A linear time algorithm for the weighted lexicographic rectilinear 1-center problem in the plane^∗

Nir Halman^†

December 11, 2002

Abstract We present an optimal O(n) time algorithm for the weighted lexicographic rectilinear 1-center problem in the plane and prove that calculating the optimal value of the objective function requires Θ(n log n) time.

1 Introduction

In the weighted rectilinear 1-center problem in the plane we are given a set P^1 = {p^1_i | i = 1, ..., n} of n points in the plane. For each point p^1_i = (x^1_i , y^1_i ) ∈ P^1 we are given a positive real number, ω_i ∈ IR. The goal is to find a point p^1 = (x^1, y^1) ∈ IR^2 which minimizes the maximal weighted distance (with l_1 norm) between the points in P^1 and p^1. We call such a point an optimal center. A possible application for this problem is finding a location for a service center, p^1, in a town in which all the streets are parallel to the axes. The location of the service center should minimize the maximal weighted distance between n customer locations given in P^1, and the service center p^1 (one can think of the weighted distance as arrival time where for each i, customer p^1_i walks to the service center at speed^1_{ωi} ). This problem arises in the area of facility location in operations research, and many variants of it have been studied (see for example [FW74], [D87], [M83b], [D86] and [SW96]). The weighted rectilinear 1-center problem in the plane can be formulated as follows minimize c^1 subject to ω_i(|x^1_i − x^1| + |y^1_i − y^1|) ≤ c^1 i = 1, ..., n. (1) ∗This work is part of the author’s Ph.D. thesis, prepared at Tel-Aviv University under the supervision of Prof. Arie Tamir.

†School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel;

halman@tau.ac.il

Problem (1) is equivalent to the following 3-dimensional linear programming (LP) problem minimize c^1 subject to ω_i((x^1_i − x^1) + (y^1_i − y^1)) ≤ c^1 i = 1, ..., n ω_i(−(x^1_i − x^1) + (y^1_i − y^1)) ≤ c^1 i = 1, ..., n ω_i((x^1_i − x^1) − (y^1_i − y^1)) ≤ c^1 i = 1, ..., n ω_i(−(x^1_i − x^1) − (y^1_i − y^1)) ≤ c^1 i = 1, ..., n.

(2)

We note that this LP problem can be solved in linear time by algorithms such as the ones of Megiddo [M83a],[M84].

It is well known ([FW74]) that by applying a linear transformation on each point in P^1 we get a transformed set of points P^∞ = {p^∞_1 , ..., p^∞_n } such that the rectilinear norm l_1 in P^1 becomes the l_∞ norm in P^∞, and Problem (1) is equivalent to minimize c^∞ subject to ω_i|x^∞_i − x^∞| ≤ c^∞ i = 1, ..., n ω_i|y^∞_i − y^∞| ≤ c^∞ i = 1, ..., n, (3)

which we call the weighted planar 1-center with l_∞ norm problem. We note that this problem can be formulated as an LP problem using similar arguments as above. We also note that the linear transformation can be done in linear time, so both 1-center problems (1) and (3) are reducible to each other in linear time. It is also possible to solve the weighted planar 1-center with l_∞ norm problem directly by decomposing it into two weighted 1-center problems on the real line ([FW74]).

While the solutions of the weighted 1-center problem on the real line and the weighted planar 1-center problem with l_2 norm are unique, the solution of the weighted rectilinear 1-center in the plane, Problem (1), is not necessarily unique. In this case we are interested to choose from the set of optimal centers one that satisfies some additional properties. It is natural to look at the weighted lexicographic rectilinear 1-center problem in the plane which is defined in [O97]. In this problem we are given the same input as for the non-lexicographic corresponding problem. The goal is to find a point p^1 ∈ IR^2 which minimizes the scalar c^1 as defined in (1), as well as the distances vector

Q^1(P^1) = lexicographic min_{p1 ∈IR2} q({ω_1d^1(p^1, p^1), ..., ω_nd^1(p^1_n, p^1)}) (4) where d^1 : IR^4→IR is the rectilinear distance between two points in the plane and q is the function that arranges the components of a multi-set of real elements in non-increasing order. Functions similar to q have already been used in the past (e.g., Kohlberg [K72] and Ogryczak [O97]). The location of the center should lexicographically minimize the weighted distances between n customer locations given in P^1, and the service center p^1. In this way not only the maximal weighted distance from points in P^1 to p^1 is of our concern, but also all of the remaining n − 1 weighted distances.

We define the weighted lexicographic planar 1-center with l_∞ norm problem (lex1-center problem, in short) with the same input as for the non-lexicographic corresponding problem. The goal is to find a point p^∞ ∈ IR^2 which minimizes the distances vector

Q^∞(P^∞) = lexicographic min_{p∞∈IR2} q({ω_1d^∞(p^∞_1 , p^∞), ..., ω_nd^∞(p^∞_n , p^∞)}) (5)

where d^∞ : IR^4→IR is the distance with l_∞ norm between two points in the plane. We note that, as above, both lex1-center problems (4) and (5) are reducible to each other in linear time. We are unaware of any previous linear time algorithms for these problems.

Example 1 Let p^∞_1 = (−4, 1); p^∞_2 = (6, −1); p^∞_3 = (3, 2); p^∞_4 = (2, −3) and p^∞_5 = (5, 0) be 5 points in the plane. Let P^∞ = {p^∞_1 , ..., p^∞_5 } with weights ω_1 = ... = ω_5 = 1 be the input for the lex1-center problem. The set of optimal centers for the (non-lexicographic) planer 1-center with l_∞ norm is the compact vertical interval [(1, −3), (1, 2)]. We note that the x coordinate of the interval is determined by points p^∞_1 and p^∞_2 . The optimal center of the corresponding lexicographic problem is p^∞ = (1, −0.5), the white circle in Figure 1 below. The optimal distances vector is (5, 5, 4, 2^1_2 , 2^1_2 ).

Observation 1 Given a set P of n points on the real line, it takes Ω(n log n) time to compute the distances vector, Q(P ), of the lexicographic 1-center on the real line.

Proof: We reduce sorting to the lex1-center on the real line problem. Given a set R = {r_1, ..., r_n} of n real numbers we find in linear time r_{max}, r_{min} the maximal and minimal numbers in R, respectively. We then construct in linear time an instance of the lex1-center problem with the set P = {r_1, r_2, ..., r_n, 2r_{max} − r_{min}} and equal weights to all its points. The optimal center is clearly p = r_{max} and the distances vector Q(P ) yields the sorting of R.

Conclusion: Given a set P of n points in the plane, it takes Ω(n log n) time to compute the distances vector, Q(P ), of the weighted lexicographic planar 1-center problem in either l_1, l_∞ or l_2 norm.

X

Y

-5 -4 -3 -2 -1 2 3 4 5 6

−3 −2 −1

1 2 p^∞_1 = (−4, 1) p^∞_3 = (3, 2)

p^∞_4 = (2, −3) p^∞_5 = (5, 0)

p^∞_2 = (6, −1)

Figure 1: An instance of the planar 1-center problem with l_∞ norm.

From now on, throughout the paper, we will refer only to problems in the l_∞ norm, and will therefore omit the ∞ superscript from our notation. Organization of the paper: In the following 3 sections we solve the planar lex1-center problem. In Section 2 we consider a restricted version of the lex1- center problem, where the x coordinate of the center must be a given value. We show that this problem is closely related to a geometric problem which we call the min rays problem. We give a linear time solution algorithm for the min rays problem in Section 3. In Section 4 we ”put it all together” and solve the entire lex1-center problem in linear time. In the last section we formulate some generalizations of the problem, such as the lex1-center in IR^d, all of which we solve in linear time.

2 The restricted lex1-center problem vs. the min rays problem

In the restricted lex1-center problem, in addition to the input for the lex1-center problem (5), we are also given x^@ ∈ IR. The goal is to find a point which minimizes the following function of the single variable y

Q(P ) = lexicographic min_{p=(x@,y)∈IR2} q({ω_1d(p_1, p), ..., ω_nd(p_n, p)}). (6)

(Intuitively, in the restricted lex1-center problem the x-coordinate of the center is fixed to be x^@.) We denote by p^@ = (x^@, y^@) ∈ IR^2 an optimal solution for Problem (6).

We consider now another formulation for this problem. For every pair of points p = (x, y) and p^′ = (x^′, y^′) we define d_x(p, p^′) = |x − x^′| to be the horizontal distance between p and p^′. Similarly, we define d_y(p, p^′) = |y − y^′| to be the vertical distance between p and p^′. Thus d(p, p^′) = max{d_x(p, p^′), d_y(p, p^′)} is the distance between p and p^′ with l_∞ norm. For i = 1, ..., n, let

a_i = ω_i|x^@ − x_i|

be the weighted horizontal distance from point p_i to p^@ (ω_id_x(p_i, p^@)). Let g_i(y) = max{a_i, ω_i|y − y_i|} be the weighted distance between point p_i and the restricted center (x^@, y). Thus Q(P ) in Problem (6) is equivalent to

Q(P ) = lexicographic min_{y∈IR} q({g_1(y), ..., g_n(y)}). (7)

Next, we define a problem, called the min rays problem, and show it is equivalent to the restricted lex1-center problem. In the min rays problem we are given the same input as for the restricted lex1-center problem. The goal is to find minimize c subject to |y_i − y| > |x_i − x^@|→ω_i|y_i − y| ≤ c i = 1, ..., n. (8)

The variables in this problem are c and y. For i = 1, ..., n, let r^−_i : IR→IR∪{−∞}

r^−_i (y) = { ω_i(y_i − y) if y < y_i − |x_i − x^@| −∞ otherwise

be the restriction of the function g_i to (−∞, y_i − |x_i − x^@|) concatenated with the constant function −∞ on the interval [y_i − |x_i − x^@|, ∞). We call r^−_i a decreasing ray and call the point (y_i − |x_i − x^@|, ω_i|x_i − x^@|) the root of r^−_i . Similarly, let

r^+_i (y) = { ω_i(y − y_i) if y > y_i + |x_i − x^@| −∞ otherwise

be the restriction of the function g_i to (y_i + |x_i − x^@|, ∞) concatenated with the constant function −∞ on (−∞, y_i + |x_i − x^@|]. We call r^+_i an increasing ray and call the point (y_i + |x_i − x^@|, ω_i(ω_i|x_i − x^@|) the root of r^+_i . We define the upper envelope of the rays to be the function u : IR→IR ∪ {−∞} such that for all y ∈ IR u(y) = max_{i=1,...,n} max{r^−_i (y), r^+_i (y)}.

Thus, the min rays problem is equivalent to calculating

c = min_{y∈IR} u(y). (9)

Example 2 The min rays problem corresponding to the lex1-center problem given in Example 1 is shown in Figure 2. The rays r^−_3 and r^+_4 , corresponding respectively to points p^∞_3 and p^∞_4 determine the optimal solution c = 2^1_2 and y = −^1_2 .

Y

C

-7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 1 2 3 4 5 6 r^+_4 r^+_3 r^+_5 r^+_1 r^+_2 r^−_3

r^−_4 r^−_5 r^−_2 r^−_1

Figure 2: An instance of the min rays problem.

We let c^$ and y^$ be an optimal solution of the min rays problem (c^$ can be −∞ in such a solution). Such an optimal solution exists since the lowerlevel sets of the functions max{r^−_i (y), r^+_i (y)} are compact sets. We will use the following observation whose proof is straight forward.

Observation 2 If V = {v_1, ..., v_n} and V^′ = {v^′_1, ..., v^′_n} are sets of n real numbers each satisfying that v_i ≥ v^′_i for i = 1, ..., n then q(V ) ≥_L q(V^′).

We are now ready to prove

Theorem 1 Let y^$, c^$ be an optimal solution of the min rays problem. Then (x^@, y^$) is an optimal center in the corresponding restricted lex1-center problem.

Proof: If c^$ = −∞ then the line y = y^$ intersects all the rays at −∞ and hence for i = 1, ..., n, g_i(y^$) = a_i. Suppose y^0 is an optimal solution of the restricted lex1-center problem. From the definition of functions g_i, for i = 1, ..., n, g_i(y^0) ≥ a_i, so due to Observation 2

q({g_1(y^0), ..., g_n(y^0)}) ≥_L q({g_1(y^$), ..., g_n(y^$)}).

Else c^$ ≥ 0 and there are i, j ∈ {1, ..., n} such that c^$ is resulted by the intersection of an increasing ray r^+_i and a decreasing ray r^−_j . Hence either g_i(y^$) = c^$ or g_j (y^$) = c^$ (or both) is satisfied. Let K = {k | a_k ≥ c^$}. Since the point (y^$, c^$) lies on the upper envelope of the rays, we get that

∀k ∈ K g_k(y^$) = a_k ≥ c^$. (10)

Now, suppose that y^0 ≠ y^$ is an optimal solution of the restricted lex1-center problem. One of g_i(y^0), g_j (y^0) is strictly greater than c^$ while

∀k ∈ K g_k(y^0) ≥ a_k ≥ c^$.

Hence, by (10) we get q({g_k(y^0) | k ∈ K}∪{g_i(y^0), g_j (y^0)}}) >_L q({g_k(y^$) | k ∈ K}∪{g_i(y^$), g_j (y^$)}}). (11) We define K^′ = {1, 2, ..., n} \ {K ∪ {i, j}}. We have ∀k ∈ K^′ g_k(y^$) ≤ c^$ so by (11) we conclude that

q({g_1(y^0), ..., g_n(y^0)}) >_L q({g_1(y^$), ..., g_n(y^$)})

and that the optimal center is unique, for this case where c^$ is finite.

3 A linear time solution algorithm for the min rays problem

As in the previous section, let c^$ and y^$ be an optimal solution for the min rays problem. By using Theorem 1, p^@ = (x^@, y^$) is an optimal center for the restricted lex1-center problem. We define a test oracle as follows. The input of the test oracle is the same as for the min rays problem with an additional point p = (x^@, y). The output is one of the following:

• p is an optimal center.

• p is not an optimal center. All optimal centers lie to the right of p (i.e., y^$ > y).

• p is not an optimal center. All optimal centers lie to the left of p (i.e., y^$ < y).

We first show that

Lemma 1 The test oracle can be implemented in linear time.

Proof: We first note that, u(y), the upper envelope of the rays in the min rays problem, is a unimodal function, i.e., it has either a unique finite local minimum which is also its global minimum, or the minimum is −∞ and the source of −∞, u^{−1}(−∞), is a compact interval. (See [JKP72] pp. 52 for a definition of unimodal one variable functions).

We compute the value of each of the 2n rays at y. If all the values are −∞ we conclude that p is an optimal center. Else there is a finite maximal value among the 2n calculated values. We look at the rays attaining this maximal value on y. If all of them are decreasing we conclude that p is not an optimal center and y^$ > y. If all of them are increasing we conclude that p is not an optimal center and y^$ < y. Else, there are rays of both types and we conclude that p is an optimal center. Clearly, the time consumed in the algorithm given above is linear in n.

We are now ready to prove

Theorem 2 The min rays problem is solvable in Θ(n) time.

Proof: The input consists of 2n rays of which we arbitrary form n distinct pairs of rays. We partition the pairs of rays into 12 types as follows. If one ray in the pair {r, r^′} is increasing and the other is decreasing, we call it a mixed pair and partition it into the 4 types (m1),(m2),(m3) and (m4) as in Figure 3. If both rays in the pair are increasing, we call it an increasing pair and partition it into the 4 types (i1),(i2),(i3),(i4) as in Figure 4. Finally, if both rays in the pair are decreasing, we call it a decreasing pair and partition it into 4 types (d1), (d2), (d3), (d4), in a symmetric way to the partition we make with the increasing pairs. Altogether there are 12 types of pairs.

We group all pairs of rays into 12 distinct sets, each set contains pairs of the same type. We look at each of these sets separately, and drop a constant fraction of its rays in a manner to be explained below. Then we arbitrary form pairs of the remaining rays, partition the pairs of rays into 12 types as before and reiterate. r r^′

(m1) r r^′

(m2) r r^′

(m3) r^′ r

(m4)

Figure 3: The 4 types of mixed pairs.

We process the set of pairs of type (i1) as follows. Since in each pair the ray r^′ dominates the ray r, we drop the ray r from each pair. In this case we drop

1 2 of the rays.

We process each one of the sets of pairs of type (m1),(m2),(m3),(m4),(i2) and (i3) as follows. For each pair of rays we define a critical real value which divides the real line into two distinct intervals. This value is the projection on the y axis of either the intersection point of the two rays, or the root of one of the rays. For each pair of rays we define the critical value such that on each one of the resulting intervals, one ray dominates the other ray, as indicated by a circle in Figures 3 and 4. Now, let y^m denote the median of the critical values. The value y^m can be found in linear time due to Blum, Floyd, Pratt, Rivest and Tarjan [B73] (see alternatively [CLR90]). At this time we call the test oracle with p = (x^@, y^m). This test runs in linear time (Lemma 1). Suppose first that the test oracle returns that p is not an optimal center and that all optimal centers lie to the right of p. The critical values of at least half of the pairs are to the left of y^m and hence to the left of any optimal center. Thus we drop one of the rays in each one of these pairs, namely r. If the test oracle returns that p is not an optimal center and that all optimal centers lie to the left of p we act similarly and drop the ray r^′ of at least half of the pairs. In this case we drop at least^1_4 of the rays.

We process the set of pairs of type (i4) as follows. As before we define for each pair a critical real value. This value is the projection on the y axis of the intersection point of the rays composing the pair, as indicated by the big white circle in Figure 4 (i4). Now, let y^m denote the median of the critical values. At this time we call the test oracle with p = (x^@, y^m). Suppose first that the test oracle returns that p is not an optimal center and that all optimal centers lie to the right of p. The critical values of at least half of the pairs are to the left of y^m and hence to the left of the optimal center. Thus we drop one of the rays in each one of these pairs, namely r. Now suppose that the test oracle returns that p is not an optimal center and that all optimal centers lie to the left of p. The critical values of at least half of the pairs are to the right of y^m and hence to the right of the optimal center. We construct a new critical value for each of these pairs as indicated by the small black circle in Figure 4 (i4). Now, let y^{m′} denote the median of the new critical values. At this time we call the test oracle with p = (x^@, y^{m′} ). Suppose first that the test oracle returns that p is not an optimal center and that all optimal centers lie to the right of p. The critical values of at least half of the pairs are to the left of y^{m′} and hence to the left of any optimal center. Thus we drop one of the rays in each one of these pairs, namely r^′. If the test oracle returns that p is not an optimal center and that all optimal centers lie to the left of p we act similarly and drop the ray r of each one of at least half of the pairs. In this case we drop at least^1_8 of the rays.

We process the sets of decreasing pairs (d1), (d2), (d3) and (d4) in a symmetric way.

If during the iteration the test oracle returns that p is an optimal center we exit the algorithm and return this point. Otherwise we are left with no more than^7_8 of the original rays. We arbitrary form pairs of the remaining rays, partition the pairs of rays into the 12 types as before and reiterate until we are left with a constant number of rays. The critical values we associate with these constant number of rays are the projections on the y axis of their roots and of their intersection points. There is a constant number of such critical values. We perform a test oracle for each of these values. Since there exists an optimal center whose projection on the y axis is either a root of a ray or an intersection point of two rays, we are assured to get a “p is an optimal center” reply from the test oracle at least once.

It follows that during this process we drop at each iteration one ray per pair, for at least^1_4 of our pairs of rays. In other words, at least^1_8 rays will be dropped in each iteration with an O(n) effort. It thus follows that the entire process runs in linear time.

r r^′

(i1) r^′

r

(i2) r^′ r

(i3) r^′ r

(i4)

Figure 4: The 4 types of increasing pairs.

4 A linear time solution algorithm for the lex1- center problem

Let p^∗ = (x^∗, y^∗) be an optimal center of the lex1-center problem (5). Let c^∞ be the solution value of the (non lexicographic) weighted planar 1-center problem (3) and p^∞ = (x^∞, y^∞) be a center realizing this solution.

We observe that if the maximal distance c^∞ is realized by an horizontal distance then there exists i such that c^∞ = ω_id_x(p^∞, p_i) ≥ ω_id_y(p^∞, p_i) and x^∗ = x^∞. We find x^∞ by solving Problem (3) in linear time as demonstrated in Section 1. Next we let x^@ = x^∞ and find an optimal center p^@ = (x^@, y^@) for the restricted lex1-center problem by solving the min rays problem in linear time by the algorithm presented in the previous section. Due to Theorem 1 the solution is an optimal solution for the restricted lex1-center problem.

If the maximal distance c^∞ is not realized by an horizontal distance (i.e., it is realized by a vertical distance), we rotate the points in P by^π_2 radians around the origin and repeat the above process. We proved

Theorem 3 The lexicographic rectilinear 1-center problem in the plane is solvable in Θ(n) optimal time.

5 Concluding remarks

We note that our algorithm can be modified in order to solve, in the same time bound, the following generalizations of the lex1-center problem (with l_∞ norm).

• The lex1-center problem in IR^d. We describe in short the solution algorithm for this problem. As in the planar problem, we first solve the corresponding non-lexicographic 1-center problem. This fixes one of the d coordinates. Then we successively solve d − 1 restricted problems, of decreasing dimensions d − 1, d − 2, ..., 1 by decomposing each restricted problem of dimension d^′ into d^′ one-dimensional min rays problems. It thus follows that the total running time is linear in n where the constant is quadratic in d.

• In the general lexicographic planar 1-center problem we are given a set, P^g = {p^g_1, ..., p^g_n}, of n points in the plane as well as 2n positive real numbers ω^x_i , ω^y_i for i = 1, ..., n. The goal is to find a point p ∈ IR^2 which minimizes the distance vector

Q(P^g ) = lexicographic min_{p∈IR2} q({d^g (p^g_1, p), ..., d^g (p^g_n, p)}) (12)

where d^g : IR^4→IR is the following general distance function. For every i = 1, ..., n and for every p ∈ IR^2, d^g(p^g_i , p) = max{ω^x_i d_x(p^g_i , p), ω^y_i d_y (p^g_i , p)}.

• In the all-centers lex1-center problem we are given the same input as for the lex1-center problem. Instead of finding an optimal center, one has to find all optimal centers.

We now consider another version of the lex1-center problem, the discrete lex1- center problem. In this problem the center must be one of the input points.

The discrete lex1-center problem on the real line is solved in O(n log n) time as follows. Let p^∗ be the optimal center of the (non-lexicographic) 1-center problem on the real line. We next find the two neighboring points p_l, p_r ∈ P of p^∗. Due to the convexity of the objective function one of p_l, p_r is an optimal solution. We calculate the lexicographic distances vector from each of p_l, p_r to the remaining points by first calculating the n − 1 distances and then sorting it. We then compare the two vectors. The center realizing the lexicographically smaller vector is an optimal solution. The above operations can be done in O(n log n) total time. We observe that Ω(n log n) is a lower bound for the allcenters discrete non-weighted lex1-center problem on the real line by a simple reduction from set equality problem [R72].

Tamir [T02] observes that the discrete lex1-center problem in IR^d (d ≥ 2) is solved in O(n^2) time (where the constant depends exponentially on d) as follows. First construct the n sorted weighted distances vectors from each point in P to all the remaining n − 1 points. This is done by a reduction to the O(n^2) algorithm of Lee and Ching [LC85] which sorts the n sets of directions from each point in an n-membered set of points in the plane, to the remaining points. The optimal center is the point which realizes the lexicographically smallest vector among the resulting n sorted vectors.

Acknowledgment I thank Arie Tamir who brought to my attention the lexicographic rectilinear 1-center problem, and helped me to improve the presentation of the work in this paper.

References

[B73] M. Blum, R. Floyd, V. Pratt, R. Rivest and R. Tarjan, Time bounds for selection, J. Comp. Sys. Sci. 7 pp. 448-461 (1973).

[CLR90] T.H. Cormen, C.E. Leiserson and R.L. Rivest, Introduction to algorithms, MIT Press, Cambridge (1990).

[D87] Z. Drezner, On the rectangular p-center problem, Naval Res. Logist.

Quart. 34 pp. 229-234 (1987).

[D86] M.E. Dyer, On a multidimensional search technique and its application to the Euclidean one-center problem, SIAM J. Comput. 15 pp. 725-738 (1986).

[FW74] R.L. Francis and J.A. White, Facility layout and location - An analytical approach, Prentice-Hall, New Jersey (1974).

[JKP72] S.L.S. Jacoby, J.S. Kowalik and J.T. Pizzo, Iterative methods for nonlinear optimization problems, Prentice-Hall, New Jersey (1972)

[K72] E. Kohlberg, The nucleolus as a solution of a minimization problem, SIAM J. Appl. Math. 23 pp. 34-39 (1972).

[LC85] D.T. Lee and Y.T. Ching, The power of geometric duality revisited, Information Processing Letters 21 pp. 117-122 (1985).

[M83a] N. Megiddo, Linear-time algorithms for linear programming in IR^3 and related problems, SIAM J. Comput. 12 pp. 759-776 (1983).

[M83b] N. Megiddo, The weighted Euclidean 1-center problem, Math. Oper.

Res. 8 pp. 498-504 (1983).

[M84] N. Megiddo, Linear programming in linear time when the dimension is fixed, J. ACM, 31 pp. 114-127 (1984).

[O97] W. Ogryczak, On the lexicographic minimax approach to location problems, European J. of Operational Research, 100 pp. 566-585 (1997).

[R72] E.M. Reingold, On the optimality of some set algorithms, J. ACM, 19 pp. 649-659 (1972).

[SW96] M. Sharir and E. Welzl, Rectilinear and polygonal p-piercing and p-center problems, Proc. 12th ACM Symposium on Computational Geometry, pp. 122-132 (1996).

[T02] A. Tamir Private communication (2002).