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1 Some Important Continuous Distributions

1.1  Uniform U (a, b) Distribution

Random variable X has uniform U/ (a, b) distribution if its density is given by

0 T <a

1 )

—, a<z<b _

f(xla,b) = { 56‘1 else F(zla,b) =4¢ 2, a<xz<b
’ 1, x>b

e Moments: EX* = ﬁ%, k=1,2,...

e Variance VarX = %.

1 6itb _eitu,

e Characteristic Function (1) = ;= “—

e If X ~U(a,b) thenY = 2=2 ~ (0, 1).

e Typical model: Rounding (to the nearest integer) Error is often modeled as ¢/ (—1/2,1/2)
o If X ~ F, where F'is a continuous cdf, then Y = F(X) ~ 1(0,1).

1.2 Exponential £()\) Distribution

Random variable X has exponential £(\) distribution if its density and cdf are given by

/\e_)‘z, x>0 1—6_)‘9”7 x>0
Flald) = { 0, else ' Fz|A) = { 0, else
e Moments: EX* = %, k=1,2,...
e Variance VarX = %
A

e Characteristic Function p(t) = 2.

e Exponential random variable X possesses memoryless property P(X >t + s|X > s) = P(X > t).

e Typical model: Lifetime in reliability.

e Alternative parametrization, \" as scale. f(x|\) = %e_%
(V)2

LJEXF =BV E=1,2,...,VarX =

1.3 Double Exponential DE(u, o) Distribution

Random variable X has double exponential DE (i, o) distribution if its density and cdf are given by

1 1
flzlp, o) = %eflw“l/”, F(x|lp,0) = 3 (1 +sgn(z — p)(1 — 67‘””7”'/") , x,u€ R;o>0.
o Moments: EX = pi, EX%F = [ + 50080 4 @¥)(9k)1 EX2HH = ;2 (9 4 1)

Gl T ey T T
e Variance VarX = 20°.
e Characteristic Function p(t) =



1.4 Normal (Gaussian) N (;, 0?) Distribution

Random variable X has normal A (j, 0?) distribution with parameters ;1 € R (mean, center) and o2 > 0
(variance) if its density is given by

1 ~ (@-w)?
f(zl|a, B) = e, —00< T <00

V2mo?

e Moments: EX = u, BE(X — p)?* 1 = 0; B(X — p)?* = (2k —1)(2k —3)...5-3-1 0%k =
(2k — )o?* k=1,2,...
e Characteristic function ¢(t) = e

iut—t202 /2

22
o/ = % has standard normal distribution ¢(z) = \/% e~ 2 . The cdf of standard normal distribution
is a special function ®(z) = [ foo ¢(t)dt and its values are tabulated in many introductory statistical texts.

e Standard half-Normal distribution is given by f(x) = 2¢(z)1(z > 0).

1.5 Chi-Square Y2 Distribution

Random variable X has chi-square x2 distribution distribution with n degrees of freedom if its density is
given by

f(x) = { wrE e >0
0, else

e Moments: EXF =n(n+2)...(n+2(k—1)),k=1,2,....

e Expectation £ X = n, Variance VarX = 2n,and Mode m =n — 2, n > 2.

e Characteristic function ¢ (t) = (1 — 2it)~"™/2.

e Noncentral chi-square ncy? distribution is the distribution of sum of squares of n normals: A/ (u;, 1).
The non-centrality parameter is § = >, ,u?. Density of ncy? distribution involves Bessel function of the
first kind. The simplest representation for the cdf of ncy? is an infinite Poisson mixture of central y?’s
where degrees of freedom are mixed:

= (6/2) _
Flan,0) = 30 O eb2p (2 < ).
i=0 ’

e \2 is G(n/2,2) or in alternative parametrization Gamma(n/2,1/2).
e Inverse x2, inv — x2 is defined as ZG(n/2,2) or ZGamma(n/2,1/2). Scaled inverse 2, inv —
%(n,s?) is IG(n/2,2/(ns?)) or IGamma(n/2,ns*/2).

1.6 Chi y,, Distribution

Random variable X has chi-square x,, distribution distribution with n degrees of freedom if its density is
given by

2
n—1,—= /2’ x>0

1
flx) = { 27721 (n/2) "

0, else



2h/2r(2tk)
e

e Variance VarX =n — 2 [F((":}Z/Q } .

e Characteristic function (t) = F(n/2) Y oreo (“/Ijt)k I'((n+k)/2).
e Y, for n = 2 is Raleigh Distribution, for n = 3 Maxwell distribution.

e Moments: EX* = Jk=1,2,.

1.7 Gamma G(«, ) Distribution

Random variable X has gamma G(«, 3) distribution with parameters « > 0 (shape) and 3 > 0 (scale) if its

density is given by

z >0 0,

I( l)ﬁa e leme/f, = F
Fela, 8) = ) =0 Flalo,p) = { et ).

e Moments: EXF =a(a+1)...(a+k—-1)p% k=1,2,...
e Mean EX = af3, Variance VarX = af3°.

e Mode m = (a — 1)0.

e Characteristic function ((t) = W

e Alternative parametrization, Gamma(a, b): f(z|a,b) = b((;) zi-le=br 4 >0 EXF = alot):

1,2,... VarX =a/b?.
e Special cases £(\) = G(1,1/)\) = Gamma(1,\) and 2 = G(n/2,2) =

X =YZ~ Ga(a,1).

1.8 Inverse Gamma ZG(«, 3) Distribution

Random variable X has gamma ZG(«, (3) distribution with parameters o > 0 and § > 0 if its density is

given by

f(@la, B) = { e /Y, >0

0, else

e Moments: EX*F = {(a —1)(a—2)...(a—k)B*} L, k=1,2,... (a>k).

1
e Mean £FX = ﬁ(a ik
e Mode m = (a+1)ﬁ

e Characteristic function p(t) =
e If X ~ G(a, ) then X! ~ IG(a, B).

a > 1, Variance VarX = m, a>2

e Alternative parametrization, ZGamma(a, b). f(z|a,b) = Waaﬂe_b/z, x>0, EXF =

x

1,2,... VarX =b*/((a —1)%(a - 2)).

1.9 Beta Be(a, 3) Distribution

Random variable X has beta Be(q, [3) distribution with parameters o > 0 and 3 > 0 if its density is given

by

<0
x>0

Gamma(n/2,1/2).
o If «v is an integer, Ga(a, ) 4 f% Yo log(U). If e < 1, thenif Y ~ Be(a,1 — ) and Z ~ E(0),

bk

(a—1)...(a—k)"

(a+k 1) k=

]{;:



Ta4h) a-1(1 _ ,\6-1 < g < 0, <0
f(z]a, B) = (o))" (I—2)", 0<z<l F(z|a,B) =} incBeta(z|a, §), 0<z<1
0, else 1 > 1
. k _ Lla+k)(a+B) _ ala+1)...(a+k—1)
o Moments: EX™ = oo grt) = Gr)(atitD).(atprhioT)-
e Mean EX = _%5; Variance VarX = W

OModemzﬁglz, ifa>1,>1

e Characteristic function ¢(t) = 1“(1:)21-)& ) pyan (ng %

o If X1, Xy,..., X, is a sample from the uniform 2/(0, 1) distribution, and X 1), X(a), ..., Xy its
order statistics. Then X () ~ Be(k,n — k +1).
o Be(l,1) =U(0,1); Be(1/2,1/2) = Arcsine Law

1.10 Student ¢,, Distribution

Random variable X has Student ¢,, distribution with n degrees of freedom if its density is given by

F("TH) 22\ 2
= —— 2 (14— — 00 < T < o0,

ho = et (145) T e
e Moments: EX2F = % W % <n. EXP*1=0, k=12....
o VarX = 25, n>2

.. . 7 —v/nlt| - —1+k —1—

e Characteristic function ((t) = \Qn/(;')””) 22(571)(771_1)! 21:01(%)!(’” 2? )(2y/nlt))m ik,
form = "TH integer.

e 1ok 1, k=1,2,... is infinitely divisible.
oIf Z ~N(0,1)and Y ~ x2,then X = Z/,/Y/n has t,, distribution.
ot; =Cal(0,1).

1.11 Cauchy Ca(a, b) Distribution
Random variable X has Cauchy Ca(a, b) distribution with center @ € R and scale b € R if its density is

given by

1 1 B b
f(x)_b?1+(L?1)2_7r(b2—|—(x—a)2)’ —o0o < T <0o0.

If a = 0 and b = 1, the distribution is called standard Cauchy. The cdf is

1 —
F(x):l/Z—l——arctanxb a, —o00 <z < 00.
s

e Moments: No finite moments. Value x = a is the mode and median of the distribution.

e Characteristic function. () = €'~ Cauchy distribution is infinitely divisible. Since ¢(t) =
(p(t/n))™, if X1, ..., X, are iid Cauchy, X is also a Cauchy.

e If Y, Z are independent standard normal N (0, 1) then X = Y/Z has Cauchy Ca(0, 1) distribution. If
a variable U is uniformly distributed between —7 /2 and 7 /2, then X = tan U will follow standard Cauchy
distribution.

e The Cauchy distribution is sometimes called the Lorentz distribution (especially in engineering com-
munity).



1.12  Fisher £, ,, Distribution

Random variable X has Fisher F},, ,, distribution with m and n degrees of freedom if its density is given by
f(zlm,n) = m™/ 2/ 2y 2L (n +ma)~(MtM/2 2 >0
’ ] B(m/2,n/2) ’ :
The cdf F'(x) is of no closed form.
kN _ (n\k T(m/2+k)T(n/2—k
e Moments F(X*) = (Z) —F{m/Zgr(nﬁ) ) 2k < n.

m
eMean EX = -, n > 2, Variance VarX = %,

n—27

e Mode n/m - (m —2)/(n+2)

n > 4.

1.13  Logistic Lo(y, 0?) Distribution

Random variable X has logistic Lo(y, %) distribution with parameters ¢ € R and 0 > 0 if its density is
given by

f(zlp,0%) =

e Expectation: EX =y Variance: VarX = o2,

e Characteristic function op(t) = e*T'(1 — i"T\/gt)F(l + ZUT\/gt)
e Used in modeling in biometry (drug response, toxicology, etc.)
e Alternative parametrization

1.14 Lognormal LN (i, o%) Distribution

Random variable X has lognormal LA (y, o) distribution with parameters 4 € R and o > 0 if its density
is given by

N _ (n(@)—pw?

f(:ca,ﬁ):{me 7, 2> 0

0, else

e Moments: EX* = exp{$k%c? + ku}.

e Variance VarX = e T —1].

e Mode ¢4~ 7"

o If Z ~ N(0,1) then X = exp{c?Z + u} ~ LN (u,0?).

1.15 Pareto Pa(zy, «) Distribution.

Random variable X has Pareto Pa(z, ) distribution with parameters 0 < xy < oo and « > 0 if its density
and cdf are given by
flzlzo,a) = & (2)* 1@ >20), a>0,  F(z)=(1- (2)%) 1(z > o)

o) T

EX"=2%% 4>p

a—n’

Random Pareto observations can be obtained as zo[1/(1 — U)]Y/®, where U ~ 1(0,1).




2 Some Important Discrete Distributions

2.1 Point Mass J, Distribution

Random variable X has point mass J, distribution concentrated at a € R if its probability mass function is
given by

1, z=a

flal =6, ={ o 220

e Moments: EX* =@ Variance: VarX = 0.
e Characteristic function ¢(t) = e,

2.2 Bernoulli Ber(p) Distribution

Random variable X has Bernoulli Ber(p) distribution with parameter 0 < p < 1 if its probability mass
function is given by

f(zlp) =p"(1 —p)'~", x € {0,1}.

e Moments: EX*¥ =p  Variance: VarX = p(1 — p).
e Characteristic function p(t) = 1 + p(e® — 1).

2.3 Binomial Bin(n,p) Distribution

Random variable X has Binomial Bin(n, p) distribution with parameters n € N, and 0 < p < 1 if its
probability mass function is given by

flzlp) = (Z)p””(l —p)" 7, x € {0,1,...,n}.

e Moments: EX = np, EX? = np+n(n — 1)p?, EX? = np(1 —p)(1 — 2p), EX* = 3n?p?(1 —
p?) +np(1 —p)(1 —6p(1 —p))  Variance: VarX = np(1 — p).
P

[ ] Skewness: Y= ﬁ
np(l—p

e Characteristic function ¢(t) = [1 4 p(e' — 1)]".

2.4 Geometric Geom(p) Distribution

Random variable X has geometric Geom(p) distribution with parameter 0 < p < 1 if its probability mass
function is given by

f(zlp) =p(1 —p)*, =0,1,2,...

e Expectation: EX = lp%p Variance: VarX = lp%p.

e Characteristic function ¢(t) = W.



e Geometric distribution is the only discrete distribution with memoryless property,
P(X >m+n|X >m)=P(X >n).

e X ~ Geom(p) models the number of failures until first success in the Binomial setup.
e Alternative definition of Geometric distribution is Y ~ Ge(p),

flylp) =p(1—p) ' y=1,2,...
representing total number of experiments until the first success. Of course, Y = X + 1, EY = 1%;9 —1=

%, varY = VarX.

2.5 Negative Binomial N'3(r, p) Distribution

Random variable X has negative binomial N'B(r, p) distribution with parameters 7 € Nand 0 < p < 1if
its probability mass function is given by

—1
f(@lr,p) = <x o ) >p7“(1 —p)*, x=0,1,2,...
-
e Expectation: EX = T(lgp ) Variance: VarX = T(;p ).

”
e Characteristic function ¢(t) = [W}
e If 7 is integer, random variable X having negative binomial N'B(r, p) distribution represents the num-
ber of failures in the binomial setup until » successes are obtained. If » = LN B(r, p) = Geom(p).

e Negative binomial is a marginal distribution for Poisson likelihood and Gamma prior, i.e., if X |0 ~
Poi(0) and 6 ~ G(r, 1%7’), then the marginal for X is N'B(r, p).

2.6 Poisson Poi(\) Distribution

Random variable X has Poisson Poi()\) distribution with parameterA > 0 if its probability mass function is
given by

)\Z
fz|)) = —'e_)‘, z=0,1,2,...

x!
e Expectation: EX = A\, EX? =2+ X\ Variance: VarX = \.
e Characteristic function ¢(t) = e ™).
eIfnp — A\, n — oo, then (Z)px(l —p)"T — ’;:—Te_’\.
e A random variable X having Poisson Poi(\) distribution models the number of rare events (in a time

interval or in a part of space).

o If X is large, vV X "X N (VA %)



