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The traditional scienisic approach

Theory

Empirical Operational
Findings Hypothesis

Statistical Observation
Test Measurement




Example of our approach

female education

/ reduces childbearing \

Is b1 significant? Positive, Women with higher education
negative? Magnitude? should have fewer children than
those with less education

CEB, = b0 + bl *educ, + resid, Using Ghana data? Women 15-

) 499 Married or all women?
How to measure education?




Correlation

Pearson product moment correlation

coefficient:
N

Y (x=X)y-Y)

i=1

SD (x)SD (y) N —1)

Call thisr: -1<=1<=+1
perfect negative correlation: -1

perfect positive correlation: +1




Very simple examples

e First, an example to calculate covariance to
do “by hand” or using excel:

student grade workhrs
50 1
65
55
80
5 75

e look at the data in scatterplot

e Calculater




Real historical empirical question: The analysis of heredity

Statisticians in Victorian England concerned with quantifying heredity.
Question 1s whether the height of a father determines the height of the son.
Data on 1,078 father-son heights based on Pearson’s data from last century.
Galton’s main question: Is there a relationship between father and son heights?
Data organized as list with two columns. Hard to read or interpret

Each point gives us father-son pair heights

Use scatter diagram to examine data. (see handout)

Is heredity the only possible explanation?
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Relating height and weight

We have data for 988 men between the ages of 18 and 24
(from the Health and Nutrition Examination Survey)

Height: mean=70 inches, SD=3 inches
Weight: mean=162 pounds, SD=30 pounds
Correlation, r = 0.47

Scale of graph chosen so that one SD for height or weight
covers same distance.




Figure. Scatter diagram for the heights and weights of 988 men ages 18-24 from the
Health and Nutrition Examination Survey from the US.
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[Leaving the world of statistics: the
straight line

How to relate the values in Y to values in X

The simplest method 1s a straight line:
Y=a+bX

slope, b=dY/dX
intercept: value of Y when X=0
Why 1s this important?

— Allows us a way to predict and test values of Y
for values of X.




Describing the education-wage
relationship

e Wages=Y
e Education=X
Y=4+1.3*X

e What does this say about?
— Wages for someone with 0 education?
— Affect of 1 year of education?
— Earnings of people with O versus 16 years?

» 4 versus 24.8




A statistical model for the linear relationship

A statistical model includes “unknown” error term, €;
Y=a+b*X+e

Always remember - e includes everything else - not just random error
but all other factors that influence Y.

Our task 1s to find the coefficients (a and b) to the line that BEST fit
the data

WHAT DOES IT MEAN “BEST”?




Linear Regression

The Basic Concept

*Sales - dependent variable or criterion variable

(y).

*Price - Independent variable or predictor
variable (x).

price

Estimated sales =

Sales

(ry -

stimated sales




The slope of the regression line

The rule for relating the heights and weights is,

On average, each increase of 1 SD in X there is an increase of only » SDsin Y

Ve The regression estimate

4\

The point of

averases r x SDy

\ By
-

prd
Y

from Statistics, by Freedman, Pisani, Purves and Adhikari




Regression Example

Figure 1 shows the relationship between income and education, for a representative sample
of 637 California men age 25-29 in 1988. average education is 12.5 years, SD is 4 years;
average income is $19,700, SD is $16,000, r = 0.35.
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The standard approach for finding the best line

e No line will ever be perfect in social research.
e How do we judge between different lines with different errors?

e Favorite and simplest approach is least squares criterion

— choose coefficients that make sum of squared prediction errors as small as
possible.

— Which deviation do we minimize?
— Why do we square them?




Estimation of the straight line parameters

1) Graphical eye ball: Pick the line that looks best. The problems appear when there are more than
one predictor in the model.

2) Find a line that optimizes some measure of a good fit. The most common is the least squares
estimation in which the sum of the squared differences between the predicted criterion and the

observed data is minimized.

Where are averages of the sample

The standard error of estimates is a typical measure of the deviation of the predictors from
the actual values of the dependent variable (analogous to standard deviation).




Testing coefficient significance

What “confidence” do we have in value we obtain?
OR, how likely are these values to be simply due to chance?

The b’s are estimated from sampled data, they are estimates like
the sample mean with properties.

We can draw confidence intervals for any sample estimate and we
do this here.

Then we will use statistical testing to determine the likelihood of
result by chance




Testing coetficient significance

e Remember confidence intervals? The boundaries

within which we BELIEVE our values are likely
to fall.




Testing coefficient significance

* Hypothesis testing:
— Define null hypothesis as B=c where c is usually but not always 0
— Define alternative hypothesis as B #= ¢
— Normally do 2-sided test except where we have strong theoretical basis for a
priori of coefficient.
e Example:

— Effect of advertising budget on sales rate. Want to test whether lower budget
leads to lower sales rates.




Testing coefficient significance
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Testing coefficient significance




Testing coefficient significance

t distribution

-1.96




The coefficient of determination

The correlation coefficient R> measures the closeness of the relation between the predicted and the
actual values of the dependent variable.

More directly:

R? =1 - unexplained variance in y / total variance in y =
percent of the variance 1n y explained by x




Interpretation of the regression results

B, - most of the cases has no meaning or not relevant (is there a zero price?)

B, - The slope of the regression line is interpreted as the amount y would increase if x is increased in
one unit. In case of sales Vs. price the slope is expected to be negative in most of the cases.

The standard Error of estimates - An important use of regression is forecasting. The standard
error 1s a measure for the range around the line of the data points:

Small error Large error

The prediction is different in these two cases even if the slope is the same, for a determined
confidence level a forecasting value (y’) within a range can be computed (for each x’):




Interpretation

The coefficient of determination (R?2) - This is the index of a fit between the predicted and the actual
values of the dependent variable. 1 indicates a perfect correlation, meaning that x is a perfect predictor of y. 0
means that there is no fit at all and x can not predict anything.

y

Home assignment: Use the following data about Motor vehicles registration (in USA, Taking from
[1]) to create a regression model. What is a the confidence level of this model?

Year Registrations (millions)

1 63.2
65.8
68.8

71.7

74.9

77.8

80.0

83.2




Multiple Regression

The basic concepts - using several predictors:

y=B,+Bx, +B,x,+...B,x, +e

Estimations

*The coefficients are derived by using computer programs, the most common method is the “least
squares”

*The squared error of the estimate is

*Coefficient of determination is: [ Sf; = 1-unexplained var/ Total Var = percent of the total
variance in y explained by x

Q: Why not run a regression for each predictor?




Interpretation

The regression coefficient B, is interpreted as the amount by which y will change if X, is changed by one uni
and all the other predictors remain constant.

Sales = 2+ 1.5 (advertising budget) - 0.5 (price)
The standard error of estimate is interpreted as before.

R? is a measure for the closeness between the predictors and the dependent variable. For a special case with
one predictor it is equal to the correlation coefficient. Since R? is based on the data used to construct the
model additional tests are recommended (e.g. “split half’’ etc.)

Assume error of 10, and advertising budget of 100$ price of 508.
*What will be a “perfect prediction?”

*What would be the confidence interval if we assume a large sample (high confidence)?.

Recall that Cl=y=xt, ,,\S, .




The confidence of the model

The B’s are subject to error. We assume that the errors are normally distributed, hence, we
can estimate the “true value of each Bi: Liame BUZNEIN

True Bi1 = Estimated value of

The important question is whether the true Bi is significantly different from zero. In other
words does the ith variable really influences the independent variable?

The computer programs use either an F test or a t test. Failing to be significantly different
from 0 means that variable 1 may have no influence, It is recommended to remove this
variable unless the prediction power of the regression equation is reduced dramatically.

The statistics involve for the hypothesis that Bi=0:

B,- 0

5 F test statistic

t-test statistic




The confidence of the model

The tests on Bi coefficients address the question whether a particular variable improves prediction. A test on
R? address the question of whether the predictors as a group are significantly related to the dependent
variable. The test is based on Anova (F test):

.k ke
Unxplained S5~ 3(y_\F

n—k—1 —k—1

When the F test on R is insignificant the entire regression is essentially worthless.

Adjusted R2:

The more independent variables you have the higher R? will be. A better criterion that takes
the number of the independent variables into account exists:




Which of the the predictors are the most useful predictors?

Below are the basic approaches that are used to answer this question:

*The absolute size of the regression coefficient: Larger coefficient is more important. The
problem with this approach is that the scales may be different.

*The Beta Coefficient: This coefficient would have been obtained if the regression had been
performed on standardized variables (mean O STD 1). Beta=B(STD of independent
variable)/(STD dependent Variable). Higher beta implies for higher influence

*Elasticity: The percent of change in the dependent variable for 1% change in the predictor.

Elasticity

*The marginal significance of the variable




Standardization

e How do we deal with scale dependency?
— We “normalize”
— How to “normalize™?

— The standard normalization.
e z=(x-mean(x))/sd(x)
e first we center, then we adjust to distribution spread.
 What is mean? What is sd?

e Divide by SD(x) and SD(y):




Normalization — A child sample

Mean
Weight Weight

Scale ¢ ¢

Kilogram

0 10 20 30 40 50 60 708090 10

Centered Mean ,
Scale Welght Welght

| v

-30-20-10 0 10 20 30 405060 70

Normalized \1)\\//[?31 ,
Scale eight Weight

(SD=235) ¢

0




Issues 1n using regression

Multicollinearity

A common phenomenon of strong interrelations among the independent variables. This does not violate any
assumptions in the model but it makes the estimates of the regression coefficients unreliable (read an
illustration in [1]). Collinearity means that the predictors are correlated (in the same order of magnitude as
the correlation with the dependent variable) and this may cause uncertainty in the estimation of the regressio
coefficients.

Detection: Test the correlations between the variables, large standard error in the coefficients and common
sense about possible relations.

Cure: Reduce variables, Factor analysis, stepwise regression (careful!!!), getting more data (why?), identify
possible problems before collecting data.

Autocorrelation

Autocorrelation occurs when the errors are correlated in a serial manner.This is typical when a time series
data is obtained but a cycling phenomenon is ignored.

Detection: By plotting the data or some statistical tests (e.g. Durbin-Watson).

Cure: Add variable to remove the cycle or non linearity in the data, use dummy variables.




Issues 1n using regression

Heteroscedasticity

When the error is related to the size of an independent variable - the larger the value of x the larger is the
error.

Cure normalized measures.

Qutliers:

Commonsense is welcomed as long as it is sensible - you have to find a logical explanation before you
remove or manipulate an outlier. Do not forget that you may find a new predictor when you analyze an
outlier.

Omitted variables

Relevant Range




Homoskedasticity

The variance of the error in the linear model 1s constant
Variance of the error constant for values of X’s.

Advantage 1s easy to check: visually or with statistical
tests

two graphs follow: one with uniform scatter and the
other with non-uniform scatter
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Consequences of heteroskedasticity

* Inefficiency:
— least squares doesn’t give minimum SE’s.

— reason 1s OLS gives equal weight to all obs rather than less weight to
high variance obs

— potential solution is weighted least squares

e Biased standard errors:
— SE’s of betas will be wrongly estimated

— leads to bias in testing and confidence intervals




Testing for heteroskedasticity

Many potential tests
Graphical

Statistical tests. Basic 1dea involves regressing
squared €’s on x’s or yhat.

1. Breusch-Pagan Test
2. White Test

e Solution: weighted least squares OR live with
less efficient model




Dummy Variables

* Why are dummy variables so imortant?

— They allow us to control for and analyze effect of dichotomous variables
like gender and any other yes/no variable

They allow us to control for and analyze effect of unordered categorical
variable such as race, religion, nationality.

They allow to control and analyze effect of ordered categorical variables
such as social class, education level (primary, secondary, post-secondary),
and any categorical variable.

They provide a flexible method to analyze non-linearities of continuous
variables.




Dummy Variables

e How do dummy variables work?

— Suppose Y is income, X1 1s education and we run regression of Y = b0 +
b1XI1 +e.

Suppose we are concerned that men and women have different
relationships between X1 and Y. We could run different regressions on
men and women but this won’t tell us whether the differences are
statistically significant. What we want is to incorporate a variable for
gender into the regression:




Dummy Variables

— Y =b0 + blX1 + b2*male + e

where male=0 if female and male=1 if male.
This means that the results will be:

For women: Y =b0 + bl*educ

For men: Y =b0 + bl*educ + b2*male
Suppose bO=1500, b1=1000, and b2=2000.



Graphing the role of dummy variables

Income

Education




Dummy Variables

Y =b0 + bl*primary + b2*mid + b3*sec + e
height(none)=b0
height(prim)=b0+b1
height(mid)= b0+b2
height(sec)= b0+b3

e Why don’t we add dummy for none?

— We called one category the omitted/reference.

— Because if none is also a variable, then summing the four variables will lead
to ONE which is impossible. Thus one category must be dropped!




Graphing the role of dummy variables

Secondary '
Income Middle

Primary

No education




The use of Categorical Variables (Dummy Variables)

A lot of data in marketing is categorical in its nature (sex, occupation, city), such nominal scales has to be
incorporated. One way is to run a separated regression for each categorical value (e.g. each city). The other
approach is using dummy variables. The assumption is that the other variables’ effect is the same in each
value of the categorical variable while the constant changes.

Illustrative Example

Consider the data on quarterly fuel oil shipments to UK in 1964-1966 (taken from [1]).

Quarter Year Sales
| 1964 210
“ 120
“ 140
“ 260
220
125

145 Q: Describe the seasonal effect and its influence on a
270 regression model

215
128
149
275

2
R)
4
1
2
R)
4
1
2
R)
4




A regression model for fuel o1l shipments

A regression equation with dummy variables (value equals O or 1):

shipments = B, + B, (time )+ B,(wint er) + B, (spring ) + B, (summer )

The Fall is not included because if all the independent dummy variables will be included they will be
perfectly multicollinear. This redundancy will lead to “explosion” of the calculations. In general, if a
categorical variable has c categories a c-1 dummy variables are needed. Here is the seasonal dummy
variables:

Dummy Variables
Shipments Time Winter Spring Summer Fall
210 | 1 0 0 0
120 0 1 0 0
140 0 1 0
260 0

0
0
0




Questions

*Plot The shipments Vs. time without using dummy variables
shipments

>

12345 12 (Gme)

*Compute the coefficients in the dummy variables regression equation.

*Plot again a graph of shipments for each season

*What is the time effect? What is the seasonal effect?

*What is your estimation for the shipments in 1967? What are the limitations of your prediction?

*Repeat the process of regression with dummy variables only this time use the year as a predictor
(time = 1,2,3 instead of 1,2,3...12). How does this change your results? What is your conclusion?




More 1ssues to consider

eCausality Vs. correlation

eSimultaneous causality

*Regression and ANOVA

e Interactions

*Non linearity




Non-linear relationship

Y =a+b*X
Have we specified the form of X?
Suppose we replace X with X"2

— Then, we can rewrite: Z=X"2 and
Y =a+b*Z

Suppose we replace X with log(X)

— Then, we can rewrite: Z=log(X) and
Y =a+b*Z
Relationship still LINEAR




Multiplicative model and comments

Life are not linear, yet in most of the marketing cases linearity assumption is a good start. Other
functions and filters can be used to add accuracy: Polynomial smoothings, spline, etc. In some of
the cases analytical skill can help. For example the following multiplicative model can be
transformed to a linear equation and a regression can be applied:

y=B,+xx;> = log y =1log B, + B, log x, + B, log x,

By setting:

a regression equation can be obtained and the parameters can be computed:




Using the linear model to examine non-
linear relationships

e Recall, the linear regression model does NOT require the X’s to
be measured linearly

e We frequently examine non-linear relationships. Why?

— There may be a theoretical reason why we expect a non-linear relationship
between the Y and X variable

— Examination of the relationship may show that a linear approximation is
poor.

e Always begin by LOOKING at the data




Using the linear model to examine non-
linear relationships

Suppose we want to examine effect of age on income

View plot.

Income increases with age but also appears to decline at
higher ages. The plot also 1gnores the effect of schooling.

A better plot to tell whether there 1s a non-linear
relationship involves controlling for the schooling effect:
we call this a partial residual plot




Using the linear model to examine non-linear
relationships

Perhaps most common transformation is the natural logarithm (In)
In(y) =b0 + blx]l +b2x2+¢e or

y = exp(b0 + blx1 + b2x2 + e)

Useful if all the y values are non-negative and their predictions should be non-
negative

Particularly useful when variable has a long positive tail

Variables like income, assets, and wages are particularly prone to be positively
skewed. These are often helped by taking log or semi-log:

Y =b0 + bl *log(x1) + ¢




Using the linear model to examine non-
linear relationships

It plots insufficient, we fit non-linear terms.

Easiest 1s to add quadratic (squared) term:
y =b0 +blx1 +b2x2 +¢
y =b0 + blx1 + b2x2 + b3(x2"2) + ¢
income = b0 + bl*educ + b2*age +
b3*age2 + e

Is squared term significant? Implications?

Plot the relationship at the mean education level.
Usetul to do JOINT F-test on b2 b3




Using the linear model to examine non-linear
relationships

 Regression will try and explain the dominant feature of the distribution in our
data. If distribution is highly skewed, we may not find the coefficients very

helpful.

Total expenditures per adult

Std. Dev = 9
Mean = 131

9.75 10.75
9.25 10.25

Log of Expenditures per adult

11.25

11.75

12.25

12.75

13.25

13.75

14.25

Std. Dev = .65
Mean = 11.58
N = 2095.00




Interaction Effects

The basic Y =a + bl X1 +b2X2 +¢

Interaction 1s another form of non-linearity because the
effect of x1 1s constant but varies for different levels of x2

Examples:

— effect of education on wages may different by IQ, gender, race,

New Model:
Y=a+bl X1 + b2X2 + b3(X1*X2) + ¢




Dummy variables

e Let’s use an example of how wages affect people’s
happiness.

— Suppose happiness, H, only depends on wages, W:
H=b0+blW +e

t-test on b1 1s whether H varies with W




Graphing the role of dummy variables

Happiness




Dummy variables

— What if we believe wages may aftect happiness differently for
men and women? Then we may introduce dummy for male, M:

H=b0 +blIW +b2M + ¢

The t-test of bl 1s still whether H varies with W controlling for
M,

The t-test on b2 1s whether H varies between women and men:
constant gender effect




Graphing the role of dummy variables

Happiness




Dummy variable interactions

— Rather than assuming different intercepts and similar slopes for men and
women, we might assume that their slopes are different and similar
constants!

This means incorporating an between gender, M, and wages, W
on H.

H=0b0+blW + b2(W*M) + e

The t-test on b2 tells us whether there is a change in the relationship
between W and H for men and women. For men (M=1),

H=b0+blW + b2(W*1) =b0 + (b1+b2)*W
for women (M=0)
H=0b0+ blW + b2(W*0) =b0 + b1*W




Graphing the role of dummy variables

Happiness




Dummy variables continued

— We may want to test whether both slope and intercept vary between men
and women:

H=0b0+blW + b2M + b3(W*M) + ¢

bl gives pure wage effect, b2 gives gender effect, and then b3 tells us
whether the wage effect varies between gender. Two slopes and two
intercepts means we are drawing to lines

Men: H = (b0+b2) + (b1+b3)*W
Women: H = b0 + b1 *W

b2 t-test tells us overall gender effect
bl t-test tells us overall wage effect

b3 t-test tells us whether wage effect varies by gender




Graphing the role of dummy variables

} bl+b3

Happiness

/




Dummy variable interactions

This last option is most general unless we want to run two separate
regressions.

Final option is to run separate regressions on men and women. This also
means two separate lines and the coefficients will be similar.

Preferable if possible to run them together b/c then you can test for
differences rather than assume they exist. If strong theoretical reasons to
separate, this also important

Difference is that variance to change for men and women separately, thus
one regression 1s more efficient




Assessing performance of the method

e Bias
— This means there 1s a TRUE value which we are trying to
estimate.

— An estimator 1s unbiased if there 1s no systematic tendency for
it to produce estimates that are too high or too low.

— Thus we hope to have a method which ON AVERAGE
produces estimates of the TRUE value which are not bigger or
smaller.




Assessing pertormance of the method

e Efficiency

— This 1s a measure of how much variation in the estimate there
1s around the TRUE value.

— Thus, prefer a method which usually produces estimates that
are close (+ or -) rather than far from the TRUE value.




How to assess the performance of the method: bias
and efficiency

\.




The classical assumptions that underlie the use of OLS
regression

1. Iinear functional form

2. Mean independence term

3. homoskedasticity
4. non-autocorrelation

5. normality of the error term




Linearity of functional form

The basic model:
Y=a+bX+e¢

Why 1s it called a linear model?
could be the equation for a line.

more importantly, manner in which coefficients (b) and (a) and
error enter the equation.
— thus, Y and X can be transformed in any way.
log(Y)=a+b (logX) + ¢

Non-linear: y=(1/(a+bx))+e




Mean independence

Unbiasedness

E(e,)=0
e, 1s the sum of many different unobserved influences - we assume they
sum to 0

concern that e, not centered around zero would allow us to simply add
the difference to the constant term and recenter e, around 0.

More generally, mean independence necessary for ceteris paribus:




No association between e and X

How do we know we are learning about effect of x on y holding other factors
constant?

wage = b0 + bl*educ + ¢
Where are all other factors?

Reliable estimates of bO and b1 from a random sample when we introduce
assumptions on association between e and x

If e and x are associated, can’t say that we have found effect of x holding other
factors constant

Correlation is one possibility but ...
Better to assume that E(elx)=0




No association between e and X

Consider what this means 1n wage example
What might be included in e?

Implication 1s that average e constant regardless of x:
E(elx)=E(e)=0
State an example of when this might be wrong!

When not true, may be evidence of a spurious
assoclation between x and vy.

X 2 Y
NP




No association between e and X

e Serious concerns:
— severe biasin b’s
— frequent problem: omitted X’s, reverse causation, measurement error
— and difficult to test

e Unlikely problem with experimental data

e Very difficult to overcome with survey data




Real and predicted values

e Remember:
Y =a+bX+e
Y =a+bX
Y-Y=¢

Exercise: How do fertility rates depend on infant mortality rates? Use
world95.dta

Stata: Regress Y X

Stata: Use coefficients and “generate” function to calculate the yhat for
each case

Stata: Use predict command to predict yhat directly after regress command
Compare 2 types of predictions




Three ways to predict in Stata

Find the coefficient after running a regression and then use the
“generate” command:

generate yhat = 0.7 + 0.4*X

Use the generate command directly with the coefficients after a
regression:

gen yhat = 0.7 + _b[educ]*X

Use Stata’s direct prediction capability:
predict yhat

The error equals y-yhat




Non-autocorrelation

consider the error term:
— a different value for each individual

— sum of unobserved effects

why should errors for any two people be correlated?
— sampled from same village

— live in the same household

Consequence 1s also 1nefficiency and SE’s which tend to be
biased down.

fear of mistaken significance unless corrected




Normality Assumption

most confusing assumptions
least important of major assumptions
only necessary for statistical testing

refers only to distribution of error term which 1s unobserved and
NOT to the individual variables

We will see that the distributions of X’s and Y may affect results
but don’t need to be normal




Normality Assumption

1f not normal i1t will be normal 1n large samples because of
central limit theorem

if small samples it will matter for testing
what 1s small?

Smaller than 100-200 usually.

— Then we should examine residuals.

— Statistical tests usually require large samples which is when we don’t
need them!

— Option: tighten critical value! For example: 1%
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