
STOCHASTIC PROCESSES
SOLUTIONS TO HOME ASSIGNMENTS

1. Basics of mathematical probability

Problem 1.1

(a) By definition

P (A) =
∫

ω∈A

dP (ω) =
∫

ω∈Ω

IA(ω)dP (ω) = EIA

(b) Since by definition any ω is in Ω and not in ∅, we have IΩ(ω) ≡ 1 and
I∅(ω) ≡ 0

(c)

ω′ ∈ A =⇒
{

IA(ω′) = 1
IĀ(ω′) = 0 =⇒ IA(ω′) + IĀ(ω′) = 1

Similarly

ω′′ ∈ Ā =⇒
{

IA(ω′′) = 0
IĀ(ω′′) = 1 =⇒ IA(ω′′) + IĀ(ω′′) = 1

so for any ω ∈ Ω
IA(ω) + IĀ(ω) ≡ 1

(d) IA(ω)IB(ω) = 1 if and only if IA(ω) = 1 and IB(ω) = 1, that is ω ∈ A and
ω ∈ B, in other words ω ∈ A ∩B

(e) ω ∈ A ∪B if and only if ω ∈ A or ω ∈ B:{
ω ∈ A
ω 6∈ B

=⇒ IA∪B = IA + IB − IA∩B = 1 + 0− 0 = 1

{
ω 6∈ A
ω ∈ B

=⇒ IA∪B = IA + IB − IA∩B = 0 + 1− 0 = 1

{
ω ∈ A
ω ∈ B

=⇒ IA∪B = IA + IB − IA∩B = 1 + 1− 1 = 1

{
ω 6∈ A
ω 6∈ B

=⇒ IA∪B = IA + IB − IA∩B = 0 + 0− 0 = 0

that is IA∪B(ω) ≡ IA(ω) + IB(ω)− IA∩B(ω)
(f) By (c) IĀi

= 1− IAi . Further by (d)
n∏

i=1

(1− IAi) = I∩n
i=1Āi

and again by (c):

1−
n∏

i=1

(1− IAi) = I∩n
i=1Ai
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By Morgan rules from the basic set theory

∪n
i=1Ai = ∩n

i=1Ai

and the desired result holds.
(g) Directly implied by (f) (note that IAiIAj = 0 for i 6= j)
(h)

(IA − IB)2 = IA + IB − 2IA∩B = IA∪B − IA∩B

Clearly the above equals 1 if and only if ω ∈ A ∪B and ω 6∈ A ∩B, which
is the definition of A4B.

Problem 1.2

1) X is a simple r.v. so by definition EX = P (ω ≤ 1/2) = 1/2. In the case of Y ,
the Lebesgue integral

EY =
∫

Ω

Y (ω)dλ(ω)

coincides with the usual integral

EY =
∫ 1

0

s2ds = 1/3.

2) The distribution of X is

F (x) = P (X ≤ x) =





0 x < 0
1/2 0 ≤ x < 1
1 x ≥ 1

so

EX =
∫

R
xdF (x) = 0 ·∆F (0) + 1 ·∆F (1) = 1/2.

First find the distribution function of Y : for x < 0, G(x) = P (Y < x) ≡ 0; for
x ≥ 0

G(x) = P (Y ≤ x) = P (ω2 ≤ x) = P (ω ≤ √
x) =

{√
x, x < 1

1, x ≥ 1
.

So

EY =
∫

R
sdG(s) =

∫ 1

0

sd
√

s =
∫ 1

0

s
1

2
√

s
ds =

1
2

∫ 1

0

√
sds = 1/3.

Problem 1.3

The sequence Yn starts with a string of b’s till the first occurrence of Xn = 0.
From this point on the sequence stays at the value a. Verify L2 convergence

E{(Yn − a)2} = (b− a)2P
(
∩n

k=1 {Xk = 1}
)

= (b− a)22−n n→∞−−−−→ 0.

This implies convergence in probability. The latter can be verified directly: for
|b− a| > ε > 0

P{|Yn − a| ≥ ε} = P{Yn 6= a} = P
( ∩n

k=1 {Xk = 1}) = 2−n n→∞−−−−→ 0.
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P -a.s. convergence is implied by the Borel-Cantelli Lemma, since
∞∑

n=1

P (|Yn − a| ≥ ε) < ∞.

Alternatively

P ( lim
n→∞

Yn 6= a) = P (∩n≥1{Xn = 1}) =

P ( lim
m→∞

∩n≤m{Xn = 1}) = lim
m→∞

P (∩n≤m{Xn = 1}) = lim
m→∞

2−m = 0.

Problem 1.4

1. Use the elementary inequality (x + y)2 ≤ 2x2 + 2y2 for any real x, y

E
(
aXn + bYn − aX − bY

)2 = E
(
a(Xn −X) + b(Yn − Y )

)2 ≤
2a2E(Xn −X)2 + 2b2E(Yn − Y )2 n→∞−−−−→ 0

2. By the Jensen inequality∣∣EXn − EX
∣∣ ≤ E

∣∣Xn −X
∣∣ ≤

√
E(Xn −X)2 n→∞−−−−→ 0

3. Use the Cauchy-Shwartz inequality∣∣EXY − EXnYn

∣∣ ≤ E|XY −XnYn| =
E|Y (X −Xn) + X(Y − Yn)− (X −Xn)(Y − Yn)| ≤
E|Y (X −Xn)|+ E|X(Y − Yn)|+ E|(X −Xn)(Y − Yn)| ≤
√

EY 2E(X −Xn)2 +
√

EX2E(Y − Yn)2 +
√

E(X −Xn)2E(Y − Yn)2 n→∞−−−−→ 0

The second statement is the particular case of the first.

4. Use the previous results

EV
2= lim

n→∞
EVn = lim

n→∞
EXnYn

3= EXY.

Problem 1.5

Note that

Sn =
n∑

k=1

Zk =
n∑

k=1

Uk = nI(U = 1) + I(U 6= 1)
U(1− Un)

1− U

so {Sn 6→ U/(1− U)} = {U = 1} and since P (U = 1) = 0, Sn converges P -a.s. to
U/(1− U). Convergence in probability follows from P -a.s. convergence.

Problem 1.6

E{|Xn−a|2} = E{|Xn−an +an−a|2} ≤ 2E{|Xn−an|2}+2E{|an−a|2} n→∞−−−−→ 0.
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Problem 1.7

1.

µn =
1
n

n∑

i=1

ξi =⇒ Eµn = 0

Eµ2
n = 1/n2E

n∑

i=1

n∑

j=1

ξiξj = 1/n2
∑

j,i

δ(i− j)σ2 = σ2/n
n→∞−→ 0

which implies that limn→∞ µn = 0 in L2.

2.

Sn =
1

n− 1

n∑

i=1

(ξi − µn)2 =
1

n− 1

{
n∑

i=1

ξ2
i − 2µn

n∑

i=1

ξi + nµ2
n

}
=

=
1

n− 1

{
n∑

i=1

ξ2
i − nµ2

n

}

So

ESn =
1

n− 1

{
n∑

i=1

Eξ2
i − nEµ2

n

}
=

1
n− 1

{
nσ2 − σ2

}
= σ2

Further E(Sn − ESn)2 = ES2
n − (ESn)2 and:

ES2
n =

1
(n− 1)2

E
n∑

i=1

n∑

j=1

(ξi − µn)2(ξj − µn)2 (1.1)

Note that (ξi − µn) is a Gaussian r.v. By virtue of a well known formula 1 we
obtain:

E(ξi − µn)2(ξj − µn)2 = E(ξi − µn)2E(ξj − µn)2 (1.2)

+2 [E(ξi − µn)(ξj − µn)]2

The last term in (1.2) is simplified:

E(ξi − µn)(ξj − µn) = σ2δ(i− j) + Eµ2
n − Eξiµn − Eξjµn =

= σ2δ(i− j) + σ2/n− σ2/n− σ2/n

= σ2δ(i− j)− σ2/n (1.3)

1for a Gaussian vector X = [X1X2X3X4] with zero mean

EX1X2X3X4 = EX1X2EX3X4 + EX1X3EX2X4 + EX1X4EX2X3
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Combining (1.1), (1.2) and (1.3) we arrive at:

ES2
n =

1
(n− 1)2





∑

i

∑

j

E(ξi − µn)2E(ξj − µn)2+

+2
∑

i

∑

j

(
σ2δ(i− j)− σ2/n

)2



 =

=
1

(n− 1)2
{

(n− 1)2(ESn)2 +

2σ4
∑

i

∑

j

(
δ(i− j)− 2

n
δ(i− j) +

1
n2

)}
=

= (ESn)2 +
2σ4

(n− 1)2

{
n− 2

n
n +

1
n2

n2

}
=

= (ESn)2 +
2σ4

n− 1
(1.4)

Hence

Var(Sn) =
2σ4

n− 1
n→∞−→ 0

which implies limn→∞ Sn = σ2 in L2.

3. Define Zj = ξj − µn. Note that Sn is an explicit functional of Zj , j = 1, ..., n.
Obviously, independence of {Zj}n

j=1 and µn implies independence of Sn and µn.
The sequence Zj is Gaussian, so it suffices to show that:

EZjµn = 0, 1 ≤ j ≤ n

which is easily verified

EZjµn = E(ξj − µn)µn = Eξjµn − Eµ2
n =

1
n

∑

i

Eξiξj − σ2

n
= 0

Problem 1.8

First let us establish:

ηn(ξ − ξn) P−→ 0 (1.5)

Fix a constant C > 0 then

P
(|ηn(ξn − ξ)| > ε

)
= P

({|ηn(ξn − ξ)| > ε} ∩ {|ηn| ≥ C}}) +

+P
({|ηn(ξn − ξ)| > ε} ∩ {|ηn| < C}) ≤

≤ P(|ηn| ≥ C
)

+ P
(
C|ξn − ξ| > ε

)

≤ P(|ηn − η| ≥ C/2
)

+ P
(|η| ≥ C/2

)
+ P

(
C|ξn − ξ| > ε

)

which implies that:

P
(|ηn(ξn − ξ)| > ε

) → P
(|η| ≥ C/2

)
, n →∞

Since C can be chosen arbitrary large, (1.5) holds.
The desired result follows

P{|ξnηn − ξη| > ε} ≤ P{|ξn(ηn − η)| > ε/2}+ P{|η(ξn − ξ)| > ε/2}
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Problem 1.9

1. Using Chebyshev inequality, for any a ∈ R and λ ∈ Λ ⊂ R+

P
(
ξ ≥ a

)
= P

(
eλξ ≥ eλa

) ≤ Eeλξ

eλa
= eψ(λ)−aλ

Minimizing the upper bound with respect to λ gives

P
(
ξ ≥ a

) ≤ einfλ∈Λ

{
ψ(λ)−aλ

}
= e− supλ∈Λ

{
aλ−ψ(λ)

}
= e−I(a)

2. Let Sn =
∑n

k=1 ξk, then

ψn(λ) := logEeλ
Pn

k=1 ξn = log
n∏

k=1

Eeλξk = nψ(λ)

so that

P

(
1
n

n∑

k=1

ξk ≥ a

)
= P

(
n∑

k=1

ξk ≥ an

)
≤ e− supλ∈Λ

(
λ(na)−nψ(λ)

)
= e−nI(a)

3.
(i) Let ξ1 be a Gaussian r.v. Since ξ1 has a symmetric distribution we have

P

(∣∣∣ 1
n

n∑

k=1

ξk

∣∣∣ ≥ a

)
= P

(
1
n

n∑

k=1

ξk ≥ a

)
+ P

(
1
n

n∑

k=1

ξk ≤ −a

)
=

= 2P

(
1
n

n∑

k=1

ξk ≥ a

)
≤ 2e−nI(a) (1.6)

In this case Λ = R+ and ψ(λ) = logEeλξ1 = 1/2λ2, so that for a > 0,

I(a) = sup
λ∈R+

(λa− 1/2λ2) = a2/2

Note that Sn is Gaussian with zero mean and variance 1/n. So in the special
case of Gaussian r.v. this result can be obtained directly, making use of well-
known bounds for integrals of Gaussian densities.

(ii) Let ξ1 be symmetric Bernoulli r.v. with values in {−1, 1}. Due to symmetry
(1.6) holds.

ψ(λ) = log cosh(λ)

so that

I(a) = sup
λ∈R+

{
λa− log cosh(λ)

}
:= sup

λ∈R+
H(λ, a)

Note that H(0, a) = 0 and if 0 < a < 1, for λ >> 1, H(λ, a) ∼ λa− λ. Since
{λ ∈ R+ : H(λ, a) > 0} 6= ∅ and H(λ, a) is differentiable

I(a) = H(tanh−1(a), a) = tanh−1(a)a− log cosh
(
tanh−1(a)

)
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