FINAL TEST SOLUTION
RANDOM PROCESSES 2003

P. CHIGANSKY

Problem 1.
(a)
Xn—1 ) V4
—E Y b0 =EX I(Xuo1 = OE( D €nilXu1) =
j=1 £=0 j=1
EZI OUp+2q) = (p+29)EX, 1

and thus X, ]L—>O if p4+2q < 1.
n—oo

(b) Set p = p + 2¢ for brevity. Clearly

Xn_1
Xn= (€nj—p)+ Xn1p.
j=1
Moreover
X,L 1 Xn 1
EX,_1 Z gnj =EX,_ IE( Z gn,g |Xn 1) =0
Jj=1 =1
and

(3 6 0) = B( 101 =036 ) -

=0
IEZI Xp_1 = O)E (ijgw— )_
j=1

]EZI(X”_l = ()¢ Var(§; 1) = const. EX,,_; = const. p"
=0

Squaring the eq. (1.1), obtain
EX?2 = const. p" + p*EX2_

n—1

that is

n n
EXZ = N?p?" + const. Z p"_kpzk = N?p?" + const. p" Z pk 270

k=0 k=0
N——
<1/(1-p)
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and hence the required condition is p = p + 2¢q < 1.
(c) Let us verify first convergence in probability. Note that
{Fk e [Ln]: &1 =0,....§ 5 =0} C{X, =0}.
Let e = (1 —p—q)ﬁ. Then
P(X,=0)>P{3ke[l,n]: &1 =0,..,6 5 =0} =1-(1-¢)" =1

and convergence in probability follows.
Now verify P-a.s. convergence. Note that

{In:&,1 =0, 7§nﬁ =0} C {nILH;oX" =0}.
For any fixed m
P{3n<m:¢,1 =0, &y N = 0p=1-(1- s)m.
and since
{In<m:&,1 =0, ...,fnﬁ =0} " {3In: &1 =0, ...,§nﬁ =0}, asm—
it follows

m—00

L?; p > 0 convergence follows from convergence in probability, since X,, < N.

Problem 2.
(a) First note that E(X,| X7 ") =E(en 4+ €n1|X7™") = E(en—1|X77") =801,
Since ¢ is Gaussian, &,_1 = ]E(an_ﬂXf_l) and can be calculated recursively:
aino1 = E(e,| X771 =0
)?n|n71 = IE(X”|X{L_1) = é\'rL—l
~ 2
Pr§|n—1 = E(an — En‘n,l) =1
Pt =E(en — Eapn1) (X — E(Xo|XT7Y) = Een(en +enm1 — 1) = 1
Pl =E(Xy —E(X,|X77)" =E(en+en1—8n1) =1+ Poy
and thus n >1
é\n = 1/(1 + Pn—l)(Xn - é\n—l)
Po=1-1/(1+ P,_1)

subject to &g = 0 and Py = 1.
The sequence R,, = 1/P, satisfies

R,=1+R, 1, Ro=1
and thus R, =n+1,ie. P, =1/(n+1),n > 0. This leads to

~ n ~ ~
En:n_’_l()(n_571—1)7 €0=0, n=>1
and in turn n
Xn+1= (Xn—Xn), X1:0, n>1



(b) Qn :P’rﬁn—l :1+Pn—1 = 1+1/7'L, RZQ
(c) Note that given g9 and Xj, ..., X,,, the output of the recursion
é\ln:angln—la %:50

gives &, exactly (just try to unroll this recursion to see this), i.e. &, = ¢,, and thus
it is the conditional expectation. Since X, = &, it follows that

X=X, - X2, Xi=¢o
(d) Since X2, =&, =, Q%y = E(Xpp1 — X2 1)2 =E(epi1 + 60 —€0)2 = 1.
Problem 3.

(a) Let €2 (£8) be the sequence of requests (say, taking value 1 when service is
requested and 0 otherwise) from client A (B). Clearly &2 and ¢! are independent
iid. sequences with P(£% = 1) = P(£) = 1) = p. Introduce an i.i.d. sequence 7,
(independent of 2 and ¢%) with P(n, = A) = P(n, = B) = 1/2.
Then X,, satisfies the following recursion!
X =& [AI(Xpno1 = A) + BI(Xp—1 = B) + 0o (X1 = 1)]
+AG(L - &)+ B - )& + 11 =) (1 - &) (1.2)

Due to independence of (£2,¢8,1n,,) and Xg_l, X, is a Markov chain regardless
of distribution of (£2,£%,n,,) (i.e. none of the conditions ruins the Markov property)
(b) From (1.2)

P(Xn = A|Xp 1 = A) = E{§:€, + (1= &)} =p* +p(1 —p) =p
P(X,=11Xo1 = A) =E(1 - &)1 &) = (1 -p)°

(

(
P(X, = B|Xp-1 = A) =E(1 - &)é = (1 —p)p
P(X, = AlX, 1 = 1) =1/2E&a¢) + BEn(1— &) = 1/2p° +p(1 —p) = p—p*/2
P(X, =I|Xp 1 =1)=E(1-&)(1-¢&)=(1-p)?
P(X, = B|X, 1 =1I) = 1/2EB&16, + BE (1 - €)= 1/2p* + p(1 —p) = p— p*/2
P(X, = AlX, 1= B)=E&(1-¢) =p(1—p)
P(X,=1|X,.1=B)=..=(1-p)?
P(X,=B|X,_.1=B)=..=p

p (1-p? (Q-pp
ie. A=[p—p?/2 (1-p)? p—p?/2
p(1—=p) (1-p)? p

(c) Let fa(t) = Nexp{—At} and F,,_; = {a}~ !, 371} for brevity.

IThe multiplication for symbols A, B, I is symbolic, e.g. A1=A, A0=0,A+0=A(A+ B
is of course not defined and never happens!)
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Let m¢(I) = G(@n, Bn; Fn—1) and fix a bounded function h(s,t). Then G should
satisfy

E(I(Xn = I)h(anaﬂn)‘fn—l) = E(G(anaﬁn;fn—l)h(an7ﬂn)|]:n—l)
The left hand side becomes

E(I(X, =1) /OOO /OOO h(t,s) f1(s) fr(t)dtds| F 1) =

RanrD) [ [ b9 i) et
o Jo
whereas the right hand side is equal to

Tt (A) /O /O Gls,ts Fu1)hs, ) fr(s) 1 (£)dsdi+
T (1) /0 /0 Gls,t: Fo O)h(s,0) f1 (5) o (H)dsdt+

Toim1(B) /0 /O Gls,t: Fu1)h(s, ) 1 (5) f (£)dsdt.

So?
5t _ Tnin—1f1(5)f1(t)
G(s,t; Fno1) = Tnpn—1(A) () f1(t) + Tppn_1 () f1(8) f1(E) + Tpjn—1(B) f1(s) f(t)
and thus
T (I) — ﬂ-n\?’bfl(l)fl(an)fl(ﬁn) _

Wn\n—l(A>f)\(an)f1 (/Bn) + ﬂ—n\n—l(-l—)fl (an)fl (ﬁn) + 7rn|n—1(B)f1 (an)f)\(ﬂn)
7Tn|n—1(I) exp{—an - ﬁn}

>\7Tn|n71(A) eXP{_)\Oén - Bn} + ﬂ-n\nfl(l) eXp{_an - ﬁn} + )‘ﬂ-n\nfl(B) eXp{_an - )\ﬁn}
7Tn|n—1(I)
A n—1(A) exp{(1 = Nan} + Tpjpn—1(I) + A n—1(B) exp{(1 — X)Bn}

Problem 4.

(a) Since Efot SudW, =0, mi; =ES, =1 — fg rES,du and hence 1y = —rmy,
mo = 1.

(b) Apply the Ito formula to S?
1
dS? = 28,dS; + 52S§ov2dzt
that is

t t t
S? :s§f2/0 rsgdu+2/0 asgdwu+/0 SZo2dt

2this answer may be guessed - it should be the similar to the scalar observation case



Taking E(-) from both sides obtain equation for @, = ES?
Qr = (=2r+0°)Qy

3

Sy = exp{oW, — (r+0°/2)t} >0
Indeed, Sy =1 and by Ito formula
dS; = S;odW; — rSidt — 1/202S;dt + 1/2S,;0%dt = —rSydt + oS, dW;.

(c) True.The solution of this equation is

(d) False. The process can not be Gaussian since e.g. S; > 0 for all ¢.
(e) True. From (a) we know that S; converges in L' and hence in probability.

(f) True. If p = 1, the claim holds by (a).
With integer p > 1, apply the Ito formula to S?

1 1
dSy = pSP~tdS, + 7P = 1)SP~ 202 S7dt = —rpSYdt + poSTdW, + 7P = 1)SPo2dt
Set @Y = ES? and take E(-) from both sides to obtain
. 1
QF =[=pr+5p(p—1)0"] Q7.

Clearly this equation is stable if pr > 1/2p(p — 1)0? or 0? < 2r/(p — 1).

3See exercise 8.7



