STOCHASTIC PROCESSES

1. BASICS OF MATHEMATICAL PROBABILITY
Problem 1.1

Let I4(w) denote the indicator function of a set (event) A, i.e.:

1, wed
IA(W>:{ 0, w%A

Verify the following properties of indicators

; I@ZO&HdIQZl

) Iy+15-=1

) Ianp =14 -1Ip

) Tavp =Ia+Ip — IanB

) Iyr,a, =111 (1~ Ia,)

g) For nonintersecting sets A; the union U;A; is denoted by > A;. Show
I oA, =20 I,

(h) Tanp = (Ia — I)?, where AAB denotes symmetric difference of sets, i.e.
(A\B) U (B\A)

Problem 1.2

On the probability space ([0,1],58, ), consider the random variables X (w) =
I(w<1/2) and Y (w) = w?
(1) Find the expectations of X and Y by integration on the given probability
space with respect to A
(2) Find the expectations of X and Y by integration with respect to their
distribution functions.

Problem 1.3

Let (X,,)n>1 be a sequence of i.i.d. binary random variables such that P(X; =
0) = P(X; = 1) = 1. Given two constants, a and b, (a # b), and Yy = b, define a

new sequence:
Y, = a }f X,=0
Yn—l if Xn =1
Verify the convergence of Y;, with probability one (P-a.s.), in probability, in the
mean square and in the mean.
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Problem 1.4

Let X,,, Y, and V;,, n > 1 be sequences of random variables, converging in L2
to X, Y and V respectively. Verify the following properties:

inearity” of the 1mit:
(1) “Li ity” of th L2 limi
2
aX, +bY, s aX 4 by

where a and b are deterministic constants.
(2) Commutativity of the expectation and L? limit:

EX =limEX,
(3) Continuity of the scalar product:
EXY = limEX,Y,
EX? = limEX?
(4) Verify that EX,,Y,, = EV,, implies EXY = EV.

Problem 1.5
Let U be a r.v., distributed uniformly on [0, 1]. Define a sequence:
Zp,=U" n>1
Does the sequence of sums S, = > ., Z; converge with probability one ? In
probability 7
Problem 1.6

Given the deterministic sequence (a,)n>1, such that lim, .. a, = a, and a
sequence of random variables (X,,),>1, such that lim,, . E(X,, — a,)? = 0, prove
that X,, converges in L2 and determine the limit.

Problem 1.7

Let {&} be a sequence of i.i.d. normal random variables, namely & ~ N(0,0?).
Define a pair of sequences:

1 — 1 <
Mn:ﬁ;&; Sn:n_lg(fi_ﬂn)Q

(1) Show that pu, converges in the mean square sense to a limit.
(2) Show that S,, converges in m.s. sense to a limit.

Hint: You may need the following fact: for a Gaussian vector X =
[X1X2X3X,] with zero mean

EX 1 XoX3Xy = EX1 XoEX3 Xy + EX; X3EXo Xy + EX; XyEX5 X3.
(3) Show, that for any fixed n, S, and p, are independent.

Hint: Recall that two Gaussian r.v. (X,Y) are independent if they are
orthogonal, i.e. if E(X — EX)(Y — EY) =0.
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Problem 1.8
Show that:

P
= & — &N

Problem 1.9 (*)

(Large Deviations primitives) The law of large numbers states that if &1, &, ... is
a sequence of (zero mean) i.i.d. random variables with E|& | < oo, then

1 n
li — =0
nzf;on;fk

in probability. It turns out that under certain conditions, the convergence rate is
exponential.

(1) Derive Chernoff inequality. Assume that £ is a r.v. such that for A € A C
R+, the log-characteristic function is well defined, i.e. 1(\) = log Ee &t <
0.

IP’(§ > a) < e (@)

where I(a) = supyep {Aa —¥(N)}.
Hint: use Chebyshev inequality
(2) Show that

1 n
P|= >a | <e (@

(3) Show that the probability of large deviations for the weak LLN decays at
least exponentially, i.e.

1 n
P ‘— ’> < Ce ()
(nkg_:lék _a)_C’e

and find the explicit expressions for the rate function I(a), when & is
(i) Gaussian NV(0,1)
(ii) Bernoulli with values {—1,1} and probabilities 1/2. Assume that
0<a<l.

3 EE, Tel Aviv University



