
Course 52558: Problem Set 4

Due June 17th, 2009

1. Stationary Distributions

In class we saw that the posterior distribution is a fixed point of the
posterior distribution when the acceptance probability is min(r, 1) where
r = p(θt+1 | y)/p(θt | y) if Q(θt+1 | θt) is symmetric. Below you can use
either the same proof technique we used in class or demonstrate detailed
balance directly.

(a) Prove that the Metropolis Hastings algorithm with

r =
p(θt+1 | y)Q(θt | θt+1)

p(θt | y)Q(θt+1 | θt)

converges to p(θ | y) even when Q() is not symmetric.

(b) In class we discussed the reversible jump algorithm that allows tran-
sitions between models of different dimensionality. Using k to index
the K different models, we use p(kt+1 | kt) to denote the jumping
probability from model of type kt ∈ {1, . . . , K} to model of type
kt+1. We also use Qkt,kt+1(u | θt

k) to denote the probability from
which u is sampled given the model at time t so that the dimension
of kt+1 is matched, and gkt,kt+1(θt

k, u) = θt+1

k do denote the one-to-
one function that produces the parameters of the next model given
the sampled u and the current parameters θt

k. Prove that the algo-
rithm converges to the correct posterior probability when r is chosen
to be

r =
p(θt+1

k | y)p(θt
k | θt+1

k )Qkt+1,kt(u | θt+1

k )

p(θt
k | y)p(θt+1

k | θt
k)Qkt,kt+1(u | θt

k)

2. Importance Sampling Recall the normal approximation you derived for
the bioassay example in the previous problem set.

(a) Use importance sampling to improve the approximation. Compare
your simulations to previous results (both approximate and not).

(b) Discuss the distribution of the simulated importance weights

3. Estimating the number of Unseen Species Suppose that during an
animal trapping expedition the number of times an animal from species i
is caught is xi ∼ Poisson(λi). Assume a Gamma(α, β) prior distribution
for the λi’s with a uniform hyper-prior on (α, β). The only observed values
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are yk, the number of species observed exactly k times during a trapping
expedition, for k = 1, 2, 3, . . ..

(a) Write the distribution p(xi | α, β).

(b) Use the distribution of xi to derive a multinomial distribution for y
given that there are a total of N species.

(c) Suppose that a particularly energetic trapping expedition reported
y = (118, 74, 44, 24, 29, 22, 20, 14, 20, 15, 12, 14, 6, 12, 6, 9, 9, 6, 10, 10, 11, 5, 3, 3),
so that 118 species were observed only once, 74 species were observed
twice, and so forth, with a total of 496 species observed and 3, 266
animals caught. Write down the likelihood of y using the multinomial
distribution with 24 cells (ignoring unseen species). Use any method
to find the model of α, β and an approximate second derivative ma-
trix.

(d) Derive an estimate and approximate 95% posterior interval for the
number of additional species that would be observed if 10, 000 more
animals were caught.

(e) Simulate observations from the estimated model and compare (graph-
ically or otherwise) to the original data. What are your conclusions
with regards to the quality of the model.

(f) Suggest other ways to check the validity of the model.
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