STOCHASTIC PROCESSES

7. WIENER PROCESS AND STOCHASTIC INTEGRAL

Problem 7.1

Let W = (Wy);>0 be the Wiener process. Show that

(1) Z = Wije, € > 0

(2) Z, =Wiys — W5, 8>0

() 2 =tWyy
are Wiener processes as well, i.e. verify the axiomatic definition of the Wiener
process.

Problem 7.2 (*)

Let W be the Wiener process. Denote by 7, the first time W crosses the line
Lg, ie.
To = {inft: W} > a},
so that 7, is a random variable.
(1) Verify the reflection principle:
Pr{W; < x|, <t} = Pr{W; > 2a — x|, < t}
Explain the origin of the name “reflection”.
(2) Using the reflection principle, find probability density of 7,:
dPr{r, <t}
tia) = ——2="1
pr(t;a) o
and verify that E71, = oco.
Hint: Try to calculate P{W; > a;7, < t}.

Problem 7.3

Let X; be a random process, given by the It6 stochastic differential equation:
dXt = atXtdt + btth

subject to the initial condition X with EXy = mg and E(Xg — mg)? = Vj, inde-
pendent of W. Assume that a; and b; are smooth deterministic functions.
Find the autocorrelation function K(¢,s) = E(X; — EX;)(X; — EX;). Find a

sufficient condition for X; to be a stationary process. Assume these conditions are
satisfied and find spectral density function:

Sz (\) = / EX, Xoe Mdt

oo
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Problem 7.4

Let 6 be some deterministic, but unknown parameter. Assume that it is observed
in “white Gaussian noise” and the observations are given by

d}ft = a,ﬁdt + th

subject to Yy = 0. Assume

t ¢
/ a?ds > 0 for any ¢ and lim a’ds = 0o
0 t—o0 0

~

Propose a consistent estimate of 0 from Yy = {Y;,0 < s < ¢}, that is derive (Y{)
such that
lim E(6 — 0(Y{))? = 0.

t—o0

The Ito Formula and SDE
Problem 7.5

With the help of the Ito formula, calculate the following
(1) C(t) = Ecos(W;) and S(t) = Esin(WW;)
(2) M,(t)=EW, n=0,1,...

Problem 7.6

It is customary in financial mathematics to model the asset prices by means of
the diffusion model:

dX; = rXudt + O'Xtth, st. Xg>0
where 7 is the safe asset interest rate (e.g. bank investments) and o indicates the
intensity of unsafe asset price variations (e.g. shares).

(1) Explain the origin of this model
(2) Solve for X; explicitly and verify that X; > 0, ¢ > 0.

Problem 7.7 (*)

Suppose that (Wy);>0 and (V;)¢>0 are two independent Wiener processes. Let

Z; = /W2 + V2, the distance from the origin of a Brownian particle on the plane.
Show that P-a.s.

Zy =W} + V2 <E(ZilVa,Wa) < \J2+ WE + Vi = \J2+ 22

Hint: the upper bound is a consequence of Jensen inequality and the lower bound
can be obtained by Ito formula

Problem 7.8 (*)

Let (X;):>0 be a continuous-time (i.e. ¢ € RT) Gaussian Markov process with
zero mean and covariance function R(t,s) = EX; X.

INote that a¢ is not necessarily positive for any t.
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Assuming that R(s,s) > 0, show that for any t > s > 7:

R(t,s)R(s,T)
R(t,17) = —F—7+—= 7.1
(7)== (71)
Hint: any Markov process satisfies Chapman-Kolmogorov equation
Show that any solution of (7.1) has the form

R(t,s) = f(max(t,s))g(min(t,s)) (7.2)
Construct a Markov Gaussian process with covariance function of the form
(7.2).
Hint: try the construction f ()W, ¢(+), where (W;)s>0 is the Wiener pro-
cess.
Let (X¢)i>0 be a Gaussian process with zero mean and EX, X, = e~ lt=sl,
Express X; in the form:

X = FOWoay 1)

where (Wy)i>0 is the Wiener process.
Let (X;);>0 be a mean square continuous 2 and stationary Gaussian-Markov
process. Find its covariance function.

Problem 7.9

Let X and Y be the solution of
dY; = —0.5Ydt + X dBy.
subject to Xo = x and Yy = y with B; being a Wiener process (Brownian
motion).
(a) Show that X2 +Y;? = 224y for all t > 0, i.e. the vector (X, Y;) revolves

on a circle.

(b) Find the SDE, satisfied by 6, = arctan(X;/Y?).

Problem 7.10

Verify the solution of the following SDE’s
(a) Xy = By/(t+ 1) solves

1
. X, dt dB;, Xy =0
Tttt b 0

(b) Xa(t) = X1(0) + ¢+ By and X () = X2(0) + X1 (0)Ba(0) + [ sdBa(s) +
fot B (s)dBa(s) solve

dXt =

dX1 =dt+dB;
dXe = X1dBs

2The process (&t)>0 is mean square continuous if Lim.,_ 419 Xi4p = Xt

li Xopn — X¢)? =
hILHOE( t4+h t) 0

It is not difficult to show that X; is m.s. continuous if and only if R(¢,t) is continuous, where

R(S7

t) = EX¢Xs. Note that this does not imply continuity of the trajectories of X (as in the case

of e.g. the Poisson process)!
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(¢) Xi=e'Xg+ e !By solves
dXt = —Xtdt + e_tdBt.

(d) Y; = exp(aB; — 0.5a%t) [Yo + r fg exp(—aBg 4 0.5a%s)ds] solve

dY =rdt+ aY dB;.

(e) T}le processes X1(t) = X7(0) cosh(t)+ X2(0) sinh(t)—l—fot a cosh(tt—s)dBl +
Jo bsinh(t—s)dBy and X (t) = X1 (0) sinh(t) 4 X2(0) cosh(t) + [, asinh(t—
s)dBy + fot bcosh(t — s)dBsy solve

dX1 = det + adBl
dXs = X, dt + bdBs,

which can be seen as stochastically excited vibrating string equations.



