati + Y uly(tio1, Wi, ) AW+

1=1 1=1
1 n
5 Z ug(ti—la Wti—l )(AWZ)Z + R"
=1

where R™ is the residual term, consisting of sums over (At;)?, At; AW, and (AW;)3
with coefficients obtained by the Mean Value Theorem. Clearly the first three terms
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on the right hand side of the latter converge to the corresponding terms in (4.13).
By the same arguments, used in the proof of Theorem 4.8

E(iulzl(ti*h Wtz‘fl)(AWi)Q - iug(ti*h Wti—l)Ati)2 =
i=1 i=1

iE(ugm_l, We,_))  ((AW3)? = At)? <

2T  sup  |u//(t,x)> max At; Z=2%0
t,w€[0,T]xR L

Similarly the residual term R™ is shown to vanish as n — oo. O

EXAMPLE 4.24. Apply the It formula to W2:
d(Wy)? = 2W,dW; + dt
or in other words ,
W? = 2/ WodW, + t.
' |
EXAMPLE 4.25. (Example 8 Ch. 6.2 in [21]) Let S8; be a random process,

adapted to F; and satisfying
1
P (/ BEdt < oo) =1. (4.14)
0

t 1 t
@s = exp ( / 8w, — / ﬁ?ds)
0 2 0

is well defined and by the It6 formula, satisfies the integral identity (which is also
an example of stochastic differential equation (SDE) to be introduced in Section 5)

Then the process

t
cptzl—l—/ wsPsdWs, t€]0,1].
0

If fol EB2ds < 0o, then the stochastic integral has zero mean and thus Ep; = 1. If
however only (4.14) holds, then Ep; < 1 is possible, meaning that the stochastic
integral is no longer a martingale. Consider a specific 5;

2W,y
By = *ml{tgr}v

where 7 = inf{t < 1: W2 = 1 —t}, i.e. the first time W2 hits the line 1 —¢. The
event {7 < t} is 7}V measurable (and a fortiori F; measurable), since it can be
resolved on the basis of trajectory of W up to time ¢ and hence §; is Fi-adapted.
Note that P(r < 1) = 1, since

P(r=1) <P(W; =0) =0,

and so

1 1 2 T 2
4W, 4W.
2qp = [ Tt q dt:/ gy P—a.s.
/oﬁtdt / (A—pi == fgopr® s Foes
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By the It6 formula

W2 O 2WP 2W, 1
d((l—t)?) =G Tt g

which implies
[t f - [ P [ S
(1_7_)2 +/OT (12%) dt+/OT (1—115) dt—/T (12?/;) _
ot () | s

-7 Jo Q=02 7

Then E¢; < 1/e < 1, i.e. the stochastic integral fot psBsdWy has nonzero mean! H

EXAMPLE 4.26. (The Tanaka formula and the local time) Let € > 0 and

fe(@) = 21212 + 5 (5 +2 >1{|m|<s}

Since fe(z) is twice differentiable with the second derivative discontinuous at two
points x = +¢, the [t6 formula still applies and gives

£-(Wy) /fs dW+/ ,)ds =

/Slgn(We)l{\Ws|Ze}dW9+/ W lgw, <oy dWet
0 0

1 t
1w, <y ds
0

2e
Note that

t
E (/ 8_1W81{|WS|<5}dWS)
0

t t
/ 5_2€2E1{|WS|<5}d8 = / P(|Ws| < e)ds 20, .
0 0

Hence the local time process corresponding to W;

2 t
:/ E_QEW821{|WS|<6}CZS§
0

1 t
L; = il_{%%/ 1{|WS\§s}d3 (4.15)

exists at least as L2 limit. In fact it exists in a stronger sense and moreover the
Tanaka formula holds

t
(Wi =/ sign(Wy)dW; + Ly, (4.16)
0

as the preceding limit procedure hints (f.(x) — |z| for all ). By definition L; is
the rate at which the amount of time spent by the Wiener process in the vicinity of
zero decays as it shrinks. This is another manifestation of pathes irregularity of the
Wiener process: e.g. the limit (4.15) would vanish if W; had a countable number
of zeros on [0, 7. |
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More examples are collected in the Exercises section. The following Theorem
gives the multivariate version of the It6 formula

THEOREM 4.27. Let X; have the Ito differential
dXt = G,tdt + btth, te [0, T],

where a; and by are n x 1 vector and n x m matriz of 9{[207T] -random processes and
Wy is a vector of m independent Wiener processes. Assume f: Ry x R® — R is
continuously differentiable in t variable and twice continuously differentiable in the
x variables. Then

B 9
df (t, X¢) = af(t, Xy)dt + Z %f(’% Xy)dX+
i=1

n

2
% 2 %f@’ Xo) Y bili, k)be(j, k)dt. (4.17)

k=1

REMARK 4.28. Denote by V the (row vector) gradient operator with respect
to x and let Vb:b; V* be the second order differential operator, obtained by formal
multiplication of partial derivatives. Denote by f (t,z) the partial derivative w.r.t.
time variable ¢. Then (4.17) can be compactly written as

df(t, X;) = f(t, Xy)dt + Vf(t, X;)dX; + %(Vbtij*)f(t,Xt)dt.

The vector It6 formula can be conveniently encoded into the mnemonic multiplica-
tion rules between differentials, summarized in Table 4.28, used with formal Taylor
expansion of f as demonstrated in the following example.

T x [ 1 [dt[awi() ] aw(2 |
dt dt 0 0 0
AW, (1) [ W) | 0| at 0
aw,2) [av,2) [0 | o dt

TABLE 1. The formal It6 differential multiplication rules

ExAMPLE 4.29. Consider the two dimensional system

dX; = a1 X¢dt + b11dWi + b12dV;
dY—t = CLQKdt + bglth + bQQd‘/t.

and let r; = f(X;,Y:). Then formally
dry =df (X, Y:) = fo(X, Y2)d Xy + fy(Xe, Y)dY+
e (X0 V(X0 + iy (X YOAX Y+ L fy (X0, Vi) (dY2)°)
and using the rules from the table.

(dX0)? = (a1 Xydt + by dW, + brodVi)” = b2 dt + byt
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Proceeding similarly for the rest of terms, one gets
1
dry = fo(Xe, V)Xo + fy(Xe, Yo)dYe + 5 fau (X, ) (b + bio)di+
1
Jay (X, Yy)(b11ba1 + b12bao)dt + ifyy(Xtv ;) (b3, + bag)dt
Verify the answer by applying (4.17) directly. [ |

4. The Girsanov theorem

The following theorem, proved by I.Girsanov, plays the crucial role in stochastic
analysis and in filtering particularly

THEOREM 4.30. Let ; be an Fi-adapted process, defined on (2, F,F¢, P) and

satisfying
T
P</ ﬂfdt<oo> =1
0

t 1 [t
V¢ = exp (/ BsdWs — f/ BEds) .
0 2 Jo

Assume that Eor = 1 and define the probability measure P by

dP
E(M) = pr(w).

and let

Then ,
‘/;f = Wt - / /Bsdsv te [O7T]
0

is the Wiener process with respect to F; under probability P.

Proor. (Sketch) Clearly V; has continuous pathes and starts at zero. Thus it
is left to verify
E(exp{i/\(Vt —Vo)}HFs) =exp{ —0.5X*(t —s)}, t>s. (4.18)
It turns out that the assumption Epp = 1 implies P(inf;<7 ¢, = 0) = 0 and hence
also P(inf,<p ¢y = 0) = 0. Then P ~ P and
dp 1
— (W) = w).
dP( )= v (W)
By Lemma 3.11

B(exp{iA(Vi — Vi)}|F) = E(exp{i;(XZT}fV%))}Wm) _

exp{i)\‘/}}goﬂffs)
E(er|s)

Moreover under the assumption E@r = 1, the process ¢, is a martingale, i.e. it is
Fi-adapted and E(p;|Fs) = ¢s. Indeed by the It6 formula o, satisfies

exp{—iAV,} B(

t
Pt = Ps +/ or BrdW, g E(gpt|5"5) = Ps;
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where the (nontriviall) fact E( fst wrﬁtdWTKTS) = 0 has been used. Then

E( exp{i)\Vt}%\ffs)
exp{i Vs}os
By the It6 formula the process (; := exp{iAV; }p; satisfies

E(eXp{i)‘(‘/t - Vs)}sz) =

(4.19)

1
dGy = iAGAV: — SNt + exp{iAV }dpy + iX exp{iAV;}puBydt =

INCG AWy — iXGy Bedt — %AQth + G BedW; + NG Bedt
which implies
G =Cs — /: %)\QCUdu + [ Cu(iXN + Bu)dW,,
and in turn .
BGIT) = ¢ - 33 [ E(GIT)du

S
where once again the martingale property of the stochastic integral has been used.
This linear equation is explicitly solved for (;

— Lo
G=Coexp (= 3%t =)
and the claim (4.18) holds by (4.19). O

REMARK 4.31. As we have seen in the Example 4.25, the verification of E¢pr =
1 is not a trivial task. It holds if the process f; satisfies Novikov condition (e.g.

Theorem 6.1 in [21])
1 T
Eexp (2/ ﬂfdt) < oc. (4.20)
0

REMARK 4.32. The Girsanov theorem basically states that if W is shifted
by a sufficiently smooth function, then the obtained process induces a measure,
absolutely continuous with respect to the Wiener measure. Obviously this wouldn’t
be possible if the shift is done by a function, say, with a jump - the obtained
process won’t have continuous trajectories. Let’s try to shift W by a continuous
function: an independent Wiener process W’. In this case V =W — W' is again a
Wiener process with quadratic variation 2t. Since quadratic variation is measurable
with respect to natural filtration, the induced measure cannot be equivalent to the
standard Wiener measure, corresponding to quadratic variation ¢. This indicates
that certain degree of trajectories smoothness is required.

5. Stochastic Differential Equations

Let (2, F,F, P) be a stochastic basis, carrying a Wiener process W. Let a(t, x)
and b(t, ) be a pair of functionals on the space of continuous functions Cjg 7}, which
are non-anticipating in the sense

a(t,z1) = a(t, z2)
b(t,x1) = b(t, z2)

Equivalently this property can be formulated as measurability of a(¢, x) with respect
to the Borel o-algebra B;, generated by the open sets of Cg -

z1(s) = za2(s), s<t vt € [0,T).
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DEFINITION 4.33. A continuous random process X is a unique strong solution
of the stochastic differential equation (SDE)

dX; = a(t, X)dt + b(t, X)dW, (4.21)

subject to a random Fy-measurable initial condition Xy = 7, if

(1) X is Fy-adapted
(2) X satisfies'®

T T
P(/O |a(t,X)|dt<oo>:1, P(/0 b2(t,X)dt<oo>:1

(3) for each t € [0,T]
t T
X; = 77—!—/ a(s, X)ds +/ b(s, X)dWs, P —a.s.
0 0

(4) (uniqueness) any two processes, satisfying (1)-(3) are indistinguishable.

The simplest conditions to guarantee the existence and uniqueness of the strong
solutions are e.g.

THEOREM 4.34. Assume that a(t,z) and b(t, ) satisfy the functional Lipschitz
condition

t
la(t, ) —a(t,y)|* + [b(t, z) = b(t,y)]* < L1/ |25 = ys|PdK s + Lolzy — yi|* (4.22)
0
and the linear growth condition

t
Q2(t, ) + Bt 2) ng/ (1+ 22)dK, + Lo(1 + 22) (4.23)
0

1

where Ly,Ly are constants, K, is a nondecreasing right continuous function *, such

that 0 < Ky < T. Then the equation (4.21) has a unique strong solution.

PROOF. (only the main idea - see Theorem 4.6 in [21] for details) The proof is
in the spirit of classical differential equations by the Picard iterations method. Let
Xt(o) = X, and define X recursively

t t

Xt(n) _ X0_|_/ a(s,X(”_l))ds—i—/ b(S,X("_l))dWS.
0 0

Now one shows, using the properties of 1to integral, that sup,<p |Xt(”) — Xt(nfl)\

converges to zero as n — oo P-a.s. and define the process

(o)
X=X 437 (XY - x ).

n=0

Then it is verified that X, satisfies all the four properties in Definition 4.33. O

10Note that the strong solution actually employs the definition of the stochastic integral
under weaker condition than 32 usually considered in these notes

[0,17°
11e.g. Ks=s
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COROLLARY 4.35. Let a(t,z) and b(t,x) be functions on Ry x R satisfying the
Lipschitz condition
la(t,x) —a(t,y)|* + |b(t,z) — b(t,y)]* < Lz —y|?, z,yeR
and the linear growth condition
a*(t,x) + b (t,x) < L(1 + 2?).
Then the SDE
dXt = a(t7Xt)dt—|—b(t,Xt)th, XO =n
has a unique strong solution.

REMARK 4.36. Analogous definition and proofs apply in the multivariate case,
with appropriate adjustments in the conditions to be satisfied by the coefficients a
and b.

REMARK 4.37. Sometimes the existence and uniqueness can be verified under
significantly weaker conditions: for example (first shown in [43]) the scalar equation
with b(t,z) = 1, has a unique strong solution if a(¢,x) is a bounded function on
Ry x R (without Lipschitz condition). This is a remarkable fact, since it is well
known that classic ordinary differential equation may not have a unique solution
if the drift a(t,z) is not Lipschitz (e.g. X = 3/2V/X, Xy = 0 has two distinct
solutions X; = 0 and X; = t%/2). Loosely speaking the equation is regularized
if a small amount of white noise is plugged in! Even more remarkably, the strong
solution ceases to exist in general if a(¢, ), being still bounded, is allowed to depend
on the past of x - a celebrated counterexample was given by B.Tsirelson in [38].

EXAMPLE 4.38. As in the world of ODE’s, the explicit solutions to SDEs are
rarely available. The It6 formula and a good guess are usually the main tools. For
example the strong solution of the equation

dXt = ClXtdt + bXtth, XO = 1,
is
X, = exp (at — b%/2t + bW,) .
Indeed,
1
dX; = Xid(at — b* /2t + bW;) + 5b2Xtdzs = aX.dt + bXdW;.

Sometimes it is easier to calculate various statistical parameters of the process,
directly via the corresponding SDE. Let e.g. m; = EX; and P, = EX?. Then

t
EX; =EXo+ a/ EX.ds, = m; =EXpe™.
0
Apply It6 formula to X? to get
t t t t
X2=x? +/ 2X.dX, +/ b X2ds = X2 +/ (2a + b*) X2ds +/ 2X bd W,
0

0 0 0
and so

t
P, =EX?Z + / (2a +b*)EX2ds = P, =EXZexp{(2a + b*)t}.
0

Along with the strong solutions, weak solutions of (4.21) are defined.
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DEFINITION 4.39. The equation (4.21) has a weak solution if there exists a
probability basis (', F,F,,P’), carrying a Wiener process W and a continuous
Fi-adapted process X, such that (4.21) is satisfied and P/(Xy < z) = P(np < ). If
all weak solutions induce the same probability distribution, the equation (4.21) is
said to have a unique weak solution.

REMARK 4.40. Note that in the case of strong solutions the random process X
is defined on the original probability space and thus X is by definition adapted to
Fy =T Vo{n}, ie. the driving Wiener process W “generates” X:

FX Cc IV va{n}.

In particular any strong solution is trivially also a weak solution with the choice
(Q,F,F,,P") = (Q,F,F,P). In the case of weak solutions, one is allowed to choose
a probability space and to construct on it a process X to satisfy the relation (4.21).
Typically (as we’ll see shortly) the opposite inclusion holds for weak solutions

g 291 va{n}
on the new probability space.

THEOREM 4.41. Let b(t,z) =1 and a(t,z) satisfy

T
v (a: €Cor): / a’(t,z)dt < oo> =1,
0

T e ; i
/C[O,T] P {/0 a(t7x)th(x) - 5/0 a (t,x)dt} 1% (dl‘) =1

where V' is the Wiener measure on Cio,r) and Wy(x) is the coordinate process on
the measure space (C[oyT}/&uW), i.e. Wi(x) = x¢, x € Cyop), t € [0,T]. Then
(4.21) subject to Xo =0 has a weak solution.

and

PROOF. Define

T T
or(z) = exp (/0 a(t,x)dWi(z) — %/0 aZ(t,:z:)dt>

and introduce a new measure x on (Cpo 17, B) by

Then by Girsanov theorem the process
t
W, =W, —/ a(s, W)ds
0

is a Wiener process on (Cio 17, B, 1) and hence W' is the weak solution of
AWy = a(t, W;)dt + dW/

on this probability space. O
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REMARK 4.42. As the notion of "weak” suggests, (4.21) may have a weak
solution, without having a strong one. The classical example is the Tanaka equation
(see e.g. Chapter 5.3 in [25])

dXt = SigH(Xt)th, XO =0.

To show that X; is not measurable with respect to F}V (and thus the equation does
not have a strong solution) use the Tanaka formula (see Example 4.26).
Since the stochastic integral fg sign(X,)dWj is a martingale '? and its quadratic

variation is fot 1ds = t, it is a Wiener process itself (by the Levy Theorem 4.5) and
so by Tanaka formula (applied to |X¢|)

t
W, = / sign(X;)dX,; = | X¢| — L,
0

where L; is the local time of (the Wiener process) X;. Since the local time is
measurable with respect to EFLX‘ = 0{X,, s < t}, W; is measurable with respect to
flel, which is strictly less than ;¥, hence

g c o c o,

and X; cannot be a strong solution.

A weak solution is easily constructed by taking a Wiener process W; on some
probability space and letting dX; = sign(W;)dW;. Then sign(W})dX; = dW,, which
is nothing but Tanaka equation with respect to the Wiener process W; on the new
probability space. Note that on the original probability space dX; = sign(W;)dW,
does not satisfy dX; = sign(X;)dW;!

Another example of an SDE without strong solution (with nonzero drift with
memory!) is the already mentioned Tsirelson equation (see e.g. Example in Section
4.4.8 in [21]).

5.1. A connection to PDEs. The theory and applications of SDEs with
respect to Wiener process are vast (see e.g. [36], [33]), especially in the case of
diffusions, i.e. when a(t,x) (called the drift coefficient) and b(t, z) (called diffusion
matrix) are pointwise functions of . In particular there is a close relation between
various statistical properties of diffusions and PDEs.

As an example'® consider the scalar diffusion

subject to a random variable X with distribution F'(x), having density ¢(z) with
respect to the Lebesgue measure. Assume that the coefficients are such that the
unique strong solution exists.

Define the second order differential (forward Kolmogorov-Focker-Planck) oper-
ator

(6 1)) =~ (a() (@) + 3 g (P01 @), (1.25)

and consider the Cauchy problem
(@) = (£ (4.20)
po(z) = q(x). (4.27)

1245 integrand is bounded and thus satisfies the Novikov condition trivially
13¢6 be revisited in the context of filtering below
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Suppose that the unique solution p(z) exists, such that for each ¢ > 0 the function
pt(x) decays sufficiently fast as |x| — oo. The conditions for this are well known
from the theory of PDEs and can be found in textbooks.

Then p;(z) is the distribution density (with respect to the Lebesgue measure)
of X; for a fixed t. Take a twice continuously differentiable function f. Then by
the It6 formula, for any fixed ¢ > 0

F00) = FX0)+ [ FXaX )i+ [ AW+ [ )R s
and so
BAX) = BAG) + [ B(F(X)a(X0) + 5" (X)R (X)) ds.

Let F;/X(dxr) be the probability distribution of X;, then the latter equation reads

/ f(z)FX (dx) / f(z)q(z)dz+
/ / ) 0 @B @) ) EX (da)ds. (4.28)
Let’s verify that F;X(dz) = p;(x)dx is a solution:

[ (#@ate) + 5" @) X da) = / (£@ala) + 57" @)() )pa()de =
- [ sy (atwm)) e+ 5 [ 5603 (P@ao))do = [ e @i

where the tail decay properties of p;(x) are to be used to ensure proper integration
by parts. The right hand side of (4.28) becomes

/Rf(x) d$+/f / (L¥pe)( dxf/f dx+/Rf(:c)/0t§tpt(x)dx
= [ s@at@yte+ [ 1) (o) = mie))de = [ fapiio)is

and (4.28) holds. Of course these naive arguments leave many unanswered ques-
tions: e.g. it is not clear whether (4.28) defines the distribution of X; uniquely, etc.
But nevertheless they give the correct intuition and the correct answer.

It can be shown that under certain conditions on the coefficients (e.g. a(z)x <
—z? and b%(z) > C > 0), the nonnegative solution p(z) of the ODE

(L7p)(x) =0
exists and is unique and
lim / |pe (2 x)|dz = 0.
t—o0

In other words, the unique stationary distribution of X, exists and has density p(z).
In the scalar case it may be even found explicitly

p(z) = b%) exp { /O ’ ig((z)) du} : (4.29)

where C' is the normalization constant.
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6. Martingale representation theorem

Martingales have been mentioned before on several occasions:

DEFINITION 4.43. The process X; is an F;,-martingale! if X, is F;-adapted
and E(X;|F,) = X, for any ¢t > s > 0.

The Wiener process and the stochastic integral (under appropriate conditions
imposed on the integrand) are examples of martingales. It turns out that any
martingale with respect to the filtration F}" generated by a Wiener process W,
is necessarily a stochastic integral with respect to W;. We chose the simplified
approach of [25] to hint how this deep result emerges. The more complete treatment
of the subject can be found in Chapter 5 of [21].

THEOREM 4.44. (The Ité representation theorem) Let £ be a square integrable
?:,W measurable random variable, i.e. £ € ]LQ(Q,EF:,W,P). Then there is an 9{[20 7]

process f(t,w), such that
T
£E=E¢ —|—/ fls,w)dWs, P —a.s. (4.30)
0

REMARK 4.45. When (£,W) form a Gaussian process, deterministic f (¢, w) =
f(t) in (4.30) always exists - see Example 4.47.

PROOF. The idea is to show'® that the linear closed subspace & of random
variables of the form?!®

T T T
1
N 1= exp {/ hsdWs — 5/ hgds} , Vh:[0,T]+— R,/ hids < oo (4.31)
0 0 0

is dense in L2(Q, FYY, P) (all square integrable functionals of the Wiener process on
[0,T]). By the It formula

T
nr = 1 +/ hsndem
0

and thus nr admits the representation (4.30) (with f(¢,w) = h¢n:). Due to linearity
of the stochastic integral the linear combinations of random variables from & are
also of the form (4.31). If the subspace & is dense in L%(Q,FW P), any FW-
measurable random variable ¢ can be approximated by a convergent sequence £™ €

&
T
n_ en " (s, w)dW.
¢ £+/Of(sw)

Then by the 1t6 isometry,

2 2 T 2
E(¢"—¢m)" = (E¢" — E¢™) +/0 E(f"(s,w) = f™(s,w)) ds

148ometimes the pair (X¢, F¢) us referred as martingale

15¢he proof is taken from §4.3 [25] (the same proof is used in Ch. V, §3[27]). Different proof
is given in §5.2 [21].

16the functions h are deterministic
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and since " converges in L2(Q, FWV, P), f"(t,w) is a Cauchy sequence and hence
is also convergent, i.e. the limit f(¢,w) exists in the sense

T
/0 E(f"(s,w) — f(s,w))st 222%00.

Since f™ are adapted, f is adapted as well and again by the It6 isometry

T
= E¢" + / (s, w)dW, ’H—OO>E§+/O f(s,w)dW,

and hence ¢ admits (4.30).
Suppose that f is non-unique, i.e. there are f; and f5, so that

T T
£ =E¢ —|—/ fi(s,w)dW, = EE —|—/O fa(s,w)dW,

This implies fo E(fi(s,w) — fg(s,w))st =0, i.e. fi = fo, ds X P-a.s.
So the main issue is to verify that & is dense in L%(Q, 5V, P), or equivalently
to check that if ¢ € L%(Q, ), P) satisfies
En¢ =0, VYneé, (4.32)
then ¢ =0, P-a.s. If (4.32) holds, then in particular

n 1 n
Eexp {ZAi(Wti+l - Wti) D) Z)‘?(ti-‘rl - tl)} ¢=0
=1

i=1
for any finite number of 0 = ¢; < ... < t" = T and any constants \;, i = 1, ..., n,

which is equivalent to
n
Eexp{ E O(thi}CZO,

i=1
for any real numbers «;. It is easy to verify that the function

G(a) = Eexp {Z athi} ¢, aeR"

i=1

is real analytic (i.e. has derivatives of any order at any o € R™). Then the complex

function
n
G(z) =Eexp {Zzlwt} ¢, zeC"

i=1
is analytic as well (i.e. satisfies the Cauchy-Riemann condition or equivalently has
a complex derivative at any point of C™). The analytic function, which vanishes on
the real line (or on the real lines in this case), vanishes everywhere on the complex
plain and thus in particular vanishes on the complex axes

G(ia) = Eexp {Zmthi} ¢, a€cR"™

i=1
Now for an arbitrary real analytic function ¢ : R™ — R with compact support

Ee(Wi, ..., Wi, )¢ = E(27T)7n/2/ @(u) exp {ius Wy, + ... + iup, Wy, }¢ =

R

(277)*n/2/ P(u)Eexp {iulwtl + o+ iunth}C =0.
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The claim holds, since smooth compactly supported functions approximate Borel
functions in L2. [l

REMARK 4.46. The integrand in (4.30) is an adapted random process. It turns
out that functionals of the Wiener process can be expanded into multiple inte-
grals with respect to W with non-random kernels - this is so called Wiener chaos
expansion.

EXAMPLE 4.47. The random variable ¢ = fOT Wids is F¥ -measurable with

T
g:/o (T — t)dw,.
|

THEOREM 4.48. (The martingale representation theorem) Let X; be an square
integrable!” IV -martingale. Then there is a unique U—C[QO ] Process g(s,w), adapted

to FIV, such that
¢
X =EX, —|—/ g(s,w)dW,, t€]0,T], P—a.s.
0

PROOF. By Theorem 4.44, for each fixed ¢ € [0,7T], there is a unique F}"-
measurable process f()(s,w), such that (E¢; = E&)

t
€ =B+ / O (s,0)dW,,
0

and we shall verify that f®*) (s, w) can be chosen independently of ¢t. Let T > to >
to > 0, then

to ty
B (&, |7 = B, +E(/O £ (5, w)dWW, EX}’) — B¢, +/0 F02) (s, w)dWW,.

On the other hand
t1
B(6l5) =t =Béat [ F)(s.w)aW,
0
and hence by Ito isometry, f(t2)(s,w) and f(tl)(s,w) coincide on [0, t1], namely

/tl E(f(tQ)(s,w) — f(tl)(s,w))2ds =0.
0

Then one can choose
f(svw) = f(T)(svw)’
so that

t t
& = By + /0 £ (5, w)dW, = Béo + /0 £ (s,0)dW,s.

17supt€[07T] EX? <
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EXAMPLE 4.49. Let £ = W{ and consider the martingale X, = E(W|F}Y),
t < 1. By the Markov property of W, X; = E(W}|W,). Since (W1, W;) is a Gaussian
pair, the conditional distribution of Wy given W; is Gaussian as well with the mean
W, and variance 1 — t. Hence

E(WHW,) =E((W Wt + W) Wy) =
E((Wy — Wy) |[Wy) 4+ 4E((Wy — W)W, [Wy)+
6E((W1 — Wt) W2 W) +AE((Wy — W) WP Wy) + Wi =
3(1 — )2 +6(1 —t)W2 + Wi
Applying the It6 formula one gets
dX; = —6(1 — t)dt — 6W2dt +12(1 — t)dW; + 6(1 — t)dt
+ AW AW, 4+ 6W2dt = 12(1 — t)dW; + AW 2dW;.

and hence
1 1
£=X1 =X, +/ (12(1 = t) + AW2)dW; = 3 +/ (12(1 = t) + AW2)dW,.
0 0
[

ExAMPLE 4.50. This representation is not always easy to find explicitly. Here
is one amazing formula: the random variable Sy = sup,¢(g ] W satisfies

1
St — By
S1=ES| +2 1- dW,
1 1 /0 ( ( T )) t
where ®(z) = [* 4 =€ e~ 2. [ |

The following theorem will be extensively used in the derivation of nonlinear
filtering equations.

THEOREM 4.51. Let Y = (Y;)icjo,1) e the strong solution'® of the SDE
dY, = a,(Y)dt + dW,,

where a¢(-) is a non-anticipating functional on Co 1), satisfying

T T
/ Eai(Y)dt < 0o, and / Ea (W)dt < oo

0 0
Then any square integrable FY -martingale Z; has a continuous version satisfying

t
Zy = Zy +/ g(s,w)dWy
0
with an 5{[20 ) process g(s,w), adapted to FY .

PROOF. Due to the assumptions on a;(+), the process

pr(w) = exp {— /Ot as(Y)dWy — ;/Ot aﬁ(y)ds} =

t t
exp{—/ as(Y)dYs—i—l/ ai(Y)ds}
0 2 Jo
18;

in other words a is such that the strong solution exists
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is an F} -martingale under P and thus the Radon-Nikodym density
dpP
E(o‘)) = ¥T (W)a

defines probability P. Moreover by Girsanov theorem, Y; is a Wiener process under
P. The process z; := Z;/p; is an ?f—martingale under P:

E|z| = Elzi|or = Elzi[E(pr|F)) = Elailor = E| 24| < 00

and by Lemma 3.11
Zt Y
ez BEerY)  mzgen)
E(x|7Y) = E(ZH9Y) = L = = 2,
Pt E((pT“TS ) Ps
Then by Theorem 4.48, z; admits the representation (Y is a Wiener process

under P)

a=not [ fewdY. =+ [ e [ i,
0 0 0

with an F) -adapted process f. Applying the It6 formula to Z; = z;¢; one gets
(recall that do; = —as(Y)p:dWy)

dZt = thgﬁt + QOtdZt - atgotf(t,w)dt = —ztatcptth + Qth(t,CU)atdt-f—
o f(t,w)dWy — appy f(t,w)dt = (cptf(t,w) — ztat)th,
and thus the required representation holds with g(s,w) := @:f(t,w) — z:a:(Y). O

Exercises

(1) Prove that the limit of a sequence of uniformly convergent continuous
functions f™ : [0,1] — R is continuous.

(2) Plot a typical path of W}, defined in (4.2) for n =1,2,3
(3) Prove

P(D*W; =00 and D, W; = —o0) =1, Vt e [0,T]
(4) Verify that for a standard Gaussian r.v. &, P(|¢| <¢) < e for any ¢ > 0.
(5) Prove the law of large numbers

P( lim W/t =0) = 1.

(6) Let Wy, t € [0,1] be the Wiener process (with respect to its natural
filtration F}V). Verify that each of the following processes is a Wiener
process with respect to appropriate filtration.

(a) Scaling invariance: for any constant ¢ > 0

. 1
Wt = % cts t < 1
(b) Time inversion:
tW. 1
K _ 1/t7 t S (Oa ]
0, t=0.
(¢) Time reversal:

Z=Wi-Wi, t<1.
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(7)

(11)
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(d) Symmetry:

Vi=-W,, t<1
Let f: R — [—K, K] for some constant 0 < K < oo be a twice continu-
ously differentiable function with bounded derivatives. For a fixed number
q € 10,1], define

[nt]

I =37 fWa) (W, = W)
=1

where s; = i/n, i <n and s = gs;—1 + (1 — ¢)s;.
(a) Show that the I limit I} = lim, ,. I}’ exists (in particular for
q = 1, the Itd integral I; := I} is obtained). Calculate the expectation
of I}
(b) Verify the Wong-Zakai correction formula

=1+ (1- q)/o F(W.)ds.

Prove directly from the definition of 1t6 integral with respect to the Brow-
nian motion B that

(a) [y sdBy =tB, — [} Byds

(b) Jo B2dB, = 1B} — [ B.ds

Use the It6 formula to verify the integration by parts rule. Let f; : Ry —
R be a deterministic differentiable function, then

t t
/ Fod Wy = Wfi — / W, odt.
0 0

Use the multivariate I1t6 formula to derive the analogue of integration by
parts rule, when f; is another It6 process with respect to the same Wiener
process: df; = a;dt + bydW;.

Let a; and by be a pair of deterministic functions. Find the differential of
the process

t t s
X; = exp {/ asds} {x —|—/ exp ( — / audu)bSdWs} ,
0 0 0

where z € R. Show that the mean m; = EX;, variance V; = E(X; —
my)? and covariance K (t,s) = E(X; —m,)(Xs —m,) functions satisfy the
equations

my =aymy, Mo =71
Vi =2a,Vi + b2, Vo=0

t
K(t,s):exp{/ auds}‘/;, t>s

Use the multivariate It6 formula to show that the process

Ry = /(W) 4+ o+ (W2, 120

where W} are independent Wiener processes, satisfies

d

WidWi  d—1
dR; = ot dt.
t ; R 2R,
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This is so called d-dimensional Bessel process. For the case d = 2, show

that

R3 < E(R4|Ws3,V3) < /2 + RZ.

Hint: the upper bound can be obtained by Jensen inequality.

(12) Let Bk(t) = EW/, k= 0,1,2,.... Use the It6 formula to derive the recur-

sion .
1
Bult) = h(k — 1)/ B o(s)ds, k> 2.
0
Deduce that EW}! = 3t? and find EW}.

(13) Explain the origins of mnemonic rules in Remark 4.28 by sketching the

proof of multivariate It6 formula

(14) Obtain the answer in Example 4.29 by applying the Itd formula directly

(avoiding the use of table).

(15) Verify the existence and uniqueness of the strong solution of the following

equations (check the conditions of Theorem 4.34). Check whether the

given processes solve the corresponding equations as claimed.
(a) X; = eP* solves

dX, = 0.5X,dt + X,dB,, Xo=1
(b) X = B:/(t+ 1) solves

dX; =

1
- X, dt dB,, Xo=0
Tttt eee Ao

(¢) X = sin(Wy) solves
1 /
dX; = —§Xtdt+ l—XthBt, By € (—7'('/2,7'('/2)

(d) X1(f) = X1(0)++By and Xa(t) = X(0)+X1(0)Ba(t)+ [} sdBa(s)+

fg By (s)dBs(s) solve
dX, =dt+dB;
dXo = X1dBs
(e) Xy =etXy+ e "By solves
dX; = —Xdt + e 'dB;.
(f) Y; = exp(aB; — 0.5at) [Yo + fot exp(—aBs + 0.5a%s)ds] solves
dY =rdt + aYdDB;.

(g) The processes X1 (t) = X1(0) cosh(t) + X2(0)sinh(¢) + fot acosh(t —
s)dBl—i—fg bsinh(t—s)dBsy and X3 (t) = X1(0) sinh(¢)+X2(0) cosh(t)+

fot asinh(t — s)dB; + fot bcosh(t — s)dBs solve
dX1 = ngt + ad31
dXQ = det + de2,

which can be seen as stochastically excited vibrating string equations.

(h) The process X; = (X1(t), X2(t)) = (cosh(B;),sinh(B;)) solve

1
dXt = §Xtdt + XtdBt.
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(16)

(18)

(19)

(20)
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Let X and Y be the strong solution of
dX; = —0.5Xdt — Y,dB;
dY; = —0.5Y:dt + XdBy.

subject to Xo = z and Yy = y with B; being a Wiener process (Brownian
motion).
(a) Show that X? + Y2 = 22 + 42 for all t > 0, i.e. the vector (Xy,Y;)
revolves on a circle.
(b) Find the SDE, satisfied by 6; = arctan(X;/Y}).
Consider the multivariate linear SDE

dXt = AXtdt + Bth, XO =1,

where A and B are n X n and n X m matrices, W is the vector of m
independent Wiener process (usually referred as vector Wiener process)
and 7 is a random variable independent of W and E|n[|? < cc.
(a) Find the explicit strong solution of the vector linear equation
(b) Find the explicit expressions for M; = EX; and Q; = cov(X;) =
E(X: — my)(Xe — my)* (Hint: find first the ODE’s for m; and Q)
(¢) Find the explicit expression for the correlation matrix K; s = E(X; —
my)(Xs —ms)* in terms of Q¢
(d) Give simple sufficient conditions on A,B and 7 so that the process
X is stationary, i.e. m; = m and Q; = Q for certain (what?) m and
Q.
(e) The linear one dimensional diffusion X} is called Ornstein-Uhlenbeck
process. Specify your answers in the previous questions in this case.
Consider the equation of a harmonic oscillator, driven by the ”white noise”
Ny
Xi+(1+eN)X =0, Xo=1,X,=1
where € > 0 is a parameter.
(a) Write this equation as a two dimensional linear It6 SDE with respect
to the Wiener process
(b) Find the mean, variance and covariance functions of the oscillator
position
(¢) Verify that the position satisfies the stochastic Volterra equation

t t
X; = Xo + Xot + / (r—t)X,dr + / e(r —t) X,.dW,
0 0

Write down the KFP PDE, corresponding to the linear SDE
dX; = —aXydt +bdWy, Xo~n

where 7 is a standard Gaussian random variable, b > 0 and a > 0 are
constants. Find the stationary density p(z) and calculate the stationary
mean and the variance. Compare to Exercise (17).

Find explicit It6 representation for the following functionals of W on [0, T1:
W, W2, W23, "7 sin Wyp. Hint: use the It6 formula.



CHAPTER 5

Linear filtering in continuous time

The continuous time linear filtering problem is addressed in this chapter, using
the white noise formalism, developed in the preceding one. In continuous time
setting the filtering formulae are derived by solving the Wiener-Hopf equation,
rather than using the general recursive formulae for orthogonal projection as in the
discrete time.

1. The Kalman-Bucy filter: scalar case
Consider the following system of linear SDEs:

dXt = atXtdt + btth (51)
dY; = A Xidt + BdVy

where W and V are independent Wiener processes and the (scalar) coefficients
are deterministic functions of ¢, such that the system has a unique strong solution.
These equations are solved subject to random variables Xy and Y with the bounded
covariance matrix, assumed independent of (W, V). Hereafter B? > C > 0 for some
constant C.

In what follows £} denotes the closed linear subspace generated by the random
variables Ys, s <tand E( |LY) is the orthogonal projection® on £). As discussed in
Chapter 2, X, = E(Xt|LY) is the best linear estimate of X;, given the observations
{Yors <},

THEOREM 5.1. (Kalman-Bucy filter) The optimal linear estimate )?t and the
corresponding mean square error Py = E(X; — X;)? satisfy the equations

~ ~ P A ~
Xt = atXtdt + i (dift AtXtdt)
t
5.3)
. A2 p2 (
Pt:2atPt+b§— t2t
Bt

subject to
Xo = EXy + cov(Xo, Yo) cov®(Yp) (Yo — EYp) 54)
Py = cov(Xp) — cov?(Xy, Yp) cov® (V). '

PROOF. The proof is done in several steps:

Step 1 (getting rid of )?0)

las usual a constant is added to any linear subspace

87



88 5. LINEAR FILTERING IN CONTINUOUS TIME

It would be easier to treat the case Xy = 0 and we claim that it is enough to prove
the theorem under this assumption: introduce

t t s
X, = X; — Xoexp (/ asds> , Y =Y, - / A Xgexp (/ audu) )
0 0 0

The process (X,Y/) satisfies
dXt/ = atXt’dt + btth
Ay} = A X[dt + BidVy,

subject to X}, = Xo — Xo and Y{ = Y;. Clearly £¥ = £Y" and hence
¢
Xt = E(Xt'Lf) = E(Xt“:zﬂ) = E(X“Lzﬂ) -|-X0€Xp (/ anS) .
0

Note that E(X}|Yy) = 0 and suppose that X; = E(X}|£)") and P} = E(X] — X})?
satisfy (5.3), subject to X{j =0 and P} = E(X{, — X{)?. Then

¢
dX; =dX{ + a; Xo exp (/ asds) dt =
0

at)/ftdt + Pé—ét (dYt — At)A(O exp { /t asds} — At)/fédt) =
0

t

~ P A ~
atXtdt + % (d}/t — AtXtdt),
t
which means that X, satisfies (5.3) equation as well, subject to X = E(X0|Y0),
given by the first equation of (5.4). Moreover

t

P = E(Xt —Xt)Q - E(Xg +f<0exp{/ asds}—
0

= = ¢ 2 -
X! — Xoexp {/ asds}) —B(X] - X])?=P],
0
i.e. P, satisfies the equation from (5.3).

Step 2 (the general form of the estimate)

From here on E(X|Yy) = 0 is assumed P-a.s. Let 0 = t; < ... < t, = T be a
partition of [0, 7] and denote by £} (n) the subspace, spanned by {Y;,, ..., Yz, }. This
subspace coincides with the one spanned by the increments {Y3,,Y:, — Y%, ..., Yz, —
Y:. .} and so

n—1 t
B(XILY () = BXY) + 3 05(Yi,,, — Vi) = B(X[Y5) +/ G (t, 5)dYs,
0

j=1

where g; are real numbers and G(t, s) = ngn 9iliselt; t;40)}- Since LY is a closed
subspace,
lim E(X:[£) (n)) = E(X:|L)),

n—oo

and hence
2

t t
E(/ G"(t,s)dYt—/ Gm(t,s)dYt> 20
0 0
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Since X and V are independent, the latter implies

(/Ot (G"(t,s) — G™(t, 3))2A5Xsds)2

Then due to the assumption B2 > C > 0, G"(t, s) is a Cauchy sequence and hence
converges to a limit G(¢, s), so that

t
+/ (G (t,8) — G™(t,5))° B2ds 222, o
0

t
E(X]LY) = B(X:|Yp) + / G(t, $)dY..

Step 3 (using orthogonality)

Recall that B(Xo|Yy) = 0, P-a.s. is assumed, so that EX, = 0 and E(X,|Y;) = 0.
The function G(t, s) satisfies the Wiener-Hopf equation

t
K(t,u)A, = / G(t,s)A K (s,u)Auds + G(t,u)B2, t>wu>0, (5.5)
0

where K(t,s) = cov(Xy, Xs). Indeed, by orthogonality property of the orthogonal
projection, for any fixed ¢ € [0,7] and any measurable and bounded deterministic
function A

t t t
E (Xt - E(Xt\L}/)) / AdY, =E (Xt —/ G(t, s)dYS) / AudY, = 0.
0 0 0
Then (5.5) holds, since
t t
EXt/ A dYy, :/ A ALK (t, w)du
0 0

and

t t t ot
E/ G(t,s)dYs/ AdYy, :/ / G(t,s)AsK (s, u) Ay duds+
0 0 0o Jo

t
/ Ao G(t, u) B2du
0

for arbitrary A. Under the assumption B? > C' > 0, the Wiener-Hopf equation has
a unique solution: suppose it doesn’t, i.e. both Gi(t,s) and Ga(t,s) satisfy (5.5)
and let A(t,s) = G1(t,s) — Ga(t, s). Then A(t, s) satisfies

t
/ A(t,s)AK (s,u)Ayds + A(t,u)B2 =0, t>u>0.
0
Multiply this equation by A(¢,u) and integrate with respect to w:

t ot ¢
/ / A(t,u) Ay K (s,u)A(t, s) Asdsdu + / A?(t,u)B2 = 0.
0 Jo 0

The first term is nonnegative, since the covariance function K (s, u) is nonnegative
definite, and thus for ¢ € [0,7]

¢
/ A*(t,u)B2 =0 = A?’(t,u)=0, du-—a.s.
0

Step 4 (solving the Wiener-Hopf equation)
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The uniqueness allows us to look for differentiable G(t, s), since once found it should
be the solution. Differentiating (5.5) with respect to ¢ one obtains

%K(t, w)Ay = G(t, ) A K (t,u) Ay +

) 0 9
/0 &G(L s)AsK(s,u)Ayds + §G(t,u)Bu

Recall that (Exercise 10 of the previous chapter)

%K(t,u) =a;K(t,u), K(u,u)=EX?

and hence the latter equation reads
K(tv U)Au (at - G(ta t)At) -
/t gG(t $)AsK(s,u)Ayds — gG(t u)B2 =0
o 8t bl S bl U 325 bl u - .

Now using the expression for K (t,u)A, from (5.5), one gets

( /O Gt ) ALK (5. w) Ayds + G, u)Bg) (0~ Gl1.0)4,) -
/Ot %G(t, $)AK(s,u)Ayds — %G(t,u)Bi =0.

/O t {a(t.9)(a - G(.0A) - %G(t, ) ALK (s, u) A, s+
{G(t, w) (at els t)At) - %G(u u)}Bz =0

Multiply the latter equality by

U(t,u) = G(t,u) (at - G(t,t)At) - %G(t,u)

and integrate:
t et ¢
/ / U(t,s)AK (s, u)¥(t, u)A,dsdu + / U(t,u)>Bdu = 0,
o Jo 0
which gives the differential equation for G(t, s):
0
G(t,5) = G(t.s) (at — Gt t)At>. (5.6)

With u =t in (5.5), one gets

t
0=K(tt)A — At/ G(t,s)A K (s,t)ds — G(t,t) B,
0
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which implies
t
0= AEX, (Xt - / G, s)ASXSds) — Gt 1)B? =
0
t
2 1
AEX, (Xt - / G(t,s)dYs> —GunBrL
0
t 2
AtE(Xt - / G(t, s)dY5> — G(t,t)B2 = AP, — G(t,4)B2,
0

where the equality { is due to the orthogonality property and P, = (X; — )?t)Q.
Hence the ODE (5.6) reads

0 A?P,
Being a linear equation, the latter admits the representation G(t, s) = ®(s,t)G(s, s),

where ®(s,t) is the Cauchy? (or fundamental) solution corresponding to (5.7). Then
t
X, = / G(t,s)dYs = / (s,t)G(s,s)Ys = (0, t)/ ®71(0,5)G(s,5)dYs
0
and applying the It formula one gets the first equation in (5.3)

t
dX, :/ d1(0,5)G(s, s)dYs%@(O,t)dt + ®(0,4)®1(0,1)G(t, t)dY; =
0

t 2P
/ =1(0, 5)G(s, 5)dY,s (at ‘ zt)<1>(0,t)dt + G(t, t)dY; =
0 t
At t

atXtdt + B2

(dY, — A X,).
The process D; = X; — )/(\’t satisfies

AP, ~
th == atDtdt + btth - % (AtXtdt + Btd‘/f - AtXt) ==

t

AtPt

A?P,
(at — éjJ)Dtdt + btth d‘/;g

i
Applying the It formula to D? one gets

2 2 AP\’
AD} = 2DdD; + bdt + (= dt:2<at—

by
: ZL) Didr+

t

AP\ AP,
bfdt—ir( fgt) dt + 2D, (btth étdvt>

t

and taking the expectation

A2P, AP\ A2p?
AP, = Q(Gt - %)Ptdt +b2dt+ | D=t dt = 2a,dt + bidt — —Lbdt,
B; By B;

subject to Py = E(Xo — Xo)? (recall the construction of Step 1). O

2Since solution of linear equation depends linearly on the initial condition, it can be written
as a time dependent linear operator (just multiplication by ®(s,¢) in this case), acting on the
initial condition. The Cauchy operator satisfies ®(0, s)®(s,t) = ®(0,t) and is invertible.
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The Kalman-Bucy filter is a linear SDE with time varying coefficients, which
depend on P, being the solution of the Riccati equation (5.3). The innovation

process
W /t dY, — A X.ds
0 By
has uncorrelated increments and in the case of Gaussian (Xo, Yp) is a Wiener process
(1), with respect to the filtration F) (this is worked out in details in the next chapter,
dealing with nonlinear filtering).

EXAMPLE 5.2. Consider the system (5.1)-(5.2) with constant coefficients: a; =
a, etc. and subject to a random square integrable Xy and Yy = 0. The Kalman-
Bucy filter in this case is
N N PA N
X = aXudt + — (dY; — AX,dt)
A%p?
B2
subject to X = EXg and Py = E(X, — EX()2.
Consider the quadratic equation
2aP +b* — A’P?/B? = 0. (5.9)
If A0 and b # 0 are assumed, then it has two solutions

P = i—i(ai\/cﬂ—i— A;;)Q),

with P_ < 0 and Py > 0. Consider the suboptimal filter

(5.8)
Pt = QGPt +b2 —

~ ~ AP ~ ~
X; = aXdt + B; (Y, - AX,dt), Xo=0.

The error process §; = Xy — )Z't, satisfies

AP AP
a5, = (a - 2*)5tdt+bdwt+7+dvt, So = Xo.
Since
A2p A2p? A%p?
-t —a (akyfe 4 ) = a2 T <, (5.10)

the mean square error of this filter is bounded: sup,;, Eé? < oo and thus by
optimality of X,
sup P; < Eé? < 0.

>0
The function R; := P, — Py, satisfies
. A2 A2
Ry = 2aR; — ?(PE — P}) =2aR, — e Re(P+ Py)
and hence
A2 t AQ
|R:| = |Ro| exp {Zat ~ 5, (Ps + P+)ds} < |Ro| exp {Zat - B2P+t}

A2b? 00
= |R0|exp{at a? + 5 t} 2,
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due to (5.10). In other words, if A # 0 and b # 0, the solution of the Riccati
equation stabilizes and the limit mean square error P, = lim;_,~, Py, equals the
unique positive solution of the algebraic Riccati equation (5.9). If A =0 and b # 0,
then P, = E(X; — EX;)? and the limit P,, exists and is finite if a < 0, otherwise
P; grows to infinity. Finally if b =0 and A # 0, then Py, = 0, either if a < 0 (since
X; — 0in L?) or if a > 0 (since then a/Ae™Y; — Xj in L?) or if @ = 0 (since
ALY/t — X in L2).

Unlike in the discrete time case, the scalar Riccati equation in (5.8) has an
explicit solution:

a_ — Kagexp ((O‘++;)A2t)

B= ; (5.11)
1— Kexp (%)
where .
e = A2 (a5 £ BVEFT ), K=o
0 _Oé+
|

2. The Kalman-Bucy filter: the general case

In this section we give the general formulation of linear filtering problem and the
corresponding Kalman-Bucy equations. The proof uses the very same arguments as
in the scalar case and is left as an exercise. Let X = (X¢)icjo,r) and Y = (Y3)repo,m)
be the process with values in R” and R"”, generated by the system of linear SDEs

dX; = (ao(t) + a1 (t) Xy + az(t)Y;)dt + by (t)dW; + ba(t)dV; (5.12)

dYy = (Ao(t) + A1 (1) Xy + A2(t)Yy)dt + By (t)dWy + Ba(t)dW,, (5.13)
with respect to independent vector Wiener processes W and V and subject to a
square integrable random vector (Xg,Ys) independent of (W, V). The coefficients
are deterministic matrix functions of appropriate dimensions, such that the unique
strong solution of the system exists® and (B o B)(t) := By B} + ByBj is uniformly
nonsingular matrix.

THEOREM 5.3. The the orthogonal projection X; = E(Xﬂﬁf) and the corre-
sponding error covariance matriz P, = E(Xt — Xt) (Xt — Xt)* satisfy the Kalman-
Bucy equations®

dX; =(ao + a1 Xydt + as¥;)dt + (bo B + P,A}) (B o B)
(AY; = (Ag — A X, — AgY;)dt)
By =a\P, + Pa} +bob— (bo B+ PA})(BoB) ' (bo B+ PA;)"  (5.15)

subject to

- (5.14)

Xo = EX, — cov(Xy, Yp) cov®(Yy) (Yo — EYy),
Py = cov(Xg) — cov(Xo, Yy) cov®(Yy) cov (Yo, Xo)
and where

bOBZblBT—FbgB;, bObele‘Fbgb;

3for example if the drift coefficients are integrable and the diffusion coefficients are square
integrable functions of ¢ with respect to the Lebesgue measure.
4the time dependence of the coefficients is omitted for brevity
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3. Linear filtering beyond linear diffusions

The Kalman-Bucy filtering formulae are applicable in somewhat more general
setting than (5.1)-(5.2) (or (5.12)-(5.13)).

DEFINITION 5.4. w; is a Wiener process in wide sense, if wg = 0, Ew; = 0 and
Ewaws =s At t,s > 0.

EXAMPLE 5.5. The stochastic integral w; = fg Xs//EX2dW, with a positive
process Xy > C > 0 is a Wiener process in the wide sense:

2
X
Ewtwsz/ E a du =1tAs.
tAs EX?2

u

Since w; has uncorrelated increments, one may define the stochastic integral

+ n
L(f) :/ Jsdws := li_>m thi—l<wti - wti—l)a

where f is an IL[QO 7] deterministic function and 0 = ¢y < ... < t,, = T, such that

max; |t; —t;—1| — 0 as n — oo (by construction similar to the It6 integral).
Since the linear SDE

dXt = (ItXtdt + btth7

has an explicit solution

t t s
X; =exp {/ audu} (XO —|—/ exp {—/ audu} bdeS> ,
0 0 0

analogously one may define the process

t t s
X =exp {/ audu} (Xo + / exp {—/ audu} bsdws)
0 0 0

to be the solution of

dXt = atXtdt + btdwt.
With these definitions it is almost obvious that the Kalman-Bucy filtering equa-
tions generate the optimal linear estimates, if the Wiener processes are replaced by
the Wiener processes in the wide sense. Let’s demonstrate the application of this
generalization in the following example:

EXAMPLE 5.6. Consider the SDE system
dXt = —Xtdt + th

5.16
dY; = X}dt + dV; (5.16)
subject to random X, with zero mean and EXZ = 1/2, Yy = 0. By the Itd formula

dX} = 3X}2dX; + 3Xdt = —3X2dt + 3X,dt + 3X2dW,.

Define Z; = X} and

w —ﬁ/tX%lW W
t 0 S S \/i
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Then w; is the Wiener process in the wide sense (¢ > s):

s W, 2
Eww, = E \/i/ ngwu_8> =
= (2 e

2/ EX:fdqufo/ EXZdu:2§s+§fs:s,

. 2 %)y 4° 72

where the Gaussian property of X; have been used (EX? = 1/2, EX} = 3(EX?)? =
3/4, etc.). Analogously

¢ 144 ¢
Ew,W; = E \/Q/ ngWu—t>W:\/§tEX2—:0.
o < 0 Ve) ot V2

So (wy, Wy, V4) is a three-dimensional Wiener process in wide sense. Consider now
the linear system
dX; = —Xdt + dW;
3

dZy = =3Z:dt + 3 X dt +
t t t \/i

3
dw; + §th (5.17)
dYy = Zydt + dVy,

subject to (Xo, Zo) = (Xo,X3) (ie. EZy = 0, EZZ = EX§ = 15/8, etc.). The
estimate E(X;|£)) can be obtained by means of the Kalman-Bucy equations for
(5.17).

]

Exercises

(1) Verify that if X, and Yy are such that E(X,|Yg) = 0, P-a.s. in the model
(5.1)-(5.2), then EX; = 0 and E(X¢|Yy) = 0, P-a.s.
(2) Show that the innovation process

t
W, = B*l/ (dY, — AXds)
0

satisfies the following properties (t > s > 0)
(a) B(W[LY) = W,
(b) E(W; —W,)* =t —s
(¢) Derive the Kalman-Bucy equations, assuming that W is a Wiener
process (in the wide sense) and that E(XALX) = fot I'(t,s)dW, for
some I'(¢, s).
(3) Let Y; = fg Wsds+V;, where W and V are independent Wiener processes.
(a) Find the optimal linear filter for W, = E(Wth/)
(b) Find the explicit form for the optimal kernel G(¢, s), such that

t
Wt:/ G(t,s)dY,.
0

Hint: use the explicit solution (5.11).
(c) Derive the equation for linear estimate V; = E(V;|£)).
Hint: use the two dimensional formulae of Theorem (5.3)).
(4) Derive the equations (11), claimed in the Introduction (page 12).
(5) Prove that the equations (5.3) have the unique strong solution.
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(6) Reformulate and solve the problem (8) (page 32) in continuous time
(7) Reformulate and solve the problem (9) (page 33) in continuous time



CHAPTER 6

Nonlinear filtering in continuous time

In this chapter the two main approaches to nonlinear filtering problem in con-
tinuous time are presented. The first one relies on the representation of the con-
ditional expectation as a stochastic integral with respect to the innovation Wiener
process. The second one uses the abstract version of the Bayes formula, involv-
ing the Girsanov change of measure to define a reference probability, under which
the dependence between the signal and the observations is cancelled and thus the
calculations are carried out in a particularly simple way. This approach gives an
additional insight into the structure of FKK equation: it turns out that its solution
is a normalized version of the measure valued stochastic process, generated by a
linear Zakai equation.

As in the discrete time case, both approaches lead to measure valued equations
which at best characterize the conditional law of the signal given the observation
o-algebra. Remarkably for certain particular systems the filtering process turns to
be finite dimensional, i.e. can be parameterized by a finite number of computable
parameters. For example, Kalman-Bucy filtering equations turn to be the finite
dimensional parametrization in the linear Gaussian case.

1. The innovation approach

The typical filtering problem in continuous time is to find a recursive realization
for the conditional expectation of the signal Markov process at the current time,
given the past of its noisy trajectory. Let’s consider the following general framework
of this problem: let (X,Y) = (X¢,Y})icjo,) be supported on a stochastic basis
(Q,F,F;,P) and satisfy the following assumptions:

(a) X admits the decomposition
¢
Xt:X0+/ HSdS+Mt, (61)
0

where (M, J;) is a martingale' and H, is an J—([QO ]-Process.

L As mentioned before, the definition of the stochastic integral can be extended to martingales,
more general than Wiener process. In this introductory course we don’t really need this generality.
In fact M will be either a stochastic integral with respect to Wiener process or a Poisson like
jump processes

97



98 6. NONLINEAR FILTERING IN CONTINUOUS TIME
(b) Y is the Itd process, satisfying?

t
Y, = / Ayds + BW,, (6.2)
0

where A is an J{[QO 7] Process, B > 0 is a fixed constant and W is a Wiener

process, independent of X.

The following generic notation will be used throughout: (&) = E(&]F}) for a
process £ = (&t)iefo,r], Where FY is the natural filtration of Y.

1.1. The innovation Wiener process. The innovation process W was al-
ready encountered in the Kalman-Bucy filtering setting.

THEOREM 6.1. The process Y, satisfying (b), admits the representation
Yo=Y+ /Ot 7s(A)ds + BW;, (6.3)
where
W, =B (Y, - /Ot 75 (A)ds). (6.4)
is a Wiener process with respect to .‘TtY.

PRrROOF. Clearly W has continuous trajectories, starting at zero. For brevity
let B =1, then

Wy =W, + /Ot (As — ms(A))ds.

Show that

E(emwﬁws) &rty> — 3N (t-s), (6.5)

Applying the It6 formula to 7, = exp {i)\V_Vt} one gets
1 1
dn, = idnedn, — §A2ntdt = i dW, + idn, (A, — m(A))dt — §>\2ntdt
and hence

) ) ¢
MW = g Wa i/\/ e M q W, +
S

t 1 t
i\ / iAW (Au = mu(A))du — S X° / ePMWugt

Since W is a Wiener process with respect to the filtration F}V v FY,

t -
E (/ eAWudiwy, 5’3) =0.
S

2With an additional effort, the diffusion coefficient B can be allowed to depend on Y and
time ¢. The essential requirement is then B?(Y) > C > 0, which prevents the filtering problem
from being singular. Also note that if B is allowed to depend on the signal X, the filtering problem
becomes ill-posed. For example, if B(z) = x, € R, then Xf can be recovered from the quadratic
variation of Y and thus Xt2 is Ff—mcasurablc, i.e. known up to its sign. These situations are
customary taboo in filtering
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Note that for u > s
aAl) o A1)
E<E(Auei/\Wu|3"Z)’3"Z) = E(A,eAu|FY)
and thus

E (/t AW (4, — wu(A))du]:FSY) ~0.

S

Then 7, = BE(e?W|FY) satisfies

1o, [*
me=1ns = 5A° [ nudu,
which verifies (6.5). O

REMARK 6.2. Note that W need not be (and in general is not) a Wiener process
with respect to other filtrations, e.g. FV.

REMARK 6.3. Note that the equation (6.6) is driven not by the observation
process Y itself, but rather by a Wiener process, generated by Y. Loosely speaking,
this Wiener process is a minimal representation of the information carried by Y,
sufficient for estimation of X, which is the origin of the term ”innovation”. Clearly
FV C FY, since W, is a measurable functional of Y on [0,#] or in other words,
the information carried by W is less than information carried by Y. Naturally the
question arises: does W; encodes all the information, i.e. 7 C F}V ? The answer
to this question is affirmative if the SDE (6.3) has a strong solution. However, in
view of the Tsirelson’s counterexample, mentioned in Remark 4.37, the latter is not
at all clear. Some positive results in this direction can be found in Section 12.2 in
[21].

REMARK 6.4. Recall the statement of the Girsanov theorem: given a Wiener
process (W, F;) on a fixed probability basis (Q, F, F;, P), there is a probability P
on (2,%), equivalent to P and such that the process, obtained by shifting W by
a random process with sufficiently smooth trajectories (absolutely continuous with
respect to the Lebesgue measure), is again a Wiener process with respect to F;
under P. On the other hand, the innovations (6.4)

W, =W, + /Ot (Ay — mo(A))ds

exhibit a different phenomenon: W shifted by a special function becomes a Wiener
process under the original measure P but with respect to another filtration F7 !

1.2. Fujisaki-Kallianpur-Kunita equation. Using the innovation form of
Y and the martingale representation theorem an equation for the measure valued
filtering process m:(+) is derived below.

THEOREM 6.5. Assume (a) and (b), then m(X) satisfies satisfies the Fujisaki-
Kallianpur-Kunita (FKK) equation: for anyt € [0,T] P-a.s.

(X)) = mo(X) + /Ot 7s(H)ds + /Ot (WS(AX) - WS(A)WS(X))B*th, (6.6)

where (Wy, FY) is the innovation Wiener process defined in (6.4).
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REMARK 6.6. FKK equation (6.6) is a measure valued equation: its (strong)
solution, say m:(dx), can be defined as a stochastic process taking values in the
space of probability measures on (R B(R)), adapted to F} and satisfying (6.6) with
probability one. For example, if the process m(dz) has a density, (6.6) can be used
to derive an equation for the conditional density process (Kushner-Stratonovich
equation (6.13)). The existence and uniqueness of the strong solution is not an
easy issue.

PROOF. The filtering process admits the following decomposition

t
wt(X):wo(X)+/ WS(H)dS-i-Mt, t e [0,T], (6.7)
0
where
- t t
M; :=E(Xo|F}) — m(X) +E (/ Hsds|5rf> - / 7s(H)ds + E(M|FY).
0 0
is a square integrable 3"3/ -martingale. The square integrability of each component

follows from the assumptions on X and the martingale property is verified as follows:
the first term is a martingale, since (t > s > 0)

B(E(XolT}) = mo(X)[FY ) = B(Xo|FY) = mo(X).
The second one satisfies

E (E(/Ot Hudu\?f> — /Ot mu(H)du 553)

/OtE(Hulfff)du—/OtE(Wu(H”gZ)du:
E (/0 Hudulﬁf) _/Os Tu(H)du—F/:E(Hub"f)du—/:E(WU(H)HZ)CZU _

E (/O Hudu|5—"§) - /Oswu(H)du

and thus is also a martingale. Finally the third term inherits martingale properties
from M;:

E(E(M|F7)|FY) = E(M|FY) = E(E(M|F,)[FY) = B(M,|FY).

Since Y; is an Ito process, generated by (6.3), where Wtiis a Wiener process, by
Theorem 4.51, being a square integrable F} -martingale, M; has the representation

t
Mt:/ gs<Y)dWsa
0

with g, being FY -adapted process. To verify (6.6) one should show that
9s(Y) = (WS(AX) - WS(A)FS(X))/B, ds x P —a.s., (6.8)

which is equivalent to

| A0 (30) = (r(A3) = ml ) (X)/B)ds =0, (69)
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for any bounded F} -adapted® \,(Y).
Let 2 = [y A(Y)dW, and & = [ go(Y)dW,, then

/t EXs(Y)gs(Y)ds = Ezi&s. (6.10)
On the other hand, ’
Ez:é; = Ez (ﬂ't(X) —mp(X) — /Ot 7TS<H)dS> =E (tit — /Ot zSHsds) ,
since Ezmo(X) = Emg(X)E(2|Fy ) = 0, Ezym(X) = E4E(X,|F) ) = Ez X, and

¢ ¢
Ezt/ 7s(H)ds = E/ E(z|FY )rs(H)ds =
0 0

t t t
/ 2ss(H)ds = / E(z.Hy|FY )ds = E/ 2o Hds.
0 0 0
Using the definition of W

t t A _ A
zt:/ )\SdWS+/ )\s%s()ds.
0 0

Then

t t s
Ez& =E (Xt/ AsdW5 — / (/ /\uqu)Hsds> +
0 0 0
t s

E(Xt/o Asfls_gs(/l)ds—/ot(/o( )\uA“_BW”(A)du)HSds> (6.11)

We claim that the first expectation vanishes: indeed

t t
EXO/ A (YV)dW, = EX0E</ )\S(Y)dWS|3"0) =0
0 0

and

E/Ot(/Os)\uqu)Hsds:E/OtE</t/\uqu

0
t t
E/ E(Hs/ AudW,,
0 0
and hence

E <Xt /0 A, - /O t ( /O A, Hsds) _

t t t
E/ Ao dW, (Xt—Xo—/ Hsds) :E/ A dW M, = 0,
0 0 0

where the latter equality holds* since the martingale M is independent of W.

S"S)Hsds —

t t
§s>ds:E/ )\uqu/ H.ds
0 0

3if o is ff"z/-adapted and satisfies fot EBsasds = 0 for any bounded ff"z/-adapted B, then with
particular 8; = sign(at) one gets f(f E|as|ds =0 and so as = 0 ds x P-a.s. on [0, t].

4verify this claim when M; is another Wiener process, independent of W. By the way, M
and W can be assumed to be correlated and then the correlation will enter the filtering formula
(6.6) at this point.
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Consider the first term in the second expectation in the right hand side of
(6.11):

t p—
EXt/ )\sAsim(A)ds —
0
t

B
X, (A, — (A ¢ .
E/ )\S(W())ds—kE/ )\S(Xt—Xs)mds:
0 B 0 B
b (XA) — 1y (X)) (A ¢ R
o [0SO TR g [ gy A
0 B 0 B
t t -~
q/&/ﬂmﬁﬁﬁﬂﬂmz
0 s B
b (XA) — 1 (X)) (A ¢ S A, —
E/Af” ) ”()ﬁ<D@+E/1ﬂt/AJ1W@®m "
0 B 0 0 B

Assembling all parts together we obtain

m@—AE&m“m_gwhwm@

which along with (6.10) implies (6.8). O

1.3. Kushner-Stratonovich equation for conditional density. The FKK
equation (6.6) takes a somewhat more concrete form in the case when (X,Y:) are

diffusion processes, namely the (strong) solution of SDE®
dX; = CL(Xt)dt + b(Xt)dW7 Xo =¢, 6.12
dYy = A(Xy)dt + BW,, Yo=0 (6.12)

where ¢ is a random variable with probability density po(z), independent of the
Wiener processes V and W.

THEOREM 6.7. Assume that there is an F} -adapted random field® q;(x), satis-
fying the Kushner-Stratonovich stochastic partial integral-differential equation

Qt(w)Zpo(x)Jr/o (L*qs)(x)dSJrB_l/o qs(2) (A(x) — s (A))dWs  (6.13)

where L* is defined in (4.25) and
7 (A) z/A(:r)qt(x)da:.
R

Then qi(z) is a version of the conditional density of X; given F} , i.e. for any
bounded function ¢

E@amﬁvzéwmmmm.

5Hereon Yy = 0 is usually set for brevity

6by random field we mean a random process, parameterized by time variable ¢ and space
variable z. All the usual properties (e.g. adaptedness) are assumed to be satisfied uniformly in z.
In our case sufficient smoothness (e.g. twice differentiability) in x is required.
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PROOF. Verify that ¢;(x) is a solution of (6.6) and thus is a version of the
required conditional expectation. For any twice continuously differentiable function

7.
(X)) = F(Xo0) + / (££)(X,)ds + / F (X)X )dVe, ¢ € [0.T],

where £ is the backward Kolmogorov operator

(@) = a@) 2 f@) + 2D T ), (6.14)

Then the random measure 7 (dx) = gs(z)dx satisfies FKK equation (6.6) for f(X;)
with arbitrary f:

m((60)00) = [ (o) )+ T 10 ) =
[ (- Lot + 2 D) s = [ (@a) @i ©15)
R 8'1‘ S 2 2 S R S

and

Then the right hand side of (6.6) reads
o)+ [ m(ends+ 57 [ () = m(Dm(A)d, =
[ 1@ <po<x> + [ @a@as+ 57 [ oo (A - ws<A>)dws) dr =
[ @awyiz,
R
where (6.13) has been used. O

REMARK 6.8. Due to complicated structure of (6.13), the assumption of the
Theorem 6.7 are not easy to verify.

2. Reference measure approach

The nonlinear filtering equation can be derived by the Girsanov change of
measure. For the clarity of presentation, we chose a specific form of A, in (6.2):

t
dY, = / g(s, Xs)ds + BWy, (6.16)
0

where g is a measurable R, x R — R function.
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2.1. Kallianpur-Striebel formula.

THEOREM 6.9. (Kallianpur-Striebel formula) Assume that g(s, Xs) is an J—C[QO’T]

process and Y satisfies (6.16). Let (Q, F,P) be an auziliary copy of (Q, F,P), then

for any bounded and measurable function f: R — R

_ Ef(Xt(@))¢t (X(w),Y (w))
By (X(@),Y(w)

E(f(X)|F7)(w) P —a.s. (6.17)

where
1/t o[t
Ve (X,Y) _EXP{BQ/O 9(s, Xs)dY, — @/0 g (s,Xs)ds}. (6.18)

REMARK 6.10. The integral J(w,w) := fotg(Xs(d)))dYs(w) is a well defined
random variable on the product space (Q xQ, FxF,Px P). In fact the integration
over w could have been done on the original probability space by means of an
independent copy of X.

REMARK 6.11. The function f need not to be bounded, but should rather
satisfy appropriate integrability conditions.

REMARK 6.12. The expression in (6.18) is sometimes referred as the likelihood
ratio, being the Radon-Nikodym density of the law of Y under the hypothesis that
Y either has a drift or not.

PRrROOF. Consider B = 1 for brevity (B # 1 is treated completely analogously).
Denote by "V the Wiener measure on Clo,1), i-e. the probability measure induced
by W. Let

t 1 [t
zmnwwwm(i/ma&mwrj/lﬂa&mﬁ,teMH.
0 0
Under the assumption on g, z; is a martingale and so
dp
E(w)

defines the probability measure P.
Let Y be given by”

=27 (X (w),Y (w)), (6.19)

t
ytx:/ g(s,33)ds + Wy, t€[0,T), z€ Dy
0

Then by Girsanov theorem (recall that P ~ P and Y? is a Wiener process under
P)
B(er(eW)¥0) = [ Wt @), 5 s
[0,7]

where % is the probability measure induced by X. Now by independence of X
and W under P, for any bounded and measurable functionals ® and ¥

E¥(Y)®(X) = Ezp(X, W)¥(Y)®(X) =

[ B wuer e ) - |
Do,

Clo,m)

w<yn»”<dy>J/ B(2)Q* (dx)

Do, 1)
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This implies that under ﬁ, Y is a Wiener process (take ® = 1 and arbitrary V),
X has the same distribution as under P (take ¥ = 1 and arbitrary ®) and ¥ and
X are independent.

Since z;(X, W) is Fy-martingale and

t t
zt(X, W) = exp (—/0 g(s,Xs)dYs—&—%/O (s Xs)d ) Uy ( Y),
by Lemma 3.11

B(f(X,)|5)) = E(Ji(Xt)ZEl(Xa W) _ E({(Xt)zt‘l(X’ w)|gY) _

E(z7 (X, W)[FY) E(z; H(X, W)|FY)
E(f(X)9e(X, V)I5T) _ B (Xu(@) 9 (X (), Y (w))
E(y:(X,Y)|5)) By (X (@)Y ()
where the latter holds by independence of X and Y under P. (I

REMARK 6.13. The drift term in (6.16) can be allowed to depend on Y: let
t
V= [ gls. Xo¥)ds + BW
0
where g is a non-anticipating measurable R X R x C|p 4 = R functional, such that

the SDE has the unique strong solution. Let ¢;(X,Y") be defined by (6.18) with
g(s, Xs) replaced by g(s, Xs,Y). Then for any measurable and bounded f : R — R

E(f(x]aY) =

where E is the expectation with respect to probablhty (defined similarly to
(6.19)), under which X and Y are independent, X is distributed as under P and Y’
is a Wiener process.

E({(Xt)wxx, Y)|FY)

, (6.20)

REMARK 6.14. The Kallianpur-Striebel formula can be reformulated as

Jorgpy F@e)v (2, () ¥ (da)
fc[o,T] i (2, Y (W) pX (da)

where % is the probability measure (distribution) induced by X on Do, under
either P or P’.

E(f(X)|F))(w) =

(6.21)

EXAMPLE 6.15. Consider the Bayesian estimation problem of a random variable
0 (”constant unknown signal”) from the observations

t
Ytz/ g(s,0)ds + Ws.
0

"X is assumed to have right continuous pathes with finite left limits. Such functions are
usually referred as cadlag (French abbreviature) or corlol (English one). In other words, the
trajectories are allowed to have countable number of finite jumps. This space, denoted by Do 7
is not complete under the usual supremum metric. The so called Skorohod metric turns it into a
complete separable space
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Then by Kallianpur-Stribel formula

Eo|7Y) _Eﬁ(w)exp{fotg(s, ))dY — 5 Ot 2(5 9(&))) } B
' exp {fgg(s, w))dYs — % 0 92(5 o( ))ds}

w
meeXp{fo (s,2)dY, — 3 sxds}ngx
fRexp{fO s,z)dYs — % 092(8 x)ds}ng( )

where Fy(z) is the distribution function of 6. In particular, if g(s, z) = g(x)

Jp zexp{g()YV; — $9*(x)t}dFy(x)
Je exp{g(@)Y: — 3g2(x)t}dFy(x)

E(01F)) =

2.2. The Zakai equation. Note that the Kallianpur-Striebel formula does
not impose much structure on X. If the signal satisfies (6.1), an SDE can be
derived for the unnormalized conditional law of X; given FY. Below we use the

generic notation oy (&) = E(&1|FY ), where £ is an F; adapted random process.

THEOREM 6.16. Assume that in addition to the assumptions of Theorem 6.9,
X obeys the representation (6.1), then

doy(X) = o.(H)dt + B~%04(Xg)dY;, t<[0,T], (6.22)
subject to o9(X) = EXy and

for any bounded and measurable f.

REMARK 6.17. Similarly to (6.6), the Zakai equation (6.22) is a measure valued
stochastic equation - see Remark 6.6.

PROOF. The process 1); satisfies SDE (again B =1 is set for brevity)

dpr = hrg(t, Xe)dYs, tho = 1. (6.23)
Then by the It6 formula®

t t
Xty = Xo + / bed X, + / X, dib, =
0 0

t t t
Xo+ / baHdt + / badM, + / X,g(s, Xo)ibdYs.
0 0 0

The equation (6.22) is obtained by taking the conditional expectation given F7
under P. First note that

E (/Ot wsHsds’aftY> = /OtE(wSHs}fff)ds = /Otf)(wsHsb’f)ds

8Here we use the extension of the It formula for general martingales (not necessarily Wiener
processes or their stochastic integrals). In the case when it is applied to f(z,y) = zy and inde-
pendent martingales, it reduces to the usual differentiation rule for product. Verify this in the
case of a pair of independent Wiener processes.
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where the latter equality holds since (¢, Hy) is FX V FY-measurable and thus
independent of 3"[32 = o{Y, — Ys,s <u < T} under P. For the same reason

" t
E </ deMsm‘/) =0, (6.24)
0

and
E (/t ng(s,xs)wsd)g\srf> = /tE(XSg(s,Xs)¢s|$§)dn. (6.25)
0 0

The vulgar proof of these facts can be done by verifying them for simple processes
and then extending to the general case by an approximation argument (refer Corol-
laries 1 and 2 of Theorem 5.13 in [21] for a more solid reasoning). O

The FKK equation (6.6) can be recovered from (6.22)
COROLLARY 6.18. Under the setup of Theorem 6.16, the conditional expectation
m(X) = E(X4|F7) satisfies

m(X) =)+ [ m(ids+ [ (mlaX) = mo)m (0) B (620
where
W, = B~ (Yt—/o Ws(g)ds).

Proor. By Kallianpur-Striebel formula m(X) = 0+(X)/0:(1). By (6.22) the
process o04(1) satisfies
doi(1) = B %04(9)dY;, oo(1) = 1.
and by the It6 formula

dmy = d ("f(X)) _doy(X)  ou(X)

_ i doy(1) + 21X)0209) 4 orl9)on(Xg) ),

oi(1) o(1)  of(1) B?a}(1) B?o}(1)
oy (Hy) o (Xg) oi(X)oi(g) a(X)o7(9) oi(g)or(Xg) .
o T B ™ T TBera) T TR0 U T By T
mo(H)dE + Wt(;gg)d}/} _ Wt(XB);Tt(g)dYt n Wt(XBE;TtQ(g)dt_ Wt(g)gtz(Xg)dt _
m(H)dt + B2 (m(Xg) = m(X)mi(9)) (a¥; = mlg)dt)
which verifies (6.26). O

2.3. Stochastic PDE for the unnormalized conditional density. Sim-
ilarly to the Kushner-Stratonovich PDE (6.13) for the conditional density in the
case of diffusions, the corresponding PDE for the unnormalized conditional density
can be derived using (6.22). Consider the diffusion signal, given by the SDE

dX, = a(t, Xy)dt + b(t, X )dVi, Xo ~n (6.27)

where V' is a Wiener process, independent of W, the coefficients guarantee existence
and uniqueness of the strong solution and 7 is a random variable with density po(z),
with [, 2%po(2)dz < occ.
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THEOREM 6.19. Assume that there is an FY -adapted nonnegative random field
pi(x), satisfying’® the Zakai PDE

dpi(z) = (L%py) (2)dt + B 2g(s, 2)pe(x)dYs,  po(z) = po(z). (6.28)

Then pi(z) is a version of the unnormalized conditional density of X; given F) , so
that for any measurable f, such that EfQ(Xt) < 00,

Y f]R z)dz —as
E(f(Xy)|F7}) = —prt , P—ua.s. (6.29)

PRrROOF. Let f be a twice continuously differentiable function (again B =1 is
treated). Then by the Ité formula

(X)) = F(Xo0) + /(Lf Jds + / XXV,

where £ is defined in (6.14). Applying (6.22) to f(X;) one obtains
t

ou(f) = oolf) + / oo (£ f)ds + / ou(fg)dY.

Let’s verify that the (random) measure corresponding to the density p:(z), is a
solution of the latter equation:

/tas(ﬁf)der/tos(fg)dY -
/ / @f”(x))ﬂs(ﬂﬂ)dxder /O t /R f(@)g(s, 2)ps(x)dzdY, =

J 1 (A (€ noris s [ stoan,) e

/R F(@) (0e(x) — po(@))dz = 51(f) — o0l ).
[}

REMARK 6.20. The solution existence and uniqueness for (6.28) is the issue far
beyond the scope of these lecture notes. The density p;(x) even at the first glance
is not an easy mathematical object to treat: being twice differentiable in z, it is
very nonsmooth in time ¢, as should be a diffusion. Still (6.28) is much easier to
deal with compared to (6.13).

2.4. The robust filtering formulae. The stochastic PDE (6.28) involves
stochastic integral, which is defined on the continuous functions only in the sup-
port of the Wiener measure. It turns out, that it may be rewritten as a PDE
without stochastic integral, but rather with random coefficients, depending on Y
continuously and thus well defined for all continuous functions. Let for simplicity
g(s,z) = g(x) and define

pr(x) = Re(x)pe(), (6.30)

where ) )
2
Ru(e) = exp { =5 ¥ig(0) + "0t

9The natural question arises at this point: what is the (strong) solution of stochastic PDE ?
Clearly besides the obvious property of adaptedness to F¢, a solution should satisfy some integra-
bility properties in x variable, etc. This issue is beyond the scope of these notes.
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Then by the Itd formula

- 9()p 9@, g3 (2)p
dpy(w) = == gy dY, + T dt 4 S di

2(2)5,
Ri(2)dpy(z) — 2 ;2)” dt = Ry(x) (L% pr) (z)dt,
which leads to
dfe(a) = Ra(w) (LR (@)pr) @)dt,  po() = po(x)
pil) = Ry (2)7i (@),

The PDE (6.31) is sometimes referred as robust filtering equation, corresponding
to the gauge transformation (6.30).

(6.31)

3. Finite dimensional filters

The nonlinear filtering equations (6.6) and (6.22), as well as the correspond-
ing PDE versions (6.13) and (6.28), are in general infinite dimensional, meaning
that their solutions may not belong to a family of stochastic fields, parameteri-
zable by a finite number of sufficient statistics. The importance of the latter is
obvious in applications. This section covers some special settings when a finite di-
mensional filter exists. There is no constructive way to derive or even to verify the
existence of the finite dimensional filters in general. However there is a beautiful
connection between this issue and Lie algebras generated by the coefficients of the
signal/observation equations - see the survey [31]. Some negative results about the
existence of the finite dimensional realization of the filtering equation with cubic
observation nonlinearity are available [24], [11].

3.1. The Kalman-Bucy filter revisited. The Kalman-Bucy filtering for-
mulae can be obtained from the general nonlinear filtering equations.

THEOREM 6.21. The solution of (5.12) and (5.13), subject to a Gaussian vector
(Xo0,Y0) is a Gaussian process. In particular the conditional distribution of X,
given FY is Gaussian with mean Xt and covariance P:, generated by (5.14) and
(5.15) respectively.

PROOF. Let’s verify the claim for the simple scalar example (of course the
general vector case is obtained similarly with more tedious calculations). Consider
the two dimensional system of linear SDEs

dXt = (lXtdt + det

dY, = AX,dt + BdV, (6.32)

subject to Yy = 0 and a Gaussian random variable Xy, where W and V are inde-
pendent Wiener processes, independent of X, and all the coefficients are scalars.
The process (X,Y) form a Gaussian system and hence the conditional law of X,
given F) is Gaussian as well, so that we are left with the problem of finding the
equations for the conditional mean and variance.
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Applying the equation (6.6) to X; one gets the familiar equation for X, =
m(X)

t t
X, = EX, +/ aX,ds +/ A(ms(X?) — 72(X)) B~2(dY, — AX,ds) =
0 0

o t AP N
EX, + /O aX.ds + /O B; (dYs — AX,ds), (6.33)
where
Py =m(X?) — 3 (X) = B(|FY) — (B(X|F)))* =
B((X, — B3 197)

By the It6 formula

t t t
X3:Xg+/ 2aX§ds+/ b2ds+/ 2X bdW,
0 0 0

and thus (6.6) gives
7 (X?) = mo(X3) —|—/ (2amy(X?) 4+ b%)ds+
0
/ A(WS(XB) - WS(X)WS(X2)>B*2(dYS — AX.ds) (6.34)
0

Note that m(X?) = )/ft? + P, and moreover since the conditional law of X; is
Gaussian E((X; — X;)?|F} ) = 0 for any odd p and so
m(X?) = E(X2|FY) = B((X, — X, + X,)%|97)
= 3E((X; — X)2|F)) X + X? =3P X, + X}
Then (6.34) gives

t t
X +P=X3+P+ / (2aX? +2aP, +b*)ds + / 2AP,X,B7?(dY, — AX,ds).
0 0

Recall that W, = (dYs — A)Afsds)/B is a Wiener process and thus by (6.33),

t t A2 p2
S0 o S A%P, s AP, -
dX3=X§+/ 2aX§ds+/ g ds + 2X = dW,.

The latter two equations imply

A2p?

P, = 24P, +b> — B Py = E(Xo — EX()?,

which is the familiar Riccati equation for the filtering error. O

REMARK 6.22. In particular in the linear Gaussian case the conditional density
equation (6.13) is solved by
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3.2. Conditionally Gaussian filter. In the previous section the key reason
for the FKK to be finite (two) dimensional was the Gaussian property of the pair
(X,Y). In fact the very same arguments would be applicable, if only the conditional
distribution of X; given ) is Gaussian. This leads to the following generalization
of the Kalman-Bucy filter due to R.Liptser and A.Shiryaev (see Chapters 11, 12 in
21))

THEOREM 6.23. (Conditionally Gaussian filter) Consider the SDE system
dX; = (ao(t,Y) + a1 (t,Y)Xy)dt + b(t, Yy)dW, (6.35)
dY; = (Ao(t, Y)+ Ai(t, Y)Xt)dt + BdV; (6.36)

subject to Yy = 0 and Gaussian random variable X, where B is a positive constant
and the rest of the coefficients are non-anticipating functionals of Y, satisfying the
conditions under which the unique strong solution (X,Y) = (X¢,Y:)epo,r) exists
and EX? < oo t € [0,T]. Then the conditional distribution of X; given FY is

~

Gaussian with the mean X; and variance Py, given by

dX, = (ao(t,Y) + al(t,Y))?t)dH

Ai(t,Y)P, A
% (dYt — Ao(t,Y)dt — Ay (t, Y)Xtdt) (6.37)
: A2(t,Y)P?
P, = 241 (£, Y)dt + (¢, Y)dt — %’

subject to )?0 =EXy and Py = E(Xo — )/(\'0)2.

REMARK 6.24. Note that in general the processes (X,Y) do not form a Gauss-
ian system anymore. The only essential constrain on the structure of (6.35) and
(6.36) is linear dependence on X;. Despite of similarity, the difference between the
Kalman-Bucy filter (5.3) and the equations (6.37) is significant: the latter are no
longer linear and the conditional filtering error is no longer deterministic ! This
nonlinear generalization plays an important role in various problems of control and
optimization (see e.g. the ” Applications” volume of [21]). The multidimensional
version of the filter is derived similarly.

PROOF. Only the conditional Gaussian property of (X,Y") is to be verified
, 1
E(e”\Xf |3§Y) = exp {i/\mt(Y) - 2>\2Vt(Y)} , AER (6.38)

where m;(Y") and V;(Y') are some non-anticipating functionals of Y. Once (6.38) is
established the very same arguments of the preceding section lead to the equations
(6.37), i.e. my(Y) = X, and V;(Y) = P,.

The equation (6.35) has a closed form solution

X =7(t,Y) (Xo —|—/0 Wl(s,Y)b(s,Y)dWs> = O (Xo, W, Y). (6.39)

where v(t,Y) = exp { fg (ao(s,Y) + ay (s, Y))ds}.
The (6.20) version of Kallianpur-Striebel formula implies
E(eM Xy (X,Y)|F))

A Xe Yy _ Z\7
B(em5) E(v:(X,Y)|FY)

(6.40)
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where

) e { [ (As¥) + (1) XY

1

: /Ot (Ao(s, Y) + Al(s,Y)Xs)st}.

Insert the expression (6.39) into the right hand side of (6.40). Since Y and (W, Xj)
are independent under E (which follows from the independence of Y and X), the
expectation E averages over (Xg, W), keeping Y fixed. This results in the quadratic
form of the type (6.38), due to Gaussian property of the system (Xo, W), which
enter the exponent linearly. In fact its precise expression is identical to the one
that would have been obtained in the usual Kalman-Bucy setting. [l

REMARK 6.25. Another (much more harder!) way to verify the claim of the
Theorem 6.23 is to check that Gaussian density with the mean and variance driven
by (6.37) is the unique solution of FKK equation (or Kushner-Stratonovich equa-
tion).

3.3. Linear systems with non-Gaussian initial condition. If the initial
condition X is non-Gaussian, the conditional law of X; given Srty is no longer
Gaussian and thus the Kalman-Bucy equations do not necessarily generate the
conditional mean and variance. It turns out that a finite dimensional filter exists
and even can be derived in a number of ways, of which we choose the elegant
approach due to A.Makowski [30].

THEOREM 6.26. Consider the processes (X,Y') generated by the linear system
(with B = 1) (6.32), started from a random variable Xy with distribution F(x),
Jg ¥*dF(x) < 0o. Then for any measurable f, such that Ef?(X;) < oo, t € [0,T]

_ Jre Jo f(@1 4 e u)by (u, 22)dF (w)Ui (1, w2)dy day

E(f(X0)|F7) Sz Jo Ve (u, 22)dF (u)ye (z2)das

(6.41)

where

u? A?
Yy(u, ) = exp {ux - ?%(62@ _ 1)} 7

Ti(z,y) is the two dimensional Gaussian density with the mean and covariance

satisfying the equations
dX, = aX,dt + AP?(dY; — AX,), Xo=0 6.42)
&, = A(e™ + Q) (dY; — AX}), & =0 '

and

P, =2aP, +b* — A%P2, Py=0

Qr = aQ; — BA*(Qi +e™), Q=0 (6.43)
Ry = A26% — A%(Q, +¢™)®, Ry =0,
and y¢(x) is its marginal with the mean Et and variance Ry.

PROOF. Let X° be the solution of X7 = aX?, subject to X§ = Xo, i.e.
Xto = eatXOa te [OaT]a
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and X{ be the solution of
dX| = aX/dt +bdW;, X|=0.
Then X; = X7 + X/, t € [0,T] and

t t
yt:/ AX;der/ AXds + V. (6.44)
0 0

t t
@texp{/ AXsodVSf%/ (AX;’)QdS}
0 0

Since EXZ < oo is assumed, ¢; is a martingale and by Girsanov theorem the
Radon-Nikodym derivative

Define

dP
ap W =wr(w)

defines the probability measure 13, under which
t
%4 ::/ AXJds +Vy
0

is a Wiener process, independent of X° (or equivalently of Xj) and X’ (which
is verified as in the proof of Kallianpur-Striebel formula of Theorem 6.9), whose
distributions are preserved. Moreover

B(/(X{ + " Xo)v(X0,£) 1Y)
E (¢4(X0,6)|T7)

E(f(X)|F)) = (6.45)

where

t 1 t
Or(X°,€) = —exp{/ AXJdV — 5/ (AXS)QdS} =
0 0
t X2 t
exp {XO/ Ae**dV] — 70/ (Ae“s)st} =
0 0

t X2 t
exp {XO/ dé, — 70/ (Aeas)st} ’
0 0

where d¢; = Ae*dV, was defined. Note that under P, (X',&,Y) form a Gaussian
system (independent of Xj) and thus the conditional distribution of (X7, &;) given
FY is Gaussian, whose parameters can be found by the Kalman-Bucy filter for the
linear model

dX] = aX/dt + bdW;, X} =0
déy = Ae™dV/, & =0
dY; = AX}dt +dV{, Y =0.
Applying the equations (5.14) and (5.15), one gets (6.42) and (6.43) and the formula

(6.41) follows from (6.45).
O

3.4. Markov chains with finite state space.
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3.4.1. The Poisson process. Similarly to the role played by the Wiener process
W in the theory of diffusion, the Poisson process II is the main building block of
purely discontinuous martingales, counting processes, etc.

DEFINITION 6.27. A Markov process IT with piecewise constant (right continu-
ous) trajectories with unit positive jumps, IIy = 0, P-a.s. and stationary indepen-
dent increments, such that!°
(At - s))ke_’\(t_s)

k! ’
is called Poisson process with intensity! A > 0.

P(IL; — I, = k|FY) = keZ,, (6.46)

The existence of II is a relatively easy matter: let (7,),>1 be an i.i.d sequence
of exponential random variables

P(ry>t)=e™, >0,

and let?
n
Ht:%@é{{nzzngt}, t>0. (6.47)
- =1

THEOREM 6.28. II defined in (6.47) is a Poisson process.

PRroOOF. Clearly IIy = 0 and the trajectories of (6.47) are piecewise constant
as required. Introduce oj = Zle 7;. Then

k
P(IL, = k|FY) = > P = k|r, s 7o, 71 > 8 — 00) L, —ey
=0
and thus

()\(t _ S))(kfz)ef)\(tfs)
(k—20)!

P(IL; = k|71, ooy o, To1 > 8 — 0p) =
is to be verified:
P(IL; = k|71, ooy 7o, o1 > s —0p) = Plog <t < 0pg1|T1y ooy Tos Tor1 > 8 — 0p) =
E(P(ok <t < Okt 1|1y ooy Toa1 )| Ty ooy Te, Tor1 > 8 — og) =
E(P(THQ Fot e <t—o0p— 111 < Toao+ ...+ Tk+1|04,7’[+1)‘0z,7'g+1 > 5 — Ug)
= P(Tg+2 + it <t —0p—Top1 < Tpg2 + .o+ Tk+1‘0'g,7’g+1 > 5 — 0@) =

oo
6“8702)/ P(Tg+2 Fot i <t—0r—u<Tp42+ ... +Tk+1|0'g)>\67>‘udu =
s—oy

= / P(T[+2 totg<t—s—u <Tpo+..+ Tk+1))\e_’\“/du’ =
0

= P(Tg+1 +Tepo+ o+ T S =8 < Tpp1 + Teq2 + ...—|—Tk+1) =
= P(T1 F ot T <t—s<m +...+Tk_g+1) :P(Ht_s = k—ﬂ).

10¢xtra care should be taking, when manipulating the filtrations of point processes. This

delicate matter is left out (as many others) - see the last chapter in [21] for a discussion
1in (6.46) 0° = 1 is understood and so A = 0 is allowed
12Z?=1 ... =0 is understood
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Now (6.46) holds, if

k,—A\t
P(Ht:k):%, k> 0.

Note that
P(Il; = k) =P(oy <t < ok + k1) = El(op < )1 (11 >t —0p) =
El(oy < t)e Mtmow) = /Ot e M= dP 0y, < 5).
and
Plor <s)=P(rx < s—o0p-1) = EP(1, < s — 0)—1|ok-1) =

El(s — o1 > 0)(1 — e MNomom-1)) = / (1 —e 2P (g < )
0

Clearly
Po, <s)=P(n <s)=1—e?*
and so by induction P(o, < s) has density, which by (6.50) satisfies

dP(o <5) _ )\/S v dP(ok—1 < u) du
dS 0 du

and thus®
dP(o <s) | (As)Fle™?s

ds N (k—1)
Now the equation (6.48) follows from (6.49).

115

(6.48)

(6.49)

(6.50)

O

A simple consequence of the definition is that IT; — A\t is a martingale. Remark-
ably the converse is true (compare the Levy theorem (Theorem 4.5) for the Wiener

process)

THEOREM 6.29. (S. Watanabe) A process Ny with piecewise constant (right
continuous) trajectories with positive unit jumps is a Poisson process with intensity

A, if Ny — At is a martingale.

Since the pathes of II; are of bounded variation, the stochastic integral with
respect to II is understood in Stieltjes sense: for any bounded!* random process X

/t X,_dN, = ZXS_ANS = ZXS_(NS ~ N,_),
0

s<t s<t

(6.51)

where X,_ denotes the left limit of X at point s. If X is an FV-adapted process,

then fot X, (dN, — \ds) is a martingale'.

13T his is known as Erlang distribution

Mye won’t need integrands more complicated than bounded ones

15T his is again an oversimplification, as many things in these notes
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3.4.2. Markov chains in continuous time. The Markov chains with finite num-
ber of states is the simplest example of Markov processes in continuous time 6.
Among many possible constructions we choose the following: let S = {a1,...,aq} be
a finite set of (distinct) real numbers and N; be d x d matrix, whose off diagonal
entries are independent Poisson processes with intensities A;; > 0. The diagonal
entries are chosen in a special way: Ni(i,j) = —>2;; Ni(i,j). Now define the
vector process I; by

t
I =1, +/ dAN?I,_, (6.52)
0

where I is a random vector, equal to one of the vectors of the standard Euclidian
basis!” {ei,...,eq} with probabilities p; > 0. It is easy'® to see that only one
component of I; equals unity and all others are zeros at any time t > 0, i.e. I; takes
the values in {ej,...,eq} as well. Finally define

d
Xt = ZaiIt(i), t 2 0.
i=1

THEOREM 6.30. The process X is a Markov chain with initial distribution*® po
and transition intensities matriz A with off-diagonal entries \i; and

>\i7,' Z:—ZA”‘, 7;:17...,d,

J#i
meaning that
d
ps,t(j) = P(Xt = a]|?§) = Zps,t(ivj)l{xszai}a t 2 S 2 07 (653)
i=1

where the matriz ps,; solves the forward Kolmogorov equation®

9 .
aps,t =A Psity, Ps,s = Eaxa.

PROOF. Since I; takes values in {ey,...,eq}, by definition F;X = F7 and thus
P(X; = a;|FX) = P(I; = €;|FL) = gs5.4(i), i = 1,...,d., where g5 := E(I;|F!). The
latter satisfies

t
Gor= I +E </ dN;Iu\srg> _

t t t
I, +E </ (AN} — A*du) I, - +/ A*Iu_du‘stj{> = I, +/ A5 du, (6.54)

where?! the martingale property of the stochastic integral has been used. Reading
(6.54) componentwise gives (6.53) and verifies the claim of the theorem. (]

16¢6r the general theory of Markov processes, the reader is referred to the classic text [6] -
but don’t expect easy reading!

17 e. i-th entry of e; is one and the rest are zeros

18n0te that the probability of an event, that any two of a finite number of Poisson processes
have a jump simultaneously is zero - this follows directly from the construction of the Poisson
process, since exponential distribution does not have atoms.

194istributions on S are identified with vectors of the simplex §¢=1 = {z e R?: 27:1 Ti =
1,z; > 0} in an obvious way

20Ed><d is d-dimensional identity matrix

2INote that fg A*I,_ds = fot A*Isds since the integrator is continuous!
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In particular the equation (6.53) implies that the a priori distribution of Xy,

i.e. the vector of probabilities p; = P(X; = a;) satisfies the equation
p: = N*py, subject to pg, (6.55)

whose explicit solution is given by means of the matrix exponential p; = e *py.

3.4.3. The Shiryaev-Wonham filter. Consider the filtering problem of a finite
state Markov chain X (with known parameters) to be estimated from the trajectory
of the observation process Y, given by

t
Y, = / 9(Xs)ds+ BW;, tel0,T]
0
where g is an S — R function, B > 0 is a constant and W is a Wiener process,

independent of X. The sufficient statistics in this problem is the vector?? m; of
conditional probabilities (i) = P(X; = a;|F} ), i = 1,...,d, since

Y) = Zfamrf

The following theorem gives the complete solution to the ﬁlterlng problem

E(f(X)|FY) = (Zfaz 1ix,=a} |

THEOREM 6.31. (Shiryaev [35], Wonham [40]) The vector m; satisfies the Ito
SDE

dmy = N medt + (diag(m) — ﬂtﬂf)g(dY} — g*wtdt)/BQ, To = Po, (6.56)

where g stands for d-dimensional vector with entries g(a;), i = 1,...,d. Moreover®
T = pe/|pe|, where

dpy = N pydt + diag(g)p:dY;/B?,  po = po. (6.57)

PrOOF. The equation 6.56 follows from the FKK equation (6.6), applied to
the process I, introduced in (6.52). In particular the i-th component of I; satisfies

t d
/ Z)\ﬂl )ds + My(i),

where M (i) is a square integrable martingale. Then (6.6) implies

Wt(i) :’No(i) +A )\ji’/Ts(j)dS-l-
(B(Ls(1)g" L|FY) = m()E(g" L|FY)) (dYs — Bg" L|F7 )ds) / B =

ﬂo(i) + /0 /\jﬂrs(j)ds =+ (giﬂ—s(i) — Ts (7')7-(:9) (dYS - .g*7rsd5)/B2

which is nothing but (6.56) in the componentwise notation. Similarly (6.57) follows
from (6.22). O

22, slight abuse of notation is allowed here - recall that m(-) stands for the conditional

expectation operator in the FKK equation (6.6)
23|2| denotes the £2 norm: |z| = DREAR
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EXAMPLE 6.32. The two dimensional version of (6.56) was derived in [35] and
shown to play an important role in the problems of quickest change detection. Let
X be a symmetric Markov chain with the switching intensity A > 0 and with values
in {0, 1} (often referred as telegraphic signal) and set m; = P(X; = 1|F)). Suppose
that the observations

t
Y; = / X.ds + W,
0
are available. Then
d7Tt = A(l — 27Tt)dt + 7Tt(1 — Wt)(d}/t — Wtdt), Ty — P(XO = 1)
|

3.4.4. Filtering number of transitions and occupation times. Clearly the key to
the existence of finite dimensional filter for finite state Markov chains is the fact
that powers of the indicators process I; reduce to a linear function of I;! This can
be exploited further to get finite dimensional filters for various functionals of X:
the occupation time of the state a;

t t
Ot(i):/ 1{stai}ds:/ I,(i)ds, (6.58)
0 0

the number of transitions from a; to a;

t t
Tt(iv.j) :/ 1{X57:ai}d1{Xs:a]-} :/ Is—(z)dls(j) (659)
0 0

and the stochastic integrals like

t
J:/ 1,dY,. (6.60)
0

Being of interest on their own, the filtering formulae for these quantities can be used
to estimate the intensities matrix A and other parameters in the problem by means
of so called EM (Expectation/Minimization) algorithm.?* We derive the filter for
O; (omitting the index i, since the derivation is the same for all i’s), leaving the rest
as exercises. These problems seem to be initially addressed in [42], the derivation
below is taken from [8].

THEOREM 6.33. The filtering estimate O; = E(Ot|97ty) = |Zy|, with Z; being
the solution of

dZy = N* Zydt +e;efmdt + (diag(Zy) — Zymy ) g(dYy — g*medt) /B, Zo = 0. (6.61)

PrROOF. The trick is to introduce an z_iuxiliary process Z; = Ol with values
in R%. Once the conditional expectation Z; = E(Z;|FY) is found, the estimate of
O; is recovered by

d d
- E(OtZIt(i)mY) ZE (0, 1,(i)|57) Z = 2|
i=1 i=1
By the It6 formula?®
dZt = d(OtIt) Otd.[t + ItdOt Ot N*It, + ItIt( )dt = dNt*th + eiefItdt

24
25

an iterative procedure for finding maximum of certain likelihood functionals.
in this case it is simply integration by parts: no continuous time martingales or mutual
jumps are involved: note that O; has absolutely continuous trajectories
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and hence

t
Zt :/ (A*sts+€z€;k15)d8+/
0 0

where M/ is a square integrable martingale (check it). Apply (6.6) to the component
Zy(0)

Z@:AX

t t
(AN* —A*ds)Z,_ = / (A*Zyds+eset I,)ds+ M,
0

d
NjoZs(£) + 6ig7rs(i))ds
1

j:
t

+/ (E(ZS(E)g*IS\ffSY) - Zs(é)g*ws)B’z(dYs — g*rads)
0

Since Zs;(£)g*Is = g*O1;(0)I; = g*eeZs(€) = geZs(L), the equation (6.61) is ob-
tained. g

3.5. Benes filter. Unlike the preceding finite dimensional filters, BenesS filter
([2]) is mostly of ”academic” interest: it is an example of a filtering problem for
nonlinear diffusions admitting finite dimensional realization. This filter does not
seem to have an analogue in discrete time.

THEOREM 6.34. Consider the two dimensional system of SDEs

dXy = h(Xy)dt + dW;

dYy = Xi + dV;
subject to Yy = 0 and Xo = 0, where W and V' are independent Wiener processes.
Assume that h(z) satisfies the ODE

W +h=az’>+bxr+c, a>00bceR

(6.62)

and is such that (6.62) has a unique strong solution. Then the unnormalized con-
ditional distribution of X; given FY has density

p(z) = exp {H(x) +zY; + %\/1 + az? — %(C—i— k)t}

/ e™2 3 (w3 my, Vi )dwodrs  (6.63)
R2

where T'(x;me, Vi) is three dimensional Gaussian density with the mean m; and
covariance matriz Vi, corresponding to the Gaussian system

d&:—\/l—l—a tdt-’-th, 5020
dne = =Yy dWa, no =0 (6.64)

doy = (YiV1+a—0b/2)&dt, 6y =0.

REMARK 6.35. For example h(xz) = tanh(z) satisfies the Bene§ nonlinearity
with @ = b = 0 and ¢ = 1, and the Kalman-Bucy case h(z) = = corresponds to
b=c=1,a=0.

PRrROOF. By the Kallianpur-Stribel formula, for any measurable and bounded
function f

_ fC[a,T] f(@e)he (2, Y (w)) ™ (da)

E(f(X0)|5))(w) Jergm V(2. Y (@) ¥ (dz)
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t 1/t
(2, Y) = exp {/ xsdYs — 5/ ajgds} . uX —as.
0 0

and where X denotes the probability measure induced by X.

The integration with respect to uX can be replaced with integration by the
Wiener measure x": indeed by the Girsanov theorem u* ~ p"' (checking that
h(X;) satisfies e.g. the Novikov condition (4.20)) and

dp™ ! 1 2 X
W(x) :exp{/0 h(xs)drs — 5/0 h (ms)ds}, ur = a.s.

with

Hence

X = X x w de W(dr) —
[, Foan @@ = [ ooy ) g @ @2

Clo, 1]

¢ t t
/ f(xt)exp{/ mdes—l/ x?ds—l—/ h(zs)dxs—
Clom) 0 2 Jo 0
1t w
= | h%(zs)ds pp” (dx)
2 Jo

Let H(z) := [y h(u)du, then by the Ito formula

and since b’ + h? = az? + bz + ¢, we have

/ F(we)n (o, Y (@)X (d) =
Clo,m)

¢ ¢
1
/ f(xt)exp{/ mdes—f/ z2ds+
Clo,1) 0 2 Jo

H(zy) — ;/Ot W (xs)ds — ;/Ot hQ(xs)ds}uW(d:z:) -

t 1 t
/ f(x)e @) exp { / 2sdYs — =(1+a) / r2ds—
Clory 0 2 0

;/Ot (bas + c)ds}uw(da:)

Now we apply the Girsanov theorem once again: introduce the Ornstein-Uhlnebeck
process

dé-t = —\/1+a§tdt+th7 50 =0

The induced measure ¢ is equivalent to p" and

d 3 t 1 t
s (w)exp{/ \/1+a$sd$s/(1+a)x§d5}, 1f — a.s.
0 0

dpWv 2
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Hence

| ey @) ) -
o ¢ 1 ¢
/ f(z)ef @) exp {/ xsdYs — = (14 a)/ r2ds—
Clo.1) 0 2 0
1t dp"’
5/() (bas +c)ds} e (z)p(dz) =
¢ ¢
/ f(xt)eH(zt) exp { / zsdYy — }/ (bxs + c)ds—!—
Clomy 0 2 Jo

viva t xsdxs}ufww) -

t 1 t
/ f(.%'t)eH(xt) exp {ajth — / Y.dxs — f/ (bms + C)dS
Clo, 1) 0 2 0
1
+v1+ ai(xf - t)};ﬁ(dm),

where the latter equality is obtained by the Ito formula (applicable under u*).
Let (£,7,60) be the solution of the linear system (6.64), then

/ Fan (@, Y (@)X (de) = [ flar):
C[O,T] R3

1 1
exp {H(a:l) +21Y; + 5\/1 + ax? — 5(0 + k)t + a0 + 3:3} T(x; my, Vi)dx,

and (6.63) follows by arbitrariness of f. O

Exercises

(1) Let the signal process X; = 1{,<;;, where 7 is a nonnegative random
variable with probability distribution G(dx). Suppose that the trajectory
of

t
Yt:/ Xods + W,
0

is observed, where W is a Wiener process, independent of .
(a) Is X; a Markov process for general G? Give a counterexample if your
answer is negative. Give an example for which X; is Markov.
(b) Apply the Kallianpur-Striebel formula to obtain a formula for P(r <
t|Fy).
(2) Show that

oi(1) = exp (/Ot Ts(g)dYs — ;/Ot (Ws(g))2d8> :

(8) (a) Verify the claim of Remark 6.22 directly
(b) Find the solution of the Zakai equation (6.28) in the linear Gaussian
case



122

6. NONLINEAR FILTERING IN CONTINUOUS TIME

(4) Consider the linear diffusion
dXt = aXt + th, XO = 07

where W is a Wiener process and a is an unknown random parameter, to
be estimated from FX. Below a and W are assumed independent.

(a) Assume that a takes a finite number of values {aq, ..., ag} with pos-
itive probabilities {p1, ..., pq}. Find the recursive formulae (d dimen-
sional system of SDEs) for m;(i) = P(a = a;|F}%).

(b) Find the explicit solutions to the SDEs in (a).

(c) Does (i) converges to 1{s—q,}, @ = 1,...,d 7 If yes, in what sense ?

(d) Assume that Ea? < oo and find an explicit expression for the orthog-
onal projection E(a|£f( ) and the corresponding mean square error.

(e) Assume that a is a standard Gaussian random variable. Is the process
X Gaussian ? Is the pair (a,X) Gaussian ? Is X conditionally
Gaussian, given a ?

(f) Is the optimal nonlinear filter in this case finite dimensional ? If yes,
find the recursive equations for the sufficient statistics.

(g) Does the mean square error P, = E(a — E(a\?tX))2 converges to zero
as t — oo? )

(5) Verify that ¥ C F}V for the linear Gaussian setting (6.32)

(6) Derive the robust version of the Wonham filter (see (6.31) for reference).
Elaborate the telegraphic (two dimensional) signal case.

(7) Calculate the mean, covariance and one dimensional characteristic func-
tion for the Poisson process.

(8) Verify the last equality (or equivalently the martingale property of the
stochastic integral in this specific case) in (6.54).

(9) Let X; be a finite state Markov chain with values in S = {ay,...,aq},
transition intensities matrix A and initial distribution py. Let I; be the
d-dimensional vector of indicators 1(y,—4,}-

(a) Show that the vector process My = I; — Iy — fot A*Ids is a FjX-
martingale.

(b) Find its variance EM; M}

(10) For the process I, defined in the previous exercise, derive the filtering
equations for the optimal linear estimate I, = E(Iﬂﬁ}/) and the corre-
sponding error covariance, where Y; = fg hMXs)ds + Wy.

Hint: use the results of Section 3 from the previous chapter

(11) Consider a finite automaton with d states. A timer is associated with
each state, which is reset upon entering and initiates state transition after
a random period of time elapses. The next state is chosen at random,
independently of all the timers with probabilities depending on the current
state. Let X; be the state of the automaton at time ¢. Calibrate this model
(i.e. choose the timers parameters and transition probabilities, so that X;
is a Markov chain with given intensities matrix A).

(12) (a) Derive finite dimensional filtering equations for T (4, ) in (6.59) and

J in (6.60)

(b) Derive the Zakai type equations for O(i), T3(i,7) and J

(c) Elaborate the structure of the optimal filters for telegraphic signal
case.
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Auxiliary facts

1. The main convergence theorems

THEOREM A.l. (Monotone convergence) Let Y, X, X1, ... be random variables,
then

a) If X; >Y foreach j > 1, EY > —oco0 and X; /X, then
J J
EX; /EX.
(b) If X; <Y foreach j > 1, EY < oo and X; \ X, then
EX; \, EX.

COROLLARY A.2. Let X; be a sequence of nonnegative random variables, then
oo oo
EY X; =) EX;
j=1 j=1

THEOREM A.3. (Fatou Lemma) Let Y, X1, X, ... be random wvariables, then
() If X; >Y forallj > 1 and EY > —o0, then
E lim X; < lim EX;.

j—o0 Jj—o0
(b) If X; <Y forall j >1 and EY < oo, then
lim EX; <E lim X;.

Jj—o0 j—o0
(c) If | X;| <Y forall j > 1 and EY < oo, then

j—00 j—00 j—roo j—roo
THEOREM A.4. (Lebesgue dominated convergence) Let Y, X1, Xo, ... be random

P—a.s.

variables, such that | X;| <Y, EY < oo and X; — X. Then E|X| < oo and
j—o0

lim EX; = EX
Jj—o0
and
lim E|X; — X|=0.
Jj—o0
2. Changing the order of integration

Consider the (product) measure space (Q, F, ) with Q = Qy x Qo, F = F; x Fy,
i.e. ¥ is the o-algebra of sets A; x Ay, Ay € F1 and Ay € Fy, and p = puy X pa, ie.

p1 X po(Ar x Ag) = p1(Ar)pue(Az), A1 €Fi, Ay e
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THEOREM A.5. (Fubini theorem) Let X (w1, ws) be F1 x Fo-measurable function,
integrable with respect to measure p11 X pa, i.e.

[ Xlnwnidg x i) < oc.
Ql><Q2

Then the integrals le X (wy,wz)p(dwy) and fQQ X (w1, wo)p(dws) are well defined
for all wy and ws and are measurable functions with respect to Fo and F1 respec-
tively:

p { s Xl ) = w0} =0
p {ens [ X ) () = x}=0

Moreover

/QIXQQX(M»WQ)d(Ml X p12) = /Ql { QQX(W17W2)M2(dw2)} 1 (dur) =

/Qz [ o, X(%wl)m(dwl)] 12 (dws).
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