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Abstract

Let Yi, ..., Y, be the order statistics of a simple random sample from a finite or
infinite population, having median = M. We compare the variables |Y; — M|
and |Y,, — M|, where Y,, is the sample median, that is, m = ”T“ for odd n.
The comparison is in terms of the likelihood ratio order, which implies stochastic
order as well as other orders. The results were motivated by the study of best
invariant and minimax estimators for the k/N quantile of a finite population of
size N, with a natural loss function of the type g(|FN(t) — £1), where Fy is the
population distribution function, ¢ is an estimate, and g is an increasing function.
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1. Introduction

1.1. Motivation

The main results of this paper are stated in Theorems 1 and 2 of Section 1.2
below and their corollaries. The results concern stochastic orders for variables
like |Y; — M|, where Y7, ...,Y,, are the order statistics of a simple random sam-
ple from a finite or infinite population with median M. These results on stochastic
ordering and order statistics are motivated by the study of minimax strategies for
estimating quantiles of a finite population, where a strategy consists of a sam-
pling design and an estimator. One way of finding such strategies is to start with
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minimax invariant estimators. For related problems in the context of infinite pop-
ulations, see, e.g., Zielinski (1999), Yu and Chow (1991), Yu and Phadia (1992),
Stepien-Baran (2009), and Ferguson (1967).

Letxz = (x1, 3, ..., #xv) be an N-dimensional vector of finite population values
of some measurement, where each x; is a real number associated with the popu-
lation unit labeled . We assume that z € T, a (known) parameter space, where
T = {(z1,22,...,xN) : x; € I, x; distinct}, and [ is a finite or infinite interval in
R. Define the population distribution function by Fiy (t) = + Zjvzl ]I(_ 00, 1] (),
where [4(z) stands for the indicator function of the event = € A. A k-th quantile
of Fy is any value 6 such that F'y(0) = k/N. We consider estimation of the quan-
tiles with a loss function of the form L(z,a) = |Fy(a) — £ " for some r > 0,
or more generally L(x,a) = g(}FN(a) — £]) for k = 1,..., N, where a is the
estimate, and g increasing (see, e.g. Ferguson (1967)). For odd /N, the median is
obtained when k = (N + 1) /2.

A sampling design P is a probability function on the space of all subsets S of
{1,..., N}. Simple random sampling without replacement of size n is denoted
by P, and satisfies P;(S) =1/ (]X ) for subsets .S of size n. The class of sampling
designs having sample size n is denoted by P,,.

The data consist of the set of pairs D = {(,z;) : i € S}, thatis, the z-values
in the sample S and their corresponding labels. An estimator ¢ is a function ¢(D)
of the data.

Given a strictly increasing function ¢ : R — R, we extend its operation
also to vectors in the parameter space, by p(z) = (¢(z1),...,p(zy)). Let
denote the group of all strictly increasing (hence one-to-one) functions such that
the extension to vectors satisfies ¢ : T — T and onto (bijections). Define (D) =
{(7,(z;) ) : i € S}. A nonrandomized estimator ¢(D) is said to be invariant if for
all D and all ¢ € ®, t(p(D)) = p(t(D)). The class of nonrandomized invariant
estimators is denoted by 77.

Let Y7,...,Y,, be the order statistics of a sample of size n using P, and set
J* = argmini<j<, Ep, |Fn(Y;) — %!T The following minimax result is given in
Malinovsky and Rinott (2009).

Theorem. The strategy (Ps,Y;+) is minimax among all strategies (P,t) consist-
ing of a sampling design P having a fixed sample size n, and a nonrandomized
invariant estimator t, that is,
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For » = 2 the above j* can be computed explicitly. However, in general, it
may be hard or impossible to compute j*, and it may depend on 7. For example,
for N =9, n =7, k = 2, direct calculations show that for » < ¢ we have j* = 2
whereas r > ¢ implies j* = 1, where ¢ = log(17/3)/log(2) ~ 2.5. This means
that the minimax estimator ¢ = Y- depends on the loss function. This is a natural
but somewhat undesirable state of affairs, since statisticians often do not have a
precise loss function in mind.

By far, the most widely used quantile is the median, and it is interesting to
note that in this case, the minimax rule does not depend on r, and in fact, it is
the same rule for any loss function of the form g(|Fy(a) — %) with g increas-
ing. This follows from the fact (stated for n and /N odd for simplicity) proved
in this paper, that for the median (k = (N + 1)/2) we have for j = 1,...,n,

|Fn(Y;) — 22 >4 |F N(YnTJrl) — M+l where >, indicates stochastic order.

2N 2N |’

Clearly this implies that j* = " for any r, and that the strategy (P, Yj-) is
minimax in the sense of the above theorem.

We now turn to the results of this paper, which include the above facts on

stochastic ordering of the variables }FN(Y]) — %‘ and generalizations to other
orders.
1.2. Main results
We consider two closely related problems.
Problem 1.
Let Y7, ..., Y, be the order statistics of a simple random sample without re-

placement from a finite population consisting of N distinct values. For simplicity
we henceforth assume that n and N are odd. We start with the following problem:

find the index 7 which minimizes F |FN(YJ) — % . It is very natural to guess

that the minimizing j is such that Y} is the median, that is,
) N+1 n+1
arglrgnjlgnE Fn(Y;) — SN ‘ =—0 (1)

This is indeed true, but to the best of our knowledge has not been proved before,
and the proof is less straightforward than expected.
The distribution of NFn(Y7),..., NFxn(Y,) is the same as that of the or-

der statistics of a simple random sample without replacement from {1,..., N'}.
Therefore, an equivalent formulation is: let Y7, ..., Y, be the order statistics of a
simple random sample without replacement from {1, ..., N}. Then

2)

arg min F
1<j<n

Y}._

N+1_n+1
2 | 2 7



A stronger result holds: setting M = % we have |Y; — M| > ‘YnT-I—l - M ‘
for j = 1,...,n, where > indicates stochastic order. The latter result can be
stated equivalently by saying that Y% is more peaked about M than Y; in the
sense defined by Birnbaum (1948). Moreover, we can replace stochastic order by
the stronger likelihood ratio order, denoted by >;., where S >;. T means that
f(t)/g(t) is nondecreasing in ¢ in the union of the supports of S and 7', where f
and ¢ are the densities or discrete probability functions of S and 7', respectively.
See, e.g., Muller and Stoyan (2002), Shaked and Shanthikumar (2006) for fur-
ther details, implications, and references concerning these orders, and numerous
results relating order statistics and stochastic, likelihood ratio, and peakedness or-
ders. It is well known that likelihood ratio order implies stochastic order. Thus
we prove

Theorem 1. Let Y:,...,Y, be the order statistics of a simple random sample
without replacement from {1, ..., N}, where n and N are odd. Then

N +1 N +1

Y, — YnTH—T for j=1,... n. 3)

‘ er

Corollary 1. Let Yi,...,Y, be the order statistics of a simple random sam-
ple without replacement from a finite population consisting of N distinct values,
where n and N are odd. Then

N +1 N +1 .
Problem 2. Let Y7,...,Y, be the order statistics of iid observations having a

distribution function F', and suppose F'is symmetric around some values M, that
is, for X ~ F' the variables X — M and M — X are identically distributed.
Equivalently, F' satisfies 1 — F'(M — z) = F(M + x) whenever M =+ x are points
of continuity of F'. For simplicity we henceforth assume that n is odd. Then it
is very natural to conjecture that arg min,<;<, F |Y; — M| = "%, provided the
expectation exists. If F'is a uniform distribution then this follows from Theorem
1 by letting N — oo, and was proved in Zielifiski (1999), with a generalization to

other quantiles.

Here we prove: |Y; — M| >

Yni1 — M‘ Moreover we prove |Y; 1 — M| >
2

|Y; — M| forall j > ”T“ Furthermore, we can again replace stochastic order by
the stronger likelihood ratio order when the latter is defined, and thus we prove



Theorem 2. Let Yi,...,Y, be the order statistics of iid observations having a
distribution function F' that is symmetric around its median M. Assume that F

is discrete or absolutely continuous. Then for j > ”“ , we have |Y; 1 — M| >,
¥, — M|

Without assuming that /' is absolutely continuous or discrete the likelihood
ratio order is not defined. However, we obtain

Corollary 2. Let Y, ...,Y, be the order statistics of iid observations having a
distribution function I that is symmetric around its median M. Then for j > ”“

we have |Y; 1 — M| >4 |Y; — M|.

Corollary 2 can be restated as follows: for ;7 > ”T“, the random variable Y/ is
more peaked about M than Y;

2. Proofs

We start with the simpler Theorem 2.

Proof of Theorem 2. We prove the theorem assuming that X7, ..., X, is a sample
from an absolutely continuous and symmetric distribution F'. For a discrete (sym-
metric) distribution £, the result will then follow by taking the convolution of /'
with a Normal(0, 0%) or Uniform(—o, o) distribution, and letting o — 0. Note
that such an approximate identity convolution is absolutely continuous and, of
course, it is symmetric. We assume WLOG that the median M = 0. Then, using
the fact that for a continuous F', symmetric around M = 0, F(t) + F(—t) = 1,
we have for any integrable function v

Ep(|Y;l) =

i /mMMW%W*U—ﬂmWW@ﬁ
- — / SO L) {FOF L - @)™ + [F@)[1 - FP ) dt

SR

and s0 g;(t) = i/ (O {IF(OP T [1 = F@)" + [F(0)]"/[1 = F(t)P~}
is the density of |Y}]|.

It is required to prove that for j > "L, the ratio g;.1(t)/g;(t) is nondecreasing
in ¢ in the support of F' which contamed in the set {t : f(¢) > 0}. This follows
directly from




Lemma 1. For n odd,

Cdl—a)" 7 a7 (1 —a)
a1 —a)" i 4 ani(1 — a)i-!

1 1
forall a > 5 and for all j > %

is an increasing function of a

¢(a)

Proof. Note that

7 (1=a)" 7 +a" (1 —a) ™ = ! —aa)" [(1 i a)j + (1 i a)n—jﬂl '

Therefore,

I R ) M A A I A
(=) + ()" W b tb

where s =2j—n>0, b=a/(l —a) > 1

dr(b)  (s+1)b°(b° +b) — (0" + 1)(sb* " 4 1)
db (b% + b)2

_ 8(b2$ + bs+1 _ b25 _ bs—l) + (b2s + bs—i—l _ bs—i—l _ 1) S<bs+1 _ bs—l) + (b25 _ 1)

v+ b ECED:

for all b > 1 and for all ”T“ < j < n — 1. This proves Lemma 1, completing the
proof of Theorem 2. O

Corollary 2 follows easily from Theorem 2 by the smoothing approximation
described in the beginning of the proof of the theorem.

Proof of Theorem 1. The distribution of Y is

P Y, =m) = = (Z:T)
(%)

m=3,...,N—n+j and j=1,...,n,

(&)

> 0,



see, e.g., Wilks(1962, p.243), Arnold, Balakrishnan and Nagaraja (1992, p.54)
David and Nagaraja (2003, p.23). We express (3) in the form

N +1 N +1

Yn+1 -

2

Yopy, ‘ Zir

for any integer r satisfying — ">+ < r < ”T_l, and by symmetry, and as the case
r = 0is trivial, it suffices to consider » = 1, ..., 2=%. The random variable YnTH L

P
takes the values %+ + 7, 2 + 7 +1,... N —n+ 2 + 7, and its probability

function is
(m—l)(N m)
n—1 1
): 5 Tr)\&5 T

P (Yop., =m - ©6)
()
1 1 -1
m:n+ —|—7‘,...,N—n+i+r, andr:O,...,n .
2 2 2
Hence, Yay1,, — N takes the values — 252 +7,...,0, ...
(r=0,...,%%) and the random variable You1 — 23 takes the values
_N—n 0 N—n ’
2,0, A
By direct calculations and (6) we can write
N;n N;n+7_
N+1 . N+1 .
E Yn+1 - |= Zozpi, and £ YnTHJH, - T’ = Z 14;,

i=max (07— % —H")

where

N+1 N+1
pi= P<Yn+1—T+:') P(Yn+1—T+:—i>]I(i>O)

+
(=05
_ 9l(i>0) nT_l Tl
()

1=0,..., —5 and I denotes the indicator function, and




N+1 N+1 N -
g = P(Yn+1 —+ i)+P(Yw+r——+=—i)H(O<i§ 2”

)0 (ao)eED)
_ nl oy "Tfl—l—r "T’I—T ]I(0<i§N2_n—r);

, { N —n } N—n
1 =max< U, e +r.

Recalling that we have to prove the result in the range 1 < r < “>=, we consider
three cases within this range:
Case 1. If — N nop > Nonothatis, r > N — n, then Theorem 1 follows

2’
YL+1 _M
2

immediately, since the range of is completely to the right of the

range Of‘YnTH —
Case 2. If% <r< min{N_m"T—l}, then for _N2—n +r<i< N2—n we

N+1
5 |

have
(2020

qi e 71—7" H;1( 7 (]—1))

o N—1 S Y ’ (7

pi 2(T+Z)(T_Z) L (%7 )

n—1 n—1
2 2
—1)/2])? ;

where K = ([ )/2]!) It is clear that in this case kil is

“ -2+ - D2 -] P
increasing in ¢ in the above range. For other values of ¢ the ratio is either 0 or

oo in a way that % s nondecreasing for all 7, and Theorem 1 follows. In the
calculations below %ve consider only the range of ¢« where both p;, ¢; > 0, and the

argument for other ¢’s remains the same as above.
Case3.If 1 <r <min {%, ”T_l} we have



where K = 1 S11 i1 & nl 124(rj2] L If the numerator of the latter expression expanded,
some of its terms will cancel, and others will appear twice with a positive coeffi-
cient, and it is easily seen to be a polynomial of degree 2r in+ > 0, having positive
coefficients. Hence the numerator is increasing in 7. It is clear that the denomina-
tor is decreasing in ¢ > 0, therefore the whole expression is an increasing function
of 7.

(b) For 2= =" we obtain the same ratio as in (7), and hence
monotonicity in this range follows.

In the present case, 1 < r < min { N 2‘ n 2=11 we have already shown that for
0 <i< " —p(case (a))and for 552 — 7 + 1 < i < %52 (case (b)), the ratio
¢;/p;i is an 1ncreasmg function of i. In order to show that ¢;/p;i is an increasing
function of ¢ throughout the whole range of 7, 0 < 7 < N > % it remains to show
that it is increasing when 7 increases N St

purpose we compute:

2

2qN2—n_,,,+1 B 2qN2_”_7~

R pN;"—r

1 2N—n—1 n—1
-l T T\ (Tt
oy )\ mtee Moo

~_
+
VR
‘:
o] N
|
<

T
n—1 n—1 n—1
2 2 2

(N—n—r+1!(r—-1)! (N—n—nm)! 7l
{(N—n—27“+1)!(2r—1)! (N —n—2r)(2r)!

PN
(2N2n1 r 4 1)
_ ”T tr




Straightforward calculations show that the expression in the last square brack-
ets is positive and the result follows. This completes the proof of Theorem 1. [
3. A Counterexample

Here we provide an example of a nonsymmetric distribution, and show that
the conclusion of Theorem 2 does not hold.

Example 1. Let X, X5, X3 be iid from a nonsymmetric discrete distribution:

10  with probability
X; = {19 with probability
20  with probability

Wl Wl Wl

)

and let Y1,Y5,Ys be their order statistics. The median of this distribution is
M =19, and E|Ys— M| = £ E|Y,— M| = 2, and E|Y, — M| = 2,
showing that Theorem 2 does not hold in this nonsymmetric case. A similar con-
tinuous example can be constructed from the above example using the smoothing

approximation described in the beginning of the proof of Theorem 2.

Acknowledgments The authors would like to thank the reviewers for very
helpful comments. This research was supported in part by grant number 473/04
from the Israel Science Foundation.

References

[1] ARNOLD, B. C., BALAKRISHNAN, N., AND NAGARAJA, H. N. (1992). A
First Course in Order Statistics. John Wiley, New York.

[2] BIRNBAUM, Z. W. (1948). On random variables with comparable peaked-
ness. Ann Math Statist 19, 76-81.

[3] DAVID, H. A. AND NAGARAJA, N. H. (2003). Order Statistics, 3rd edn.
John Wiley, New York.

[4] FERGUSON, T. S. (1967). Mathematical Statistics: A Decision Theoretic
Approach. Academic Press, New York.

[5] MALINOVSKY, Y. AND RINOTT, Y. (2009). Invariant and minimax estima-
tion of quantiles of a finite population. 7o appear as Center for the Study of
Rationality Discussion Paper, The Hebrew University.

10



[6] MULLER, A. AND STOYAN, D. (2002). Comparison Methods for Stochastic
Models and Risks. John Wiley, New York.

[71 SHAKED, M. AND SHANTHIKUMAR, J. G. (2006). Stochastic Orders.
Springer-Verlag, New York.

[8] STEPIEN-BARAN, A. (2009). Minimax invariant estimator of a continuous
distribution function under a general loss function. To appear in Metrika.

[9] WILKS, S. S. (1962). Mathematical Statistics. John Wiley, New York.

[10] YU, Q. AND CHOW, M. (1991). Minimaxity of the empirical distribution
function in invariant estimation. The Annals of Statistics 19, 935-951.

[11] YU, Q. AND PHADIA, E. (1992). Minimaxity of the best invariant estimator
of a distribution function under the Kolmogorov-Smirnov Loss. The Annals
of Statistics 20, 2192-2195.

[12] ZIELINSKI, R. (1999). Best equivariant nonparametric estimator of a quan-
tile. Statistics and Probability Letters 45, 79-84.

11



