5 The method of steepest decent

The method of steepest decent is a method of searching for the minimum of
a function of many variables f. In in each iteration of this algorithm a line
search is performed in the direction of the steepest decent of the function at
the current location. In other words,

Xn+1 = Xp — anf(xn>7

where «, is the nonnegative scalar that minimizes f(x, — « f(xn)). It can
be shown that relative to the solution set {x* : f(x*) = 0}, the algorithm is
descending and closed, thus converging.

5.1 The rate of convergence in the quadratic case

Assume
1 / / 1 *\/ * 1 */ *
f(x) = ngx—xb: §(X_X )Q(x —x )_§X Qx",
were (Q a positive definite and symmetric matrix and x* = Q7!b is the

minimizer of f. Note that in this case f(x) = Qx —b. and

f(xn — af<xn)) = %(Xn - af<xn)),Q(xn - af(xn)) — (xn — af(xn))/b,

which is minimized at

_ Jlaitn)
f(xn)' Qf (xn)
It follows that

%(XN—H - X*>/Q(Xn+1 —x") =
{1 L (Jf'(fxin)’f(xn))2 ' } o1
Fxn)'Qf (xn) f(xn) Q71 f(x0) ) 2
Theorem 5.1 (Kantorovich inequality). Let @ be a positive definite and

symmetric matriz and let 0 < a =X < Ao < --- < A\, = A be the eigenval-
ues. Then

(xn — x*)'Q(x, — x*).

(x'x)? - 4aA
(x'Qx)(x'Q™x) ~ (a+ A)*
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Proof: By a change of variables () is diagonal. We assume it is. In which
case
(x'x) _ (i, 2))?
(XQx)(x'Q71x) (L, Ma?) (L, 22/N)

Denoting &; = z7/ Z;-lzl m? the above becomes

ERVD Y 2 (SN 7)

S @) )

The numerator is a point on the curve 1/x. The denominator is a convex
combination of points from that curve. The minimal ratio is achieved for
some A = &A1 + {gAg, where & + £; = 1. Hence,

¢(§1a'-'a‘£d) . (1/A)
OlEr - E) BB = N/ Onh)

The minimum is achieved when & = £; = 1/2, and the proof follows.

Theorem 5.2. For the quadratic case

1 *\/ * A—a 21 *\/ *
i(xn-kl_x)Q(Xn—f—l_x)S Ata §(Xn_x)Q(xn_x)‘
Proof:

1 4aA (A —a 2
(a+A)?2 \A+a/)"
5.2 Applying the method in R

Let us investigate the application of the steepest decent method in the
quadratic setting. Consider the matrix ) and the vector b:

> Q <- matrix(c(0.78,-0.02,-0.12,-0.14,-0.02,0.86,-0.04,0.06,

+ -0.12,-0.04,0.72,-0.08,-0.14,0.06,-0.08,0.74),
+ 4,4 ,byrow=TRUE)
>Q

[(,11 [,21 [,3]1 [,4]
[1,] 0.78 -0.02 -0.12 -0.14
[2,] -0.02 0.86 -0.04 0.06
[3,] -0.12 -0.04 0.72 -0.08
[4,] -0.14 0.06 -0.08 0.74
> b <- ¢(0.76,0.08,1.12,0.68)
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We define the quadratic function quad using the matrix and the vector
and find the minimum of the function using R’s built-in general propose
optimizer optim:

> quad <- function(x,Q,b) t(x)%*%Qk*%x/2 - sum(x*b)
>

> optim(rep(1,4),quad,Q=Q,b=b)

$par

[1] 1.5349646 0.1220379 1.9751225 1.4129248

$value
[1] -2.174660

$counts
function gradient
217 NA

$convergence
(11 0

$message
NULL

> solve(Q)%*%b

[,1]
[1,] 1.5349650
[2,1 0.1220096
[3,] 1.9751564
[4,] 1.4129555

In its default application the function optim takes as argument a function to
be minimized and an initial point and produces the minimizing value and the
value of the target function at that value. Extra arguments to the function
in the argument may be passed on using the “...” argument. Observe that
the function produces a minimizing value which is almost identical to the
theoretical value.

Next we want to program the algorithm of steepest decent. For that we
need a function that computes the gradient:

> quad.grad <- function(x,Q,b) Q%*%x - b
>
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> steepest.decent <- function(fun,grad,x,...)

+ {

+ g <- function(a,x,...) fun(x - a*grad(x,...),...)
+ opt <- optimize(g,c(0,10),x=x,...)

+ alpha <- opt$minimum

+ objective <- opt$objective

+ x <- x - alpha*grad(x,...)

+ return(list(x=x,alpha=alpha,objective=objective))
+ }

> steepest.decent(quad,quad.grad,rep(1,4),Q=Q,b=b)

$x

[,1]
[1,] 1.331422136
[2,] 0.005733593
[3,] 1.815808334
[4,] 1.127470052

$alpha
[1] 1.274701

$objective
[,1]
[1,] -2.128281

Observe that functions can be treated as any other argument. Observe
also that we apply the line-search procedure optimmize in order to find the
minimizing value in the direction determined by the gradient.

Let us apply several iterations of the algorithm:

xn <- x <- rep(1,4)
fn <- quad(x,Q,b)
for (i in 1:10)
{
out <- steepest.decent(quad,quad.grad,x,Q=Q,b=b)
X <- out$x
xn <- cbind(xn,x)
fn <- c(fn,out$obj)
}
fn
[1] -1.430000 -2.128281 -2.171504 -2.174440 -2.174644 -2.174658 -2.174659
[8] -2.174660 -2.174660 -2.174660 -2.174660

V+ 4+ 4+ 4+ 4+ 4+ V VYV

22



> xn

xn
1 1.331422136 1.4813488 1.5235040 1.5302238 1.5342309 1.5345837 1.5349140
1 0.005733593 0.1700348 0.1144736 0.1250617 0.1215216 0.1222107 0.1219760
1 1.815808334 1.9125511 1.9623510 1.9713649 1.9741493 1.9749043 1.9750791
1 1.127470052 1.4000565 1.3926856 1.4122049 1.4114599 1.4129046 1.4128446

[1,]
(2,]
[3,]
(4,]

[1,]
[2,]
[3,]
(4,]

1.56349357 1.5349614 1.5349628
0.1220236 0.1220072 0.1220106
1.9751387 1.9751506 1.9751551
1.4129518 1.4129472 1.4129552

We can see that the algorithm converged to the minimizing value after 8
iterations.

An assessment of the rate of convergence of the algorithm can be ob-
tained via the examination of the extreme eigenvalues:

> eigen(Q)
$values
[1] 0.94 0.88 0.76 0.52
$vectors

[,1] [,2] [,3] [,4]
[1,] 5.773503e-01 5.773503e-01 9.313285e-16 5.773503e-01
[2,] -5.773503e-01 5.773503e-01 -5.773503e-01 7.530868e-16
[3,]1 8.592302e-17 -5.773503e-01 -5.773503e-01 5.773503e-01

[4,] -5.773503e-01 9.761208e-16 5.773503e-01 5.773503e-01

> U <- eigen(Q)$vector
> L <- diag(eigen(Q)$val)
> U%*%t (U)

[,1] [,2] [,3] [,4]
[1,] 1.000000e+00 -2.918210e-17 -1.397266e-16 -1.099923e-16
[2,] -2.918210e-17 1.000000e+00 -1.318634e-16 -3.651837e-16
[3,] -1.397266e-16 -1.318634e-16 1.000000e+00 -1.780802e-16
[4,] -1.099923e-16 -3.651837e-16 -1.780802e-16 1.000000e+00
> £ (W) %*hU

[,1] [,2] [,3] [,4]
[1,] 1.000000e+00 3.255039e-16 -2.019327e-16 2.976677e-16
[2,] 3.255039e-16 1.000000e+00 7.358552e-17 -5.778077e-18
[3,] -2.019327e-16 7.358552e-17 1.000000e+00 1.847481le-16
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[4,] 2.976677e-16 -5.778077e-18 1.847481e-16 1.000000e+00
> L

[,11 [,21 [,3] [,4]
[1,] 0.94 0.00 0.00 0.00
[2,] 0.00 0.88 0.00 0.00
[3,] 0.00 0.00 0.76 0.00
[4,] 0.00 0.00 0.00 0.52
> Ul*UhL%*%t (U) - Q
[,1] [,2] [,3] [,4]

[1,] 1.110223e-16 -2.428613e-17 -1.387779e-17 -5.551115e-17
[2,] -2.775558e-17 -8.881784e-16 -2.914335e-16 -5.342948e-16
[3,] -8.326673e-17 -3.608225e-16 -3.330669e-16 -2.498002e-16
[4,] -1.110223e-16 -5.551115e-16 -2.498002e-16 -3.330669e-16
> ((0.94 - 0.52)/(0.94 + 0.52))"2

[1] 0.08275474

5.3 Homework

1. Investigate the the performance of the steepest decent algorithm for
f(z,y) =100(y — 2*)* + (1 — 2)*.

(a) Compute and program the gradient of the function.

(b) Apply the function steepest.decent in order to find the mini-
mum.

(c¢) Plot the function and the points produced by the algorithm.
(d) Why doesn’t the steepest decent algorithm converge?
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