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1. Introduction

Decision theory provides tools and insights for understanding, comparing, and selecting
sampling and estimation procedures. In this chapter, we present a small sample of the
extensive literature on decision-theoretic aspects of sampling from finite populations,
without attempting to give a comprehensive survey of the best possible results and
references.! Technical details are sometimes omitted for the sake of simplicity.

The chapter is quite theoretical, dealing with the foundations of finite population
sampling and inference through simple designs and models rather than the complex
ones in modern use. It is hoped that a practitioner may find these basic ideas of interest,
albeit theoretical. However, it seems that a student or teacher of statistical decision theory
can definitely benefit from the wealth of ideas that exist in the area of finite population
sampling. It provides setups and examples that add an interesting perspective to the
standard illustrations given in most statistical decision theory courses, where a sample
is often restricted to mean i.i.d. observations.

The task of estimating the mean, say, of a given finite population of size N by
measuring n < N units does not seem to involve any probability structure, unlike other
statistical setups where it is assumed at the outset that the data consist of random or
noisy observations. By random sampling, statisticians introduce noise or randomness
that did not exist in the original problem. It is well known that the introduction of random
sampling can avoid biases and allow important notions such as unbiased estimation and
confidence intervals. While many statisticians (and most standard books on sampling)
take random sampling as so self-evident that questions like “why do statisticians use dice
or other random devices and add randomness or noise to the task” seem unwarranted?, it
is, in fact, an intriguing question that merits more than intuitive answers. Indeed, there is
a large body of literature showing formally and precisely that certain relevant optimality
criteria can only be achieved by random sampling designs.

* Partially supported by Israel Science Foundation grant 473/04.
1 For a scholarly survey of results until 1987 and numerous references, see Chaudhuri and Vos (1988).
2 but see Valliant et al. (2000) for a refreshing change.

1101



“51-Ch41-N53124” 2009/3/19 page 1102

1102 Y. Rinott

Emphasis in this chapter is placed on optimal inference. In the context of finite
populations, optimality is most often expressed in terms of minimax results, which in
general require random strategies. Other decision-theoretic notions such as loss and risk,
admissibility, sufficiency, completeness, unbiasedness, uniformly minimum variance
(UMV), Bayes procedures, and more, will also be discussed in connection with finite
population sampling.

2. Notations and definitions

The following notation will be used throughout the chapter. A list of main notations
appears in Section 8.

1. The population Y = (y, ..., yy) is a vector of values of some measurements
with index set N'= {1, ..., N}, where the population size N is assumed to be
known whenever it is needed. Here i € A denotes the label of the i-th population
unit whose value is y;. In this chapter, we assume that ) € RY, so that each y; is
a univariate measurement (although in many applications more than one variable
is measured for each unit). Some of the ideas could be extended to more general
measurements, but this will not be done here. ) is an unknown parameter, and
so is any function 6()) such as Y = % Zf\;l vi, V() = % Zfil(yi - )2,
Max(y) = MaxlfiﬁNy,-, or Med(y) = MedianlsisNyi.

The set of possible )’s is denoted by Y, the parameter space; unless otherwise
stated (towards the end of Section 6), we shall always assume that Y is asymmetric
parameter space, that is, a symmetric subset of RY in the sense that if ) =
(y15---,yn) € Y, then so does every permutation of ). In particular, any set of
theform Y = A x---x A, aproduct of some set N times, satisfies this assumption.
The set €2 () of all permutations of a given vector Y = (y, ..., yn) is, of course,
also symmetric. As usual, the parameter space Y is known to the statistician.

If the parameter 6()) remains constant under permutations of ), we say that
it is a symmetric parameter. The above examples are all of this kind.

2. A sampling design P is a probability function on the space of all subsets S of
N. Unless otherwise stated, we assume noninformative sampling, also known as
ignorable sampling; that is, the probability 7(S) does not depend on the parameter
Y. Formally, P(S|)Y) = P(S). In the Bayesian or superpopulation context of
Section 6, )Y is also random, P(S|)) becomes a conditional probability, and
ignorability is equivalent to independence of S and ).

In certain examples, we allow the design P to depend on known covariates
or auxiliary variables; see below. The inclusion probability of a unit is defined
by a; = P({i € S}) = > 4.5,; P(S), the probability that unit i is in the sam-
ple S. Here S is the set of drawn labels (without order and repetitions). By a
simple sufficiency argument given in Remark 1 below, we can ignore designs
that take an order of the elements in the sampled set into account or allow repe-
titions.

The set S is called the sample, and its size, | S|, is the sample size. If P(S) > 0
implies |S| = n, then the design P is said to have a fixed sample size.
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Simple random sampling without replacement of size n, abbreviated SRS, is
denoted by Py and satisfies P,(S) = 1/ (],\1]) if |S| = n, and zero otherwise.

When auxiliary information is available in the form of positive values
(x1, ..., xy), where x; is some known value of a variable pertaining to uniti € N,
it can be used in the design and in estimation. For example, when x; > 0, the
design having a fixed sample size n, defined by Pppas(S) = Y5 xi/[NX(Y )]
if |S| = n, where X = % Zf\;l X;, s of this kind (Lahiri, 1951). The notation ppas
stands for probability proportional to aggregate size, in this case, to the aggre-
gate size of the auxiliary variables in S, ), ¢ x;. It can be implemented by first
choosing one unit from the population, say i, with probability x;/N X, and then
adding a subset of n — 1 additional units chosen from the remaining N — 1 units
uniformly, that is, with equal probabilities for all subsets of size n — 1. See Rao
and Vijayan (1977) and Hedayat and Sinha (1991) for details and references on
this design and a discussion of drawing mechanisms for design implementation,
and Cassel et al. (1977) for further references.

3. The data consist of the set of pairs {(i, y;) : i € S}, that is, the y-values and their

labels for the units in the sample S. We set

D=DI[S, Y]={Gy) : i €S} (D

For § = {iy, ..., i,}, let Vs be the multiset {y; , ..., y; }, with equal y-values
listed separately provided that they have different labels. In other words, Vs can
be viewed as the sequence (y;,, . . ., ¥i,), Where the order is ignored. For example,
if §$ ={1,2,3}and y; = y, = 13 and y3 = 7, then Vs = {13, 13,7} in any
order.

REMARK 1. By sufficiency arguments (Basu, 1958) we shall consider the data D
as above, that is, without taking into account the order (if known) in which the
sample was drawn; when the sampling procedure allows repetitions of units, as
in sampling with replacement, repetitions will also be ignored and each repeated
unit will be counted once. Since the relevant data D consist only of the set of
drawn labels S and their y-values, we shall only consider designs P on the
space of (unordered) subsets (with no repetitions) of N. The sufficiency of D
is intuitively obvious: no information is added by measuring a unit more than
once, or specifying the order in which the measurements were taken. A formal
statement and proof follow. We denoted designs which ignore the order of labels
and repetitions by P and the corresponding data by D. In the proposition below,
we consider designs that are probability measures on ordered multisets of N, so
repetitions are allowed, and the data contain information on order and repetitions.
In this case, the sampling design and data are denoted by bold-face letters P and D,
respectively, and the sample is an ordered multiset (allowing repetitions) denoted
by S, distributed according to P.

PROPOSITION 2. Let P be a sampling design on ordered multisets which we denote
by S, and consider the data D = {(i,y;) : i € S}, a multiset that includes
information on the order and repetitions in the sample. Let S = r(S) = {i : i € S};
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that is, S is the set formed from S when repetitions and order are ignored, and
let D =r(D) ={(,y;) : i € S}. Then D is a sufficient statistic for the para-
meter ).

PROOF. For a design P as above, the conditional probability of D = {(i, y;) :
i € S} given D, where S is an ordered multiset and the parameter is Y, satisfies

PS)/ ) PS) if r@=D
P(D|D) = S r(S)=S 2)
0 otherwise .

Since the right-hand side of Eq. (2) depends only on D and not on the parameter,
it follows that D is sufficient. O

An estimator t = t(D) = t({(i, y;) : i € S}) is a function of the data. We use
various notations for #(D), namely #(D[S, V]),or £(S, V). It should be emphasized
that #(S, )) depends only on the data {(i, y;) : i € S}, that is, the labels and the
labeled y-values in the sample. Note that when the sample size |S| is not fixed,
then implicit in the notation is the assumption that 7 is a function defined on
arguments of different dimensions.

If the estimator #(S, Y) = t(D[S, V]) can be expressed as a function of Vs
alone, we write ¢(S, )) = t()s) and say that ¢ is symmetric (or invariant). Such
an estimator depends on the y-values in the sample and not on their labels.

Examples of symmetric statistics are the sample mean yg = ﬁ D ies i and

variance \Sl;—l M iesi—Yy s)%. However, the Horvitz—Thompson estimator tyr =
Y ics vi/a; does require knowledge of the labels associated with each y-value,
and, thus, it is not symmetric.

When auxiliary information (x, .. ., xy) is available for every unit in the pop-
ulation, it can be used in the sampling design and in estimation. For example, con-
sider the ratio estimator of ) defined by tg = ()"/S/)"cs)/'t_’, where x5 = ﬁ ZieS X5

we denote it by 7 since /Xy is an estimator of the ratio R = )/ X. The estimator
tg is not symmetric since the computation of xg requires knowledge of the labels
in S (but not their pairing with the y-values). Note that if X is known, and the
population consists of the pairs, thatis, Z = {z;1 = (y1, X1), ..., 28y = (YN, XN)},
then 7z is a symmetric estimator for the population Z.

In this chapter, we assume ¢ € R and any value in R is allowed, regardless
of the parameter space. For example, a proportion in a population of size N (see
Section 3.5.2) is necessarily a rational number of the form k/N, but we allow
an estimator ¢ of this proportion to assume any real value; if certain values are
undesired, the loss function should reflect it.

A pair (P, 1) consisting of a sampling design and an estimator is called a strategy.
A class of strategies consists of all pairs (P, £) such that P belongs to some class
of sampling designs and ¢ belongs to some class of estimators.

Aloss function L(t, ))) represents a penalty paid in an estimation problem when
the estimator assumes the value 7, and the value of the parameteris ). If 6 = 6()))
is a parameter and ¢t = #(S, )) is an estimator of 8, we may use the notation L(z, 0)
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for the loss. A common example is L(t, 0) = (¢ — 0)2, the quadratic loss function
(= squared error loss). A loss function is said to be symmetric if L(t, ))) remains
constant when ) is replaced by any permutation of its coordinates for any fixed
7. Clearly, if 6()) is a symmetric parameter, that is, if it remains constant under
permutations of ), then so does L(z, 6()))), and the loss is symmetric.

7. The risk of a strategy (P, t) for the population ) is the expected loss defined by

R(P,1;)) = EpL(1,)) = ZP(S)L(I(D[S, YD, V) 3)
N

where the sum extends over all subsets of N.

An important special case is R(P,t; )) := MSE(P,t;)) := Ep(t — 0)%;
one reason for the interest in this measure is that by Chebychev’s inequality it
provides a lower bound on confidence interval coverage: P(|t — 0())| < ¢) >
1-MSE(P,t;))/ c2foreach) € Y. Forunbiased estimators, the MSE coincides
with the variance, which plays a role in the construction of confidence intervals
based on the normal approximation. It is well known that the MSE of an estimator
can be decomposed into the sum of its variance and the square of its bias.

8. The strategy (P, 7) is said to be unbiased for 6 = 6()) if

Ept =Y P(S)(DLS. V) = 6()) @)
S
forall Y = (y1, ..., yn) € Y. In this case, we say that ¢ is P-unbiased.
Note that if P satisfies o«; = n/N foralli = 1, ..., N, then the sample mean

Vs = % Y ics Vi is unbiased for the population average Y and, more generally for
any design P, so is the estimator fyr/N where tyr = ) ;¢ ¥i/; is the Horvitz—
Thompson estimator, since by setting /; to be the indicator of the event thati € S
we have Epl; = «; and therefore,

N N
1 1 _
Epl[tyr/N] = EPN 2:] liyi/o; = v 2:1 yviEplifa; = ). )

More generally, the estimator 1 =+ >, ¢ yici(S) /e (i), where () = Y .55
ci(SYP(S), is easily seen to be P-unbiased for Y. When ¢;(S) = 1 it reduces
to tyr.

Under SRS, the ratio estimator 1z = (ys/x 5)/'? is, in general, not unbiased. On
the other hand, the strategy (Pppas, tr), With Pppas defined above as probability
proportional to ), _¢ x; sampling, is unbiased for Y, since

Eppstx =y (D %) / [NX(]:__ llﬂ (s /%5) X

N ieS
N-1\""1 -
- (n—l) szyi_y‘
S ieS
To compare the above notions for finite populations with standard statistical decision

theory, we give the following concise definitions, to be followed by a short discussion.
For further details see, for example, Ferguson (1967) and Lehmann and Casella (1998).
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DEFINITION 3. * An observation is a random variable X ~ P, (i.e., X has the
distribution Py), where 6 € ®, the parameter space.

* Adecision rule §(X) is a function taking values in a decision space .4, or a distribu-
tion on A (which may depend on X) in which case § is randomized. The decision
space is sometimes identical to the parameter space.

* L(a, 0) is the loss due to a decision a € A, and if § is randomized, we set L(§, 6) =
EsL(a,0) where a ~ § = 8(X). The risk is defined by R(5,0) = EL(5(X), 0),
where the expectation is with respect to X ~ Py. Given a prior distribution p for
0, the Bayes risk is 7(p, §) = E,R(5,0) = f R(6, 6)dp(0).

* A decision rule § is Bayes with respect to p if (5o, p) = infsr(5, p). Itis a
minimax rule if sup, R(So, 6) = infssup, R(S, 0). The rule 5y has a uniformly
minimal risk among unbiased estimators of g(0) if E&y(X) = g(0), that is, &y
is unbiased, and R(8y, ) < R(§, 6) for all & € ® and any unbiased rule é. In the
case of MSE risk, the latter 6y has the UMV among Unbiased estimators (UMVU)

property.

In standard decision theory as given in Definition 3, the distribution of the data is
prescribed as part of the problem, and optimization is done only with respect to the
decision rule or the estimator. In contrast, when we study strategies in finite population
sampling, we attempt to optimize over both the estimator and the sampling design. The
latter determines the data collection method and the distribution of the data, and in this
sense optimality in finite population sampling is more comprehensive than classical
decision theory.

REMARK 4. Henceforth, we consider only nonrandomized estimators unless otherwise
stated (as when we consider nonconvex loss in Section 3.4, and the Rao—Hartley—
Cochran strategy in Section 7.2). When the loss function L(a, 6) (or L(t,))) is convex
in the variable a (or t), as in the quadratic loss case, then randomized estimators can
be replaced by nonrandom ones having a smaller risk. In fact, by Jensen’s inequality
the risk of a randomized estimator can only decrease when the estimator is replaced by
its expectation (assuming it is finite), which is a nonrandomized estimator.

One may now ask whether randomization in the sampling design can also be elim-
inated in a similar way under some convexity conditions, that is, can a design P be
replaced by a deterministic sample with a smaller risk. However; this cannot be done
since the relevant space is not convex: there is no “average” or “expected” set for a
given design.

3. Minimax strategies

3.1. Definitions and discussion

DEFINITION 5. A strategy (Po, fp) is said to be minimax relative to a given class of
strategies if it belongs to this class, and

sup R(Po, to; V) < sup R(P, t; )) (6)
YeY Ve

for every strategy (P, t) in the given class of strategies.



“51-Ch41-N53124” 2009/3/19 page 1107

Some Decision-Theoretic Aspects of Finite Population Sampling 1107

The estimator £ is said to be minimax under P in a class of estimators, if

sup R(P, 10; V) < sup R(P, 1;)) (7

Yex YeY

for any estimator ¢ in the class.

In Eq. (6) and below, the sup may be replaced by max when the latter exists. With
quadratic loss function, supy.y R(P, t; V) becomes supy, yMSE(P, t; V), which is
supyy Varp(f) for unbiased estimators.

A minimax strategy guarantees the lowest maximal risk, that is, the smallest risk in
the worst case or the worst possible ). If we denote the left-hand side of Eq. (6) by
vo, then using the strategy (P, tp), we are guaranteed a risk of at most vy whatever the
population values ) are, and a lower value for all ) cannot be guaranteed.

It turns out that minimax strategies involve random sampling. Strategies that avoid
randomization are in general not minimax and hence may yield very poor estimates for
certain populations ). Randomization guarantees that the sample “represents” the pop-
ulation (with probability that increases with the sample size). Any fixed sample could be
very biased relative to certain populations. For example, the mean of a sample consisting
of the first n labels from an ordered Y would be a poor estimate of the population mean,
and such poor samples are avoided with high probability by randomization. This is why
regulatory agencies insist on randomization, and perhaps also in order to prevent biased
experimenters who have some partial knowledge of ) from choosing a biased sample
that would prove their point rather than yield good estimates.

Minimax strategies are particularly relevant in zero-sum games, where maximiz-
ing one’s own gain is equivalent to minimizing one’s opponent’s gain. The view of
a statistical problem as a game between a statistician who chooses a strategy (Py, ty)
and nature which “chooses” the parameter value, appears in well-known texts such as
Blackwell and Girshick (1954) and Ferguson (1967). Random sampling is equivalent
to a mixed strategy of the statistician, that is, a strategy which chooses the action (in
this case, the sample §) at random according to a certain probability law (which in
our case is P). In general, minimax strategies are mixed strategies. Thus, the minimax
criterion leads naturally to random sampling. One may argue that nature should not
be considered a strategic player who uses the worst possible (for the statistician) or
least favorable ) as a player in a zero-sum game, and question the minimax approach
and the relevance of zero-sum games. However, the protection against a worst-case
population appears quite reasonable when prior knowledge of the populations is very
limited.

Brewer (1963) and Royall (1970b) present optimality results where the sup’s in
Eq. (6) are replaced by expectations with respect to a prior (superpopulation model) on
Y satisfying certain conditions that are expressed in terms of covariates. The resulting
optimal design, which may be very sensitive to the choice of a prior, is nonrandom:
averaging over a prior replaces the need for averaging by a random design. This approach
is analogous to average-case or probabilistic analysis of algorithms in computer science,
whereas the minimax approach pertains to worst-case evaluations.

While protecting against the worst case in the parameter space, minimax rules may
sometimes be relatively unsatisfactory in other parts of that space. An example is given
in Section 3.5.
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3.2. Some minimax results through symmetry (invariance)

Invariance or symmetry has a long history in statistics. Symmetrization of strategies (as
in Eq. (9) below) appears in Blackwell and Girshick (1954), and in Kiefer (1957) with
reference to work of Hunt and Stein from the 1940s.

The first step towards finding minimax strategies through symmetry is to show that
it suffices to search among strategies consisting of symmetric estimators and a (con-
ditional) SRS design. This is formulated in Proposition 6. Part of the notation below
follows Stenger (1979).

Let IT denote the group of permutations of A'= {1, ..., N},andformr € I1, S C N,
and Y = (v, ..., yn), define

T[S:{T[(l) NS S}, ﬂyz(yn—l(l),...,yﬂ—l(m). (8)
For a design P let

- _ 1

P(S) =Y P@S/N!. ip(S.Y) = B > @S aMPES).  (9)

mell mell

Note that P(S) is a probability on subsets S of NV. If the design P concentrates on sets
of size n, then P is a uniform probability with P(S) = 1/(2’) on such sets, that is,
P(S) = Ps(S), which is SRS. If P(|S| = m) = yu, m = 1, ..., N, where | S| denotes
the size of S, then P(S) = yisi/ (\I;II)' In this case, P(S) is uniform over all sets of a
given size, and we call it a conditional SRS. Moreover, P = P if and only if P is a
conditional SRS.

Let us now consider a random pair (7, S), consisting of a random permutation
and a random set having the joint distribution (7, §) ~ % It is easy to see that

Dads P;’,’!S) =1, and by Eq. (9) we have ) 7)5\7,7! = P(S), the marginal distribution
of S. The conditional distribution of 7 given S is the ratio of the joint distribution %

and marginal distribution P(S) of S. We summarize this notation as follows:
P(S) N P@S)
N! N'P(S)
Then, 7p(S, V) = E[t(nS, 1Y) | S1 = Exslt(nS, nY)].
Note that D[zS, )] = {(7(i), yr-1zey)) = i € S} = {(w(@),y) : i € S}, and so
tp(S, )V) does not depend on y-values outside of V. The same is true for any #(zS, 7))

with known 7. Assume without loss of generality that S = {1,...,n} and use the
notation (i) = j; fori € S. From Eq. (9) we have

(S V) =c Y (G0 G 3 DP Gt dnd),

(7, S) ~ . S~P(S), IS (10)

where c is a constant. The sum is over all subsets of size n and does not depend on S, and
it follows that 7(S, ))) depends on s (and P), but not on S; that is, fp is a symmetric
estimator.

It is now easy to see that for a symmetric estimator #())s) we have

t(mwS, tY) =1(S,)) and, therefore, p(S,Y) =tp(S,)). (11)
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From the definitions in Eq. (9) it is easy to see that if (P, 7) is an unbiased strategy
for a symmetric parameter 6 = 6()/), that is, a parameter satisfying 8(x)) = 6()) for
all w € T1, then so is the strategy (P, 7).

The following proposition (see Gabler (1990) and references therein for closely
related results) implies that for a minimax strategy relative to designs of fixed sample
size, it suffices to search among strategies (Ps, f), where t = t())s) is symmetric and
Ps is SRS with the same sample size. More generally, it shows that for any strategy
(P, t) there is a strategy consisting of a conditional SRS design having the same dis-
tribution of sample size as P and a symmetric estimator #()s) with a smaller maximal
risk. The proposition requires symmetry and convexity of L. A closely related result
that does not require convexity of the loss is Proposition 13. The latter proposition
provides an interpretation of the third expression in Eq. (13) below in terms of a ran-
domized estimator. We defer the discussion to Section 3.4 for the sake of simplicity at
this point.

Recall that a loss function L is symmetric if it remains constant under permutations
of Y; that is, L(t, YY) = L(t, w)). With the above definitions we have,

PROPOSITION 6. Let L(t, )) be a symmetric loss function that is convex in t for each
Y € Y, a symmetric parameter space. Then for P, t defined in Eq. (9),

sup R(P,1; V) < sup R(P, 1; V). (12)
YeY Yer
ProoF.
_ P _
R(P,%; ) = ZL(r(S VLIPS 2 Z Z N,(P(‘Z) L(t(xS, V), VIP(S)

= Zzwm S. 7). ) 2 ZZ R )L<r(s V). V)

- N‘ZZP(S)L(“S ) ) = ,ZR(P,t;ny); (13)
(]

Jensen’s inequality applied to the convexity of the loss function L implies the inequality
marked by (0); a further explanation is given below. The equality (1) was obtained by
substituting S for 7S (both range over all subsets of A under the summation on S) and
(2) follows because by symmetry L(z, V) = L(t, 7).

Asimple way to understand the above inequality (0) is to note that under the definitions
of Eq. (10),

P -
Z Z N';g)) LS, 7)), WP(S) = ES{Ems[L([(TL’S, 7Y), M1},

and the inequality becomes EsL(Eys[t(nS, nY)], V) < Es{Exs[L(1(wS, 7Y), V)1}.
From Eq. (13) we have R(P, t; )) < max, R(P, t; &))) since the maximum is larger
than the average, and by the symmetry (permutation invariance) of the parameter space
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Y, it follows that

sup R(P,1; V) < sup R(P,1; V). n
YeY YeY

Note that for a (conditional) SRS design P we have P = P, and we conclude from
Proposition 6 that for such designs it suffices to consider symmetric estimators when the
goal is to minimize maximal risk with convex loss. This is formulated in the corollary
below, which appears in Royall (1970a).

COROLLARY 7. Let Pbe a conditional SRS design. Under the conditions of Proposition 6

sup R(P,1; V) < sup R(P, 1; )).
YeY YeY

Our next goal is to establish a minimax result for unbiased strategies. First, we need
the following lemma on completeness, due to Royall (1968). As usual, completeness
will be used to obtain uniqueness of unbiased estimators. A function h(yy, ..., ¥,) is
said to be symmetric if it is invariant under permutations of its arguments, that is, it
depends only on the set of (unordered) values {y, ..., y,}. We can then write h()s),
since )y is a set of (unordered) y-values.

LEMMA 8. Let Y be any product parameter space

YT=AY=Ax--xA, (14)
and let P be a design such that P(S) > 0 implies |S| = n. Then Ys is complete; that is,
for any symmetric function h, Eph(Ys) = 0 forall Y = (y1, ..., yn) € Y implies that
h(yi,..., ) =0foranyy; e A, i=1,...,n.

Proor. First consider )V = (a, ..., a) € Y (here, e.g., we use the structure of T given

by Eq. (14)) and compute the expectation under this value of the parameter. Then
0 = Eph(YVs) = Y ¢P(Sh(a,...,a) implies h(a,...,a) = 0. Assuming without
loss of generality that P(S) > O for § = {1, ..., n} choosenow YV = (b,a,...,a) € Y.
Then 0 = Eph(Ys) = ph(a,...,a) + qh(b,a,...,a) with ¢ > 0, and we con-
clude that A(b, a,...,a) = 0. The result follows by continuing in the same manner
(induction). O

The next theorem shows that relative to the class of unbiased strategies, there exist
minimax strategies that involve SRS. For a closely related result see Theorem 3.10
in Cassel et al. (1977) and references therein. Remark 11 compares their result to
Theorem 9 below. Such a result is not true without restricting the class to unbiased strate-
gies (see Remark 11 below). Unbiasedness is ubiquitous in applications. This is quite
natural since avoiding bias is often given as a justification for random sampling. How-
ever, unbiasedness alone does not guarantee good estimation; see, for example, Basu’s
(1971) famous circus-elephants weighing example for a ridiculously poor unbiased
estimator.
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THEOREM 9. Let Y be any product parameter space: T = AN = A x --- x A, and
let Py denote SRS of size n. If there exists any unbiased strategy (P, t) for the param-
eter 0 = 6()) with P having a fixed sample size n, then there exists a unique sym-
metric estimator ty = ty(Ys) depending only on Ys, such that the strategy (Ps, ty) is
unbiased.

If0 = 0(Y) is a symmetric parameter, and the loss function L(t, ) is convex in T for
each'Y € Y, then,

sup R(Py, to; V) < sup R(P, 1; )) 15)
Yex Yex
for any unbiased strategy (P, t) for 6, having a fixed samples size n. In other words, the
strategy (Ps, to) is minimax relative to the above class of strategies (P, t).

PrOOF. As mentioned after Eq. (11), if (P, ) is unbiased then so is (7_3, 7). Since P
concentrates on sets of size n, we have P = P,. Lemma 8 implies that a symmetric
unbiased estimator is unique (take % in the lemma to be the difference between two
unbiased estimators to obtain that they are the same). It follows that the strategy (P, 7)
is the same for all unbiased (P, ), and the result follows from (12) with £y = 7.

The sup’s in Eq. (15) may be infinite, in which case the result is uninteresting, and it
is empty if no unbiased strategies exist. (I

COROLLARY 10. Let Y = AN. If0 = 6(Y) = % Zfi Vi o= Y, the population mean,
and the loss function L(z, ) is convex in 7 for each ) € Y, then for the sample mean
Vs = % Y ics Yi we have
sup R(Ps, ys;3 V) < sup R(P, 1; )) (16)
YeY Yer
for any unbiased strategy (P, #) for 6, having a fixed sample size n. In other words, the
strategy (SRS, ys) is minimax relative to the above class of strategies (P, 7).
For the population variance 6 = V())) = % Zfil (yi—=Y)?, setv = % D iesi—
ys)?, an unbiased estimator. Then (SRS, v) is minimax relative to unbiased strategies
having sample size n.

PRrOOF. The population mean 6 = ) is a symmetric parameter, and the sample mean yg
is a P,-unbiased estimator, that is, it is unbiased for SRS of size n. The result follows
from Theorem 9. Similarly, v above is symmetric and a P,-unbiased estimator of the
population variance, which is a symmetric parameter. (I

REMARK 11. Theorem 3.10 of Cassel et al. (1977) states a result similar to Theorem 9
for the special case of = Y, the population mean, and for the quadratic loss function
(MSE). It states that in this case an unbiased strategy (Py, ys) with sample size n is
minimax relative to the class of unbiased strategies with sample size n, for any such
P1 satisfying o; = n/N fori = 1,2,..., N, and it seems that all they require of the
parameter space is for it to be symmetric.

In the counterexamples below, we also consider quadratic loss and estimation of
the population mean. The first example shows that the assumption o; = n/N does not

suffice.



“51-Ch41-N53124” 2009/3/19 page 1112

1112 Y. Rinott

Set N=4, n=2, and Y =1{0, 2a}*. Then for quadratic loss a straightforward calcu-
lation shows that maxycy R(Ps, ¥s; V) = a/2 and the maximum is attained at )) =
(0,0, 0, 2a). On the other hand, the design defined by P1({1,2}) = P1({3,4}) = 1/2
satisfies ; = n/N = 1/2, butfor Y = (0, 0, 2a, 2a) one easily gets R(Py, ys; V) = a?
and clearly (P, ys) is not minimax.

The next example shows that even in the case of SRS it is not enough to assume that
Y is symmetric. Set ¥ = Q(1,2,3)|JQ (11, 12, 13), that is, the set consisting of the
two indicated vectors and all their permutations. Here N = 3. Then for SRS withn = 1
orn = 2, there clearly exists an (unbiased) estimator t which is always exactly correct,
and hence satisfies R(Py, t; V) = 0, whereas R(P;, ys; YY) > 0, so that (Py, ys) is
not minimax. This happens because one observation provides complete information
about the population up to permutations (recall that the parameter space is assumed
known).

Finally, we show by a simple example that the unbiasedness condition is not redun-
dant. (For MSE, this will become clear also in Section 3.5.) In fact, a biased estimate
t may satisfy maxyey R(Ps, t; V) < maxyey R(Ps, ys; V). Take N = 2,17 = {0, 1)?,
and n = 1. Then, maxyey R(Ps, ys; V) = (1/2)2. The (biased) estimator t defined by
t(0) = 1/4, (1) = 3/4, satisfies maxyey R(Ps, t; V) = (1/4)%

The restriction to unbiased estimators may be replaced by linearity and invariance
conditions and similar results to Theorem 9 still hold. Note that for the case of esti-
mating Y, for example, the minimax strategy (SRS, ys) does not depend on Y. Without
unbiasedness or similar restrictions, the minimax strategy depends on Y, and finding it
may be difficult. For nonsymmetric parameter spaces the problem becomes even harder.
See Proposition 17 below for a minimax rule on symmetric product parameter spaces
for quadratic loss (MSE), without an unbiasedness condition.

3.3. Symmetric estimators and nonconvex loss

The next proposition is a special case of a general result on invariance, Theorem 8.6.4 of
Blackwell and Girshick (1954), who applied it in the context of sampling. It says that for
symmetric estimators the maximal risk is minimized by (conditional) SRS designs. In
particular, designs having a fixed sample size can be replaced by SRS. Since R(P, t; ))
is linear in P (but not in #), convexity of the loss L is not required. Also, we require no
conditions on Y other than symmetry, which is always assumed. Recall that for a given
design P the corresponding P is defined in Eq. (9).

PrROPOSITION 12. For any symmetric estimator t, design P, and symmetric loss fun-
ction L,

sup R(7_?, t;Y) <sup R(P,t;)).
YeY YeY

If the design ‘P has a fixed sample size, say n, then

sup R(Ps, t; ) < sup R(P, 1; )),

YeY YeY

where, P denotes SRS of size n.
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PROOF.

sup R(P, ; ¥)) = sup D P(HL(1(S, ), V)

YeY Yer g
S
= sup Y P s, 3, )
yET S T
- sup ZZP( 2 L5, 9). )
eY

“=) ZZ&LO(S ), ¥)
@ Z Z &L(t(S mY), 1Y)
< m Z sup Z PL(S, 7)), 7Y)

— Z sup R(P,1;)) = )S}ug R(P,t; Y); (17)

YeT
the equalities marked by (1) is obtained by the symmetry of ¢ using the first part of
Eq. (11), and (2) follows from the symmetry of L; the rest is straightforward. The

second part of the proposition is a special case of the first, based on the fact that if P
has a fixed sample size n, then P = P;. |

It is easy to provide a counterexample to the above result for ¢ that is not symmetric.
Take N = 3 and n = 2 and let #(S, ))) be an estimator that takes a huge and irrele-
vant value when 3 € S. Clearly, one can choose values such that the design satisfying
P({1, 2}) = 1 will violate the second inequality of Proposition 12.

3.4. Asymmetric and randomized estimators and nonconvex loss

So far, we have considered loss functions L(t, ))) that are convex in t, with one excep-
tion, namely Proposition 12. In sample survey applications, unbiased or nearly unbiased
estimators are usually considered, and their variances or MSE are computed. This cor-
responds to quadratic loss, which is convex. In this section, we shall see (and it is well
known) that for nonconvex loss functions and certain optimality criteria of statistical
decision theory, randomized estimators become relevant, and we discuss them briefly in
the next paragraph. Nonconvex loss functions arise, for example, in specific areas such
as statistical classification, where a convex loss would tend to overemphasize misclas-
sification of outliers, and more generally, when one wants to allow bounded loss over
unbounded spaces. In this chapter, we treat general loss functions, including nonconvex
ones, because we think that they may be useful and relevant, and because their discus-
sion clarifies the analysis and shows what conditions are really needed, an issue that
may be hidden in explicit calculations with quadratic loss.

For randomized estimators, standard decision theory suggests taking expectation of
the loss over both the random estimator, and the design. This leads to the interpretation



“51-Ch41-N53124” 2009/3/19 page 1114

1114 Y. Rinott

of the loss for randomized estimators as given in Definition 3: L(5,60) = EsL(a, 0)
where a ~ § = §(X). This interpretation, which in certain situations leads to optimality
of randomized estimators as shown later, is perhaps relevant when a large number of
similar estimation problems are considered together, with (roughly) the same value of
the estimated parameter. The law of large numbers is then often used to justify the
expectation. Perhaps one may consider repeated estimation of employment rates in a
monthly Labor Force Survey to be such a situation. But in general, statistical agencies
do not use randomized estimators, and their discussion in our context is theoretical.’ The
latter fact indicates that this approach to loss and randomized estimators is debatable.
For example, when the randomization does not depend on the data, which is the case in
most of the examples given later, this interpretation seems to violate the conditionality
principle which many statisticians accept,* since it takes into account possible estimators
which were not chosen to be used.

Like random sampling (which is, of course, used everywhere) randomized estimators
may be seen as mixed strategies in game theoretical terminology; see, for example,
Rubinstein (1991) and references therein for a discussion of the difficulty of interpreting
mixed strategies in game theory, which pertains to statistics as well.

Below is a simple example showing that without convexity, randomized estimators
must sometimes be taken into account. Consider for example the loss function of a
perfectionist defined by L(r,0) = 0if t = 6 and = 1 otherwise,” and let 6 be the
population mean. Letn = 1, T = {0, 1}2, thatis, N = 2. Then under SRS, for example,
the randomized estimator t* with t*(0) = 0 or = 1/2 with probability 1/2 each, and
t*(1) = 1/2 or = 1, again with probability 1/2, is the minimax rule with risk = 1/2.
For convex loss function, a simple application of Jensen’s inequality implies that we
would achieve the same or smaller risk by averaging #* to obtain the estimator ¢ with
t(0) = 1/4,t(1) = 3/4 (see Remark 11), which for quadratic loss is minimax. However,
for the perfectionist’s loss function the risk of 7 equals 1; it is an estimator that is never
exactly correct.

The next result says that for any symmetric loss function (convex or not) and any
strategy (P, f) having a fixed sample size n, one can find an estimator #* such that the
maximal risk of (Py, ¢*) is smaller than that of (P, r), where P, denotes SRS of size n.
This suggests that for minimax purposes or when considering maximal risk (and with
the absence of auxiliary information), only SRS needs to be considered.

The estimator * turns out to be randomized, and its construction is given explicitly
in Proposition 13 below. I cannot provide a reference for this proposition; it is probably
not new, but if it is, it may be because little or no attention has been paid to nonconvex
loss functions in finite population sampling. See Ferguson (1967 Theorem 4.3.1) for a
related result, where randomized rules play a similar role. The proposition shows that
the fact that SRS suffices for minimax considerations when estimating a symmetric
parameter (which implies symmetric loss) is not related to convexity.

Given an estimator #, let £, (S, V) = t({(w(i), y;) : i € S} = t(7wS, 7)); see Egs. (1)
and (8) for notations. For example, if 1 = tyr then 7,(S,)) = Y ;. yi/%x). For a

3 However, the Rao—Hartley—Cochran strategy mentioned in Section 7.2 is an example of a randomized
estimator.

4 See Helland (1995) for the history, a critical discussion, and references on the conditionality principle.

5 A smoothed version of this function could be studied in similar ways.
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strategy (P, f) with a fixed sample size, let * be the randomized estimator defined for

a given S by
(S, V) = (S, ) = (xS, 7)) with probability 1\77)';;2) for m € I1,
(18)
where IT is the permutation group over {1, ..., N}. Clearly > N7,D7(f f;,) =1.

PrOPOSITION 13. Let L(t, ) be a symmetric loss function (convex or not) and as always
let Y be a symmetric parameter space. Given a strategy (P, t) with fixed sample size n,
let t*(S, Y) be the randomized estimator of Eq. (18). Then

sup R(P, t*; YY) < sup R(P., t; V). (19)
YeY YeY

PrOOF. We just repeat part of the proof of Proposition 6. Using the notation of Eq. (8),
but see also Egs. (9) and (13), we have

P
RP,150)=) " N!;;: 2) L(tx(S, ¥), V)Py(S)
N4

= Z Z P(—S)L(t(nS 7)), )

2 Z Z 7D(—S)La(s V), ¥)

2 3 ASLUS 9. 79)

- % Z R(P.t; 1Y) < max R(P, ; 7)), (20)

where the relations marked by (1) and (2) are explained under Eq. (13). The result now
follows easily (compare to the proof of Proposition 6). (]

A similar result to the above holds when P does not have a fixed sample size, in
which case the left-hand side of Eq. (19) holds with P replaced by the conditional SRS
design P.

The relation between Propositions 13 and 6 is as follows. If the loss is convex, we can
replace t* in Eq. (19) by its expectation, and obtain a lower bound by Jensen’s inequality,
and Proposition 6 follows; this is true also when the sample size is random.

We stated Propositions 12 and 13 separately only because in the context of finite
population sampling, randomized estimators (which are needed to state Proposition 13)
are esoteric. We could have stated just Proposition 13, since it implies Proposition 12
readily. To see this it suffices to note that by Eq. (11), if the estimator ¢ is symmetric,
then the estimator #* defined in Eq. (18) is in fact nonrandomized, and t* = ¢.
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3.5. Minimax and Bayes estimators

Minimax estimators can be obtained from Bayesian calculations. An example of this
approach concerning estimation of a proportion in a finite population is given with
the purpose of demonstrating the technique. While minimizing the maximal risk by
definition, the resulting minimax rule has a higher risk than the usual estimator, the
sample proportion, in parts of the parameter space, and we discuss the comparison
between the two estimators. Most of the following discussion and much more can be
found in Lehmann and Casella (1998) and the references therein.

The problem of estimating a proportion in a finite population of size N by a sample
of size n is first approximated by the standard decision-theoretic problem of estimating
the parameter p from a binomial distribution, that is, a sample of iid Bernoulli(p)
observations. The notation and terminology we need for the latter problem is that of
Definition 3.

3.5.1. The binomial case

Consider X ~ Binomial(n, p) and a Bayesian structure with a prior p ~Beta(a, b). For
quadratic loss, it is well known that the Bayes estimator is the posterior expectation
d(X) = E(p|X). A standard calculation shows that the estimator,

X_Ji !
n1+ﬁ+2(1+ﬁ)

is Bayes with respect to the above prior when a = b = /n/2 and that it is an equalizer,
that is, its risk is constant and does not depend on p. In fact, E(d(X) — p)? = 4(1+~/ﬁ)2'

dX) =

ey

The following proposition is well known (see, e.g., Ferguson (1967) or Lehmann and
Casella (1998)) and readily implies the minimax result of Corollary 15 below. For
definitions see Definition 3.

PROPOSITION 14. A Bayes estimator 8y having a constant risk (equalizer) is minimax.
If 8¢ is uniquely Bayes with respect to a given prior, then it is the unique minimax
estimator.

PROOF. Let § be another estimator, and assume & is Bayes with respect to p. The estimator
8o satisfies (8o, p) = [R(8o, 0)dp < r(8, p) = [R(8, O)dp. As R(8, 0) is a constant
not depending on 6, it follows that R(8y, 6) < f R(8, 0)dp < supy R(8, 0) for all 8, and
8o is minimax. If another rule is minimax, then using the assumption of constant risk of
do, it is easy to see that it is also Bayes, and the uniqueness part follows. d

COROLLARY 15. The estimator d(X) of Eq. (21) is the unique minimax estimator of p
for quadratic loss.

For the estimator d*(X) = X/n, which is UMVU, we have E(d*(X) — p)? =
p(1 — p)/n, and we see that around p = 1/2 the estimator d is slightly better than d*
provided that n is not small, but d* has smaller risk when p is not close to 1/2. Thus
here, and in the developments below where a similar phenomenon occurs, one may
argue about the quality of the estimator obtained by the minimax criterion.



“51-Ch41-N53124” 2009/3/19 page 1117

Some Decision-Theoretic Aspects of Finite Population Sampling 1117

3.5.2. Finite population sampling for proportion and mean

We now follow Lehmann and Casella (1998) and Hodges and Lehmann (1982). Related
results appear in Bickel and Lehmann (1981). In Corollary 16 and Proposition 17 below,
we obtain minimax results without restriction to unbiased estimators (compare to Corol-
lary 10).

Consider SRS from a population of size N whose values are either O or 1, and we
wish to estimate the parameter W/ N where W is the number of ones. In fact, in this case
W/N = Y. Consider the prior on W, which is a mixture of binomials with Beta(a, b)
weights, that is,

1
N _pla+b) _

P(W=w) = Y= p)N ——p (1= p)Pldp. (22

( ) /0 <w>p I=p) F@r®)” (I —=p)"dp (22)

A reader who wants to avoid the calculations can look at numbered equations only. Let

X be the number of ones drawn in an SRS of size n. Then X|W ~ Hypergeometric,

thatis, P(X = x|W) = (‘f) (Nn :XW) / (1’:’ ) and with standard calculations we have for some
c = c(x),

P(W = w|X = x) = cP(X = x|W = w) P(W = w)

1
N—n
— C/ < )pw+a—qu—w+b—ldp
0 w—X

1

N —n

— C/ < L )pqunk 3 prraflqnforbfldp;
0

the last expression above is obtained by the substitution k = w — x where k =0, ...,
N — n, and it is arranged so that under the integral we observe the Bin(N — n, p)
probability function in the variable k. It is now easy to see thatc = I'(n +a+b)/[T"(x+
a)['(n — x + b)] is the normalizing constant so that P(W = w|X = x) is a probability
function. Using the Bin(N — n, p) expectation we get,

1
N —
EOV—MX=%)=C/(N—nw~ﬁ””¢ﬂ””Wﬁ=L—l%iiﬂ
0 n+a+b

and, therefore, we obtain that the Bayes estimator is the linear estimator

d(x) = E(W/N|X = x) = (N+a+bx+ (N — n)a. 23)
N(n+a+b)

To compute the MSE of d, we use the relations E(X|W) = nW/N and Var(X|W) =
Wn(N — W)(N —n)N~2(N — 1)~! for the hypergeometric distribution of X|W, and the
formula MSE(d) = Variance(d)+ [Bias(d)]?>. We then choose a, b which make the MSE
constant (not dependent on W). The resulting equalizer estimator is given in Eq. (24)
below and we obtain.

COROLLARY 16. Under SRS with sample size n and quadratic loss, the estimator
d(X) = AX/n+ B, where
A=1/[1+/(N=n)/(nN —n) 1, B=(1— A)/2 (24)




“51-Ch41-N53124” 2009/3/19 page 1118

1118 Y. Rinott

is minimax among symmetric estimators (depending only on X, the number of ones in
the sample) for the proportion W/ N of ones in a finite population of zeros and ones.

We omit the calculations; clearly the obtained estimator is minimax, being an equal-
izer and Bayes. Naturally the estimator obtained in Eq. (24) converges to that of Eq. (21)
for large N, and has similar properties: it is worse than the usual sample mean when W
is not near N/2, and it is somewhat better near N/2.

As already mentioned, for parameter spaces that are not symmetric, minimax esti-
mators depend on the parameter space, and their calculation may be difficult in the
absence of further restrictions on the decision rules. Corollary 16 provides a minimax
rule for estimating a proportion, in which case the parameter space is {0, 1}¥. We show
next that for SRS on Y = AY and quadratic loss, Corollary 16 can be extended to
provide a minimax estimator for any interval A C R (and more general sets). As noted
by Lehmann and Casella (1998) (see references therein), this can be obtained from the
previous discussion. See also Gabler (1990) for generalizations.

PROPOSITION 17. Let Y = AV, where A = [a, b] for some a < b. Let )_)and ys denote
the population and sample means. Under P; = SRS with sample size n, and quadratic
loss, the estimator dy = (b — a)d((ys — a/(b — a)) + a, where d(z) = Az + B with A
and B as defined in Eq. (24), is minimax for Y relative to the class of all estimators. In
the case [a, b] = [0, 1] the minimax estimator is dy = d(Ys) = Ays + B. Moreover,
the strategy (Py, dy) is minimax (see Definition 5) relative to the class of all strategies
with a fixed sample size n.

PROOF. We can assume first that A = [0, 1], and then apply a linear transformation. By
Corollary 7 we can restrict our attention to symmetric estimators z. By Corollary 16, the
estimator of (24) is minimax among symmetric estimators when the parameter space is
restricted to the set of extreme points of Y, which we denote by Ye = {0, 1}". Let E
below denote expectation with respect to the (prior) probability measure on Ye defined
by PV = (y1,...,yn)) = P(W = w)/(ﬁf) for any vector (y1, ..., yn) € Ye, where
ZiN:1 yvi=w,w=0,1,...N, and the distribution of W is given in Eq. (22). Note that
the estimator d = Ays + B is Bayes with respect to this prior and an equalizer on Ye.
We have,

sup R(Py.1;Y) = sup R(Py.1;Y) 2 ER(Py.1;Y) = ER(Py, do V)

YeY YeTYe
3 . @ . .
= Sup R(Psvd07 y) = Sup R(Pssd()s y))
YeTYe YeY

inequality (1) holds because an average is smaller than the maximum, (2) holds because
dy is Bayes with respect to the given prior, and (3) holds because d| is an equalizer, that
is, R(Py, d; V) is constant on Ye. Finally (4) follows from the fact that R(Py, d; V) =
> s Pe($)d(Vs)— )_))2 is a convex function of ) and, therefore, its maximum is attained
at the set of extreme points.

Proposition 6 readily implies that the strategy (Ps, dp) is minimax as stated. 0

It is easy to see that the above result holds for any bounded A C R satisfying {a, b} C
A C [a, b] for some a, b € R. By continuity arguments it also holds when A = (a, b).
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If A is not convex, the estimator may take a value that is not in the parameter space,
which is allowed, as our decision space is always R. Proposition 17 is trivial if A is
unbounded since the maximal risk is always infinite.

For the parameter space T = {) : Zfi Wi — 52)2 < M}, Bickel and Lehmann
(1981) proved that under simple random sampling, the sample mean is minimax for
quadratic loss. Since the variance of the sample mean is proportional to Zfi i — V)2,
this definition of the parameter space is equivalent to assuming that this variance is
bounded by a given constant. The proof uses invariance, and a reduction of the problem
to estimation of a translation parameter, and showing that the sample mean coincides
with the Pitman estimator. If the population is divided into given strata, then the usual
weighted average of the sample means in the strata is minimax when the parameter space
is defined by the condition that its variance is bounded by a given constant. Results on
optimal designs are also given.

Related results by Aggarwal (1959, 1966) for a superpopulation model are described
in Section 7.3.

4. UMVU estimators

It may be natural to hope to find estimators that have a uniformly smallest risk in an
interesting class of estimators. However, this short section describes a negative result,
which indicates that such uniformly best estimators do not exist in interesting cases.
This fact justifies “weaker” optimality criteria such as the minimax, which considers
the maximal risk rather than the risk at each value of the parameter, or the Bayes risk,
which averages the risk over the parameter space. For further references and discussions,
see Cassel et al. (1977).

UMVU estimators are unbiased estimators whose MSE is smaller than that of any
other unbiased estimator for each J € Y. We consider more general risk functions than
MSE but still use the term UMVU.

DEFINITION 18. A P-unbiased estimator ¢* (of a parameter ) that is in some class of
estimators, is said to be UMVU in this class, under the design P, if

R(P,t*;)Y) < R(P,t;Y) forall Ye¥ (25)
for any P-unbiased estimator ¢ of 6 in this class.

We briefly discuss estimation of the population mean, and show that interesting cases
of UMVU estimators do not exist; the condition that Eq. (25) hold for all ) € T is too
strong.

Consider the so-called generalized difference estimator (Basu, 1971) defined for any
design P with inclusion probabilities o; > 0 for all i € A'by

N
Yi—¢€ . -
tGng ~— +e¢, where ezg e,
o
i=1

ieS !

(26)

with known but arbitrary constants e = (ej, ..., ey). When e = 0, we obtain the

Horvitz—Thompson estimator. Note that for any e we have Ep(tgp/N) = ).
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PROPOSITION 19. Let P be a design such that o; > 0 for all i € N and o; < 1 for some
ieN andlet 6 = j/ Let Y = AN with A C R such that |A| > 2. Consider a loss
function L(z, 0) such that L(t,0) > 0 for all t and 0, and L(z,0) = 0 if and only if
T = 6. Then no UMVU estimator in the class of unbiased estimators of the population
mean 0 exists.

PrOOF. If e happens to coincide with some ) € Y then fp/N = Yfor any sample S, and
R(P, tosp/N; Y) = 0. It follows that a UMVU estimator ¢ must satisfy R(P, t; ) =0
for all Y € Y. The result now follows readily. O

Since fgp is in the class of unbiassed linear (or affine) estimators (a linear combination
of the observations plus a constant), the proof shows that there is no UMVU estimator
in this class. This was shown by Godambe (1955). For further references see Godambe
and Joshi (1965).

Finally, we point out that among symmetric unbiased estimators there do exist UMVU
estimators in a trivial manner. For example, the completeness result of Lemma 8 shows
that ¥ is the unique unbiased estimator of ) that is symmetric, that is, an estimator of
the form ¢ = #()s). Thus, yg is trivially UMVU among symmetric estimators. More
generally, if we restrict attention to the class of symmetric unbiased estimators of any
parameter, then at most one such estimator exists, and it is trivially UM VU in this class.

5. Admissibility

DEFINITION 20. A strategy (Po, to) is admissible in a class of strategies if there is no
strategy (P, t) in this class satisfying

R(P,t; V) < R(Py, to; V) for all Y € YT with strict inequality for at least one ).

An estimator f#; is admissible under a design Py in a class of estimators if there is no
estimator ¢ in this class satisfying

R(Po, t; V) < R(Py, tp; V) forall Y € Y with strict inequality for at least one ).

If the first inequality in the above definition holds, we say that the strategy (P, t) dom-
inates (Py, to), and if the second inequality holds, we say that r dominates t, under
Po.

Admissibility is in some sense a minimal property. If a strategy (estimator) is inad-
missible, then there is a better strategy (estimator) that will perform better (or at least
as well) under any of the criteria mentioned in this chapter. But an admissible strategy
may still be very poor. For example, it is easy to construct a finite population estima-
tion problem such that an estimator which is a constant guess that ignores the sample
altogether is admissible in a wide class, but has an arbitrarily large risk on large parts
of the parameter space. Admissibility is called Pareto optimality in the terminology of
game theory.

The next two theorems, from Scott (1975), show that admissibility is a property of
the support of the design P defined by Sp = {S € N : P(S) > 0}. In fact, if # is
admissible under a design P, then it is admissible under any design having the same or
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smaller support. Here convexity of the loss function and randomized rules play a role,
as will be seen in the precise statements and proofs.

THEOREM 21. If an estimator ty is admissible under a design Py in the class of all
estimators including randomized ones, then the same holds for any design ‘P satisfying
877 - 8770‘

PRrROOF. Suppose to the contrary that there exists an estimator #; that dominates #, under
‘P. Using it, we will construct an estimator #* that dominates #; under Py, contradicting
our assumption.

Let m = max{P(S)/Po(S) : S € Sp} and Q(S) = P(S)/mPy(S). Then, by the
conditions on the supports 1 < m < oo and 0 < Q(S) < 1. Here and in the next
proof, we use the abbreviation #(S) for #(S, )), that is, we suppress the parameter ).
Consider the following randomized estimator t*: if S € Sp,\ Sp, then 1*(S) = 7 (). If
S € Sp, then t*(S) = £,(S) w.p. Q(S) and t*(S) = #,(S) w.p. I — Q(S). We claim that
t* dominates oy under Py. Indeed,

R(Po,1:))
= > 0OPoOLUES. M+ Y 1= 0SPuSL@$). I+ D PoSLt(9), V)
SESP SGS'P SESPU\SP
=m™' Y POLGS. I+ D 1= 0OIPoOLUtS). N+ Y. PoS)L(5), )
SeSp SeSp SGSPO\SP
=m™' Y POLWES). )+ Y 1= 0SIPuSLt). N+ Y. PoSLt(S). V)
seSp seSp SeSpO\Sp
= > 0OPuOLUt(S). M)+ Y 1= 2SIPuSL@$). I+ D PoSLt(9), V)
SESP 5657) 568730\87)
= R(Py, 10; V)

for all ), with a strict inequality for at least one )/, where the inequality follows from
the assumption that ¢; dominates 7y under P. Note that the estimator #* is randomized.
If L(z, V) is convex in T, we can replace t* by its expectation, and thus assume that ¢*
is nonrandomized. See Remark 4. In this case, Theorem 21 holds also for the class of
nonrandomized estimators. ([l

For the next result, we slightly generalize Scott’s (1975) formulation. Given a collec-
tion H of real valued functions defined on subsets of A/ and a corresponding collection
of constants C = {cj},cp, define the class of designs

Dyc ={P: Eph(S) =c, forall h € H}.

For H consisting of the single function 4(S) = |S|, and ¢, = n, we obtain the class of
designs with expected sample size = n. Taking H to be the set of indicator functions of
all sets of size # n, and ¢;, = 0, we obtain the class of design having fixed sample size
n. These two classes were considered by Scott.

Given an estimator #y(S, ) and parameter 6 = 6())), the class of designs P under
which £y is unbiased for 6 is also of this kind. To see this define 2y,(S) = (S, V), and
cp =cy=06(),andset H={hy:)Ye Y}
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The class of designs of having sample size n in some interval, the class of conditional
SRS designs, see definition following Eq. (9), and other classes are of the above type,
as are their intersections.

THEOREM 22. If a strategy (Py, to) is admissible in a class of strategies having designs
in a given class D = Dy and estimators in the class of all estimators including
randomized ones, then the same holds for any strategy (P, ty) such that P € D, and
Sp C SPO'

ProoF. For P as above, suppose to the contrary that there exist a design P; in D,
and an estimator f{, such that the strategy (P;, t;) dominates (P, fy). Set P*(S) =
Po(S) + m~ (P (S) — P(S)), and note that P* € D. Define T(S) = P;(S)/mP*(S).
Since Py(S) —m~'P(S) > 0, we have P*(S) > m~'P;(S), and therefore 0 < T(S) < 1.
Define the randomized estimator t*(S) = #;(S) with probability 7(S) and t*(S) = 7 (S)
with probability 1 — 7(S). A calculation similar to the one in the proof of Theorem 21
shows that R(P*, *; V) dominates R(Py, fo; )), a contradiction. O

Godambe and Joshi (1965) have shown that for any design, the Horvitz—Thompson
estimator is admissible in the class of all unbiased estimators of a finite population total.
The proof we give is essentially due to Ramakrishnan (1973), extended here from MSE to
amore general convex loss function. The requirement O € A is discussed after the proof.

THEOREM 23. Let P be any design with o; > 0 fori = 1,2,..., N, and consider
the parameter space AN for some set A satisfying 0 € A. The Horvitz—Thompson
estimator tyr(S, YY) = Zie s Yi/a; is admissible in the class of unbiased estimators for
the parameter Oy = Zfil y; provided that the loss function L(t, 0) is strictly convex in
t and assumes its minimum, when t = 6.

ProOOF. We assume P(S) > O implies |S| > 0 to avoid trivialities. The proof is by
induction on N. For N = 1 clearly tyr = 0y, and the result is obvious. The induction
hypothesis is that for a population of size N, R(P,t; V) < R(P,tyr; Y) forall Y €
A" implies that t = tygr with P-probability 1, and it is easy to see that the desired
admissibility follows. Let (P*, t*) be an unbiased strategy for 6y on a population
of size N 4 1 denoted by Uy, and consider the population Uy of size N obtained
by removing the last coordinate from Uy ;. On the latter population, we construct a
strategy (P, f) by setting,

P(S) =P (S) +P*(S,N+1), 1«8,
1
T PS)
where, (S, N+ 1) =SU{N+1},L, Y= (1, ...,yn),and Y* = (y, ..., yn,0). Itis

easy to see that (P, 1) is unbiased for Oy. For now let tyr and #j; denote the Horvitz—
Thompson estimators for the designs P and P*, respectively. We claim that,

R(P, tur; V) = R(P*, tir; V). 27

To see this, construct tyr and #;; on the same probability space (coupling) as follows.
WhenasetS C {lI,..., N}or (S, N + 1) is chosen with probability P* as the sample

[P*(S)*(S, V) + P*(S, N + Dr*((S, N + 1), Y]
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for #ir, let S be the chosen set for #yr. It then follows that tyr = fj, and Eq. (27)
follows. Next, we claim that,

R(P,1; Y) < R(P*, t*; V). (28)

It is easy to see that this follows by the convexity of L and Jensen’s inequality, given
that 7 is a convex combination of values of #*. Moreover, the fact that L is strictly
convex implies strict inequality in Eq. (28), whenever t*(S, V*) # *((S, N + 1), V),
P*(S) > 0,and P*(S, N + 1) > 0.

Assume that R(P*, t*; V") < R(P*, tfir; V*) for all V* € AN*! Together with
Egs. (27) and (28) we then have,

R(P,t:Y) < R(P, tyr; Y) forall Y e AV (29)

and so by the induction hypothesis,

1S, V) = tr(S, ) (30)
for any S with P(S) > 0. For such sets S C {1, ..., N} we clearly have,
tur (S, V) = 5 (S, V¥) forall V' € ANFL 31

Moreover, strict inequality would hold in Eq. (29) for any ) such that t*(S, V*) #
(S, N + 1), Y, P(S) > 0,and P*(S,N +1) > 0 for Y* = (y1,..., yn, 0). But
strict inequality is impossible since it would contradict the induction hypothesis, and
therefore if P*(S) > 0 then either P*(S, N +1) = 0 or £*(S, V") = r*((S, N + 1), V).
In either case, we then have £(S, )) = ¢*(S, V*). This, together with Egs. (30) and (31),
implies that

(8%, V) = t5,:(S*, V%) forall V' e ANT! (32)

for any S* not containing N + 1 such that P*(S) > 0. We can repeat the argument with
the label N + 1 replaced by any j, and obtain Eq. (32) for any set S* of size < N 4 1.
Finally, Eq. (32) for the set S* = {1, ..., N 4 1} follows from this equality for all other
sets S* and from the fact that #* and #};; have the same expectation. This completes the
induction step. |

The above result required 0 € A. Unlike in the case of Proposition 17, we cannot
assume it “without loss of generality” by applying a linear transformation when 0 ¢ A.
Indeed, if A = {a} with a # O, then the estimator t = a is better than try with
respect to any design such that Var) ,_¢ 1/a; > 0. It is easy to construct less trivial
examples. However, for A = {0, 1} and using typ/N for estimating a proportion, the
above admissibility result holds.

Itis easy to construct examples with fixed or random sample size, where the Horvitz—
Thompson estimator fyr/N for a proportion is not in the interval [0, 1] with positive
probability (a trivial exampleisn = 1,0 < o; < 1 and y; = 1). In this case, it is clearly
not admissible in the class of all estimators. This does not contradict Theorem 23, which
requires unbiasedness (and allows designs with random sample size). For fixed-size
sample designs, the Horvitz—Thompson estimator is admissible among all estimators
when the parameter space is RY; see Joshi (1965, 1966). It follows that for SRS of any
size n, the sample mean is an admissible estimator of the population mean. By Theorem
21, it follows that the sample mean is admissible for any fixed-size design.
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The following example shows that if the sample size is random, fgyT may not be
admissible in the class of all estimators: set N = 2 and P({1}) = P{1,2}) = 1/2.
When the sample {1, 2} is selected, we have ryr = y; + 2y,, and the (biased) estimator
obtained by instead using y; + y, shows that gt is not admissible.

6. Superpopulation models

6.1. Background

In superpopulation models one assumes that the given population = (y1,..., yn)
is a realization of a random vector Y = (Y1, ..., Yy) having a distribution G. We shall
refer to G as the prior. Several possibilities arise: 1. G is completely known. 2. G belongs
to a class having some known parameters and properties, for example, distributions
with certain specified moments and possibly with some exchangeability properties. 3.
G depends on an unknown parameter ¢, that is, G = G.

Design-based inference on the population ), as the name suggests, uses the sampling
design (randomization distribution) only. Pure model-based inference on the population
Y, the prior G, or the parameter ¢, refers to inference where the sampling design plays
no role, and the risk, for example, is defined as expectation with respect to G of the
squared difference between the estimate and the estimand, conditioned on the sample.

A third approach combines the above two. Starting from the design-based risk
R(P, t; Y), this approach studies the Bayes risk (see definition 3), that is, the expected
risk with respect to G, EgR(P, t; Y). The optimization goal is to find a strategy (P, ¢)
that minimizes the latter expectation. For unbiased estimators and quadratic loss, this
expectation becomes Eg Varpt, known in the sampling literature as the anticipated vari-
ance. It is often used to compare two design unbiased estimators when comparison of
the P-variances does not lead to clear conclusions.

It may happen that the superpopulation assumptions involve enough symmetry and
randomness to make the sampling design inessential. For example, if Y is exchange-
able under the superpopulation model and we use a symmetric estimator, then random
sampling may be redundant since the data are assumed to be given in a random order.

We have already used the Bayesian approach, and, in fact, Eq. (22) can be seen as
a prior of the above type; however, we used it only as a technical device to arrive at a
minimax estimator, noting that the minimax criterion does not depend on the Bayesian
structure.

We shall not discuss the philosophy and relevance of superpopulation models and
model-based optimality criteria here. Some discussions and references can be found, for
example, in Smith (1976), Séarndal et al. (1992), Hedayat and Sinha (1991), and Cassel
et al. (1977); the latter two books also contain a discussion that is closely related to the
one that follows, with references and further results.

6.2. P-unbiased estimators

In the discussion below, we consider P-unbiased estimators of the population mean
)_). We shall consider quadratic loss and MSE, and the Bayes risk, which is the MSE
integrated with respect to the prior G. Theorem 30 shows that for any exchangeable prior
(superpopulation model) the Bayes risk is minimized among P-unbiased strategies by
the strategy consisting of SRS (or any design with o; = n/N) and the sample mean. This
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is generalized in Theorem 31 to the case of exchangeability of a linear transformation
of the population values, and the optimal estimators are then the generalized difference
estimators (see Eq. (26)) of which Horvitz—Thompson estimators form a special case.
Note that these results involve P-unbiasedness, which is a design-based criterion, and
the Bayes risk, which is a model-based expectation over a design-based risk.

The results and techniques used next: sufficiency, completeness, and the Rao-—
Blackwell approach are close to those that led to Theorem 9. However, many detail
are different. In particular, here the notions of sufficiency and completeness are with
respect to the prior G rather than the design as in Section 3.2.

When we think of the population as fixed we denote it by ); when we want to
emphasize that under the superpopulation model it is random, we denote it by Y. We
used ) and g for the population and sample means; we denote them by ¥ and Y, when
we want to emphasize that now the population is random, and when we take expectation
with respect to G. Given Y = (Y1, ..., Yy) and a sample S, Y denotes the mulfiset
containing all Y;-values arising from distinct labels i € §, in analogy to Vs in the fixed
population case. Similarly, we may express the data D[S, )]) as D[S, Y]), and when
we want to describe an estimator, we may write #(S, Y) instead of #(S, )V), etc.

Note that we now have two sources of randomness, the sample S ~ P and the
population ¥ ~ G. Therefore, notations like Ep, Eg, and Eg p for expectations will
be used, where Eg p = EgEp. Unless otherwise stated, we consider designs that are
noninformative or ignorable, that is P(S|Y) = P(S), independent of Y. In words, the
design does not depend on the population values Y. This assumption allows interchange
of expectations with respect to G and P. We discuss it further in Section 6.3.

Recall that the strategy (P, ) is unbiased for ) (the population mean) if ¢ is
‘P-unbiased, that is, if forall Y € Y, Ept := Zs PS)(D[S, Y] = Y. Note that the lat-
ter expectation can also be interpreted as the conditional expectation E{¢#(D[S, Y]) | Y =
V}. Recall also that for S satisfying |S| = n, Ys = 1 3. ¢ ¥;, thatis, Y5 = \]Tl Y ies Y.

Let G denote the class of exchangeable distributions, that is, distributions that remain
unchanged under permutations of the components of the vector Y.

LEMMA 24. Let (P, t=t(D[S, Y])) be an unbiased strategy for V. Let Y=(Yi,...,
Yy)~Ge ((_} and EgY;=g. Then, Egpt(D[S,Y]):=Eg) (PSS, Y) = pug.
Also, Eg,'pYS = Ug.

PRrOOF. The first part of the lemma is obvious. For the second part, note that for a general
sampling design P, Y5 is not necessarily PP-unbiased, so the first part does not imply the
second. We have Yg = YN | Y;1;/ Z;\’:l I;, where I; = 1if i € S and 0 otherwise. Now

Eg(Y|S) = pug Y, Ii/ Z;V:l I; = [1g, and the result follows. O

The next two easy lemmas show completeness and sufficiency. The classical Rao—
Blackwell argument uses completeness and sufficiency as follows: given a statistic #(X)
which depends on some data X ~ P, (see Definition 3), and a sufficient statistic for
0, say W(X), the estimator fy = E(¢|W) is a statistic since it does not depend on 6 by
sufficiency. Also, #; has the same expectation as ¢ but a smaller variance (by Jensen’s
inequality, or by a well-known variance decomposition formula). If W is complete, then
to is the unique estimator with the same expectation as ¢. This proves that it is a UMVU
estimator of Et¢ (see Definition 3). A version of this argument appears below, leading
to Theorem 30.
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LEMMA 25. Let Y = (Y,...,Yy) ~ G € G and let S ~ P. Consider the data D =
DIS, Y. Then Yy is sufficient in the sense that P(D|Ys) does not depend on G. (It does
depend on ‘P, which is held fixed here.)

PRrOOF. Just note that if |S| = n, then P(D|Ys) = P(S)/n!, where the n! is due to
the n! equally likely (by exchangeability) ways of pairing the elements of S with those
of Ys. [l

For the next lemma, we need two new conditions, which will henceforth be assumed.
The first is that the parameter space is a product of the form Y = A", and the second
is that the design P has a fixed sample size, say n.

LEMMA 26. Let G denote the class of exchangeable distributions over a product space
AN andletY = (Yy,...,Yy) ~G € G, and S ~ P, a given design with fixed sample
size n. Let Y denotes the multiset containing all Y;-values arising from distinct labels
i € S. Then Ys is complete; that is, for any symmetric (permutation invariant) function h
of nvariables, if Eg ph(Ys) = 0forall G € G then Pgp(h(Ys) # 0) = 0forallG € G.

PRrOOF. The proof is similar to that of Lemma 8. For any a € A, let G be the probability
measure concentrated on (a, ...,a) € AN. Then clearly for this G, Egph(Ys) =0
implies h(a, ...,a) = 0. Now, let G be the exchangeable probability measure which
concentrates on (b, a,...,a) € A" and all its permutations. This is used to prove
h(b,a,...,a) =0 as in the proof of Lemma 8, and so on. O

As usual, completeness implies uniqueness of unbiased estimators, since if there
existed two distinct unbiased estimators which are functions of Yy, then their difference
h would be a nonzero function whose expectation is zero, contradicting Lemma 26. The
following example shows that a fixed sample size is, indeed, needed in Lemma 26. If
the sample size is random with expectation n, then it is easy to see that the estimator
t=1%"._sYi, where we divide by the expected sample size n rather than ||, satisfies
Eg.pt = nug. The same holds for the estimator Yg = ﬁ > ics Yi by Lemma 24, and unless
the sample size is fixed, we have two distinct unbiased estimators of (tg.

We shall now consider quadratic loss. Then, R(P, t; Y) = )" ¢ P(S)(#(S, Y) — Y)? =
Varpt, and Eg p(t — ug)2 = Eg Zs PSS, Y)— Mg)z, where the sum extends over
all subsets S (of size n) of V. The following lemma shows that for unbiased estimation
of f1g, the sample mean Y is optimal in the sense of minimizing Eg p(f — ug)>. In fact,
Lemma 27 holds for any convex loss function, but since quadratic loss is required in all
the subsequent lemmas and theorems, we use quadratic loss also here.

LEMMA 27. Let Y5 = %Zies Y;, and let t = t(D[S, Y]) be an estimator satisfying
Egpt(DIS, Y]) = ug. Then,

Egp(Ys — pug)® < Egp(t — ng)*. 33)

In particular this holds for any P-unbiased estimator t of the population mean ).
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ProoF. The lemma follows by a standard Rao—Blackwell argument applied to the
quadratic loss function, and using the facts that Y is sufficient and complete for the
parameter G (see Lemma 26), and that Eg pYs = ug. The latter equality and the last
part about P-unbiased estimators follow from Lemma 24. (]

The next lemma is a standard variance decomposition. Recall the notation Y =
% Zf\;l Y;, and the fact that for a P-unbiased estimator of ), we have Ep(t|Y) =Y.

LEMMA 28. Let t be a P-unbiased estimator of ). Then, Varg pt := Eg p(t — ug)? =
EgVarpt + Eg(Y — ug)? = Eg Y. s P(S)(1(S. Ys) — ¥)? + Eg(Y — pg)”.

Lemmas 27 and 28 imply

LEMMA 29. Let P be any design with fixed sample size n, t = t(D[S, V1) a P-unbiased
estimator of Y, and let G be any exchangeable (prior) distribution on the population
Y=(,...,YN). Then,

EgVarpYs = EGR(P, Ys; Y) < EgVarpt = EgR(P, 1, Y).

The above result compares a P-unbiased estimator ¢ to the estimator Yg, which
in general is not P-unbiased. In fact, the strategy (P, Ys) is unbiased if and only if
a; = n/N.Notethat EgVarpYs = Eg Y ¢ P(S)(Ys—Y)? = Eg ). PS)(Yas—Y)?is
constant as a function of P for all designs having sample size 7, since by exchangeability

Y.s are identically distributed for all permutations z. Thus, we obtain the following
theorem that compares the Bayes risk of unbiased strategies.

THEOREM 30. Any strategy (P, Ys) with fixed sample size n, and o; = n/N, is optimal
in the class of P-unbiased (for the population mean) strategies (P,t = t(D[S, Y]))
having sample size n, in the sense that for any G € G,

EGR(Py, Ys;Y) < EGR(P, 1, Y). (34)

The above result can be generalized as follows. Suppose that we have reason to
believe that our units are not exchangeable. For example, they may have different known
average sizes a;, that is, u; := EgY; = a; and, more generally, u; = EgY; = a;u + b;
and perhaps also Eg(Y; — u;)* = aizoz. The known constants, «;, b;, can be viewed as
auxiliary information. This leads to Theorem 31 below, in which we assume that the

variables (Y1 — by)/ay, ..., (Yy — by)/an have an exchangeable prior (superpopulation
model) with known constants a; > 0 and b;. We set Zf\; ,a; = N without loss of
generality.

THEOREM 31. Let (Y1 — by)/ay, ..., Yy —by)/ay) ~ G € G, and

N
1GD, :Zyi_bi +I~7, where I;:Zbi.

o
i€S ! i=l1
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Let Py be any design having a fixed sample size n, and a; = a;n/N. The strategy
(Po, %tGDO) is optimal in the class of P-unbiased (for the population mean) strategies
(P, t = (D[S, Ys])) having sample size n, in the sense that

EgR(Po, jtop,; Y) < EgR(P, 1, Y). (35)
ProoF. Define Z; = Y=t 4+ j where b = + N by, and Z = (Z,, ..., Zy). Then
Zs = % Yoies Zi = %tGDU. The proof is the same as that of Theorem 30, applied to the
above Z. g

Theorem 31 is due to Cassel et al. (1977). The special case of b; = 0 shows
that Horvitz—Thompson strategies, that is, any strategy (P, %IHT) with o; = a;n/N
and the corresponding estimate %IHT = % ZieS vi/a;, have a minimal Bayes risk
among P-unbiased (for the population mean) strategies for priors such that the vector
(Yi/ai, ..., Yn/ay) is exchangeable. In this case, the expectations EY; are proportional
to some known constants, and any design of fixed sample size n with inclusion proba-
bilities that are proportional to those constants and a corresponding Horvitz—Thompson
estimator form an optimal strategy with respect to Bayes risk.

6.3. Linear prediction

We consider estimation of the population mean on the basis of a sample from the random
population Y, where Y ~ G, to be specified later. Under such a superpopulation model,
the population mean ¥ = % Z,N: , Yiis arandom variable, which we are trying to predict.
From the relation ¥ = Y5 4 (1 — %)Y, we see that when D[S, Ys] is observed, our
task is to predict Y5 = ﬁ Y icse Yi, where n = |S] and S¢ denotes the complement
of S. We consider momentarily the possibility that the design depends on the population
values, in which case the design is said to be informative, and write P(S|Y) for the
probability of sampling S given that the population vector is Y. Let g(¥), y € RY
denote a density of the prior G (which may depend on a parameter). Then the predictive

density of Y., the unobserved part of Y given the data, is

S(selS, ys) =7’(S|ys,ysc)g(ys,ysz-)//P(Slys,yse)g(ys,ysf)dysr.

The design is noninformative or ignorable if P(S|Y) = P(S), independent of Y.
Adaptive designs satisfy P(S|Y) = P(S|Ys); that is, the sample may depend on the
observed y-values, but not on the unobserved ones. Such designs arise when the sam-
ple is selected sequentially: first some units are sampled, and the choice of the units
that are added to the sample depends on the y’s already observed; see Thompson
and Seber (1996) and references therein. In either the ignorable or the adaptive case,
we obtain

S(selS, ys) = g(ys, ysv)//g(ys, yse)dyse,

and we see that the design does not play a role in the predictive density. It is, therefore,
not surprising that the predictive (model-based, Bayes) optimality result of Theorem 32
below is not stated in terms of a sampling design.
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We need some definitions. A statistic t = #(S, Y) is said to be a linear predictor (or
estimator) if it is of the form #(S, Ys) = ), s r:Y: + g, where the constants r;, ¢ may
depend on S.

Let s be a given subset of V. Given a statistic ¢ = #(S, Ys) we can fix the set s, and
consider the random variable ¢(s, Y;) for the given fixed set s and Y ~ G. The estimator
t is said to be a G-unbiased predictor of the population mean Y if Eg(t(s, Y;) —Y) =0
for every fixed s C N. See, for example, Cassel et al. (1977). G-unbiased predictors of
other parameters are defined similarly.

The above definition and the theorem below are written in terms of a fixed set (or
nonrandom sample) s and expectations in the form Eg[ - ], taken with respectto Y ~ G.
An equivalent formulation would be to consider a random S and replace these expec-
tations by Eg[ - |S = s] provided that ¥ and S are independent, which means that the
design P is ignorable. If Eg[(¢(s, Y) — Y)|S = s] = O for an ignorable design P, then
we can now take expectation with respect to S ~ P, to obtain Epg (t — ¥) =
Exchanging the order of the expectations, it is easy to see that a G-unbiased predictor ¢
satisfies Eg p(t — Y) = 0 for any ignorable design P. These operations cannot be done
if P is informative, that is, if it depends on Y.

On the other hand, for any design P (ignorable or not), a P-unbiased estimate ¢ of ¥
satisfies Eg p(t — Y) = 0 for any G.

Theorem 32 below, which is one of many results on optimality in the class of
G- unbiased predictors, appears in Hedayat and Sinha (1991) with further references.
A closely related result appears in Royall (1970b). The auxiliary variables x;, b; below
are assumed to be known constants.

THEOREM 32. Let Y ~ G € Gy, where Gy is a family of distributions such that Z; =
&i=bh) satisfy EgZ; = w, VargZ; = o2, and Corrg(Z;, Z ; ;) = pforalli # jfor some
( unknown ) (1, 0, p) € O, a parameter space which contains at least two distinct values
of u, and let x;, b; be known. Let s C N be fixed and |s| = n, and consider the linear

predictor
n - ny, = - -
= [*(s, Y,) = NYA + (1 — N)(stsc —"—bsc)’
where, Y, = %Zjes Y, Z, =1 =Y ies Zin S is the complement of s in N, X =
T Y ey X and bye = T Z[a{ bi. Then, t* is G-unbiased for any G € G, and

Eg(t*(s, Ys) — Y)? < Eg(t(s, Y5) — YV )?

for any linear predictor t of Y that is G-unbiased for all G € G.

THEOREM 33. Under the conditions of Theorem 32, let now S be a random sample
satisfying S ~ P, where P is any ignorable design. Then,

Egp(i* (S, Ys) — ¥)* < Egp(1(S, Ys) = ¥)?
for any linear predictor t of the population mean Y, that is G-unbiased for all G € Gy.
Proor THEOREM 33. This follows from the inequality of Theorem 32 by taking P

expectation and exchanging the order of expectations as explained above for ignorable
designs. (]
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ProoF THEOREM 32. The proof is almost the same as in Hedayat and Sinha (1991). We
can express any linear predictor in the form,

n - AW A

(5. ¥) = ST+ (1= 5 )i, Y0, where i(s. ¥,) = gcm +d.
Wehave Y = LY, +(1— %)Y, where Y;c = -~ >"._ . ¥;, and therefore 7 is G-unbiased
if and only if Eg(7 — Yi) = 0, which is equivalentto Y, c;(xipt+ b;) +d = Xy pt+bye.
The latter equality holds for two distinct values of w if and only if,

Cibi + d= Esr, and CiX; = )_Csc. (36)
2 2

i€es ies
It suffices to minimize
Eg(i — Y)? = Varg(i — Yy) = Vargt + VargYe — 2Covg(Z, Yy).

Using Eq. (36), it is easy to calculate that Covg(t, Yi) = ,002)??,.. Therefore, the above
minimization is achieved by finding  satisfying Eq. (36), and having a minimal variance.
A straightforward expansion of the variance and Eq. (36) lead to

~ 2 -
Vargt = 02[,0(26,961) + ({1 -=p) chlez] = az[pr[ +(=p) chlez]
ies

ies ies

We can now use the Lagrange method to minimize Y ,_ c?x7 subject to the constraint
Zia cix; = Xy from Eq. (36). We readily obtain the solution ¢; = X, /nx;. From
Eq. (36), we can now obtain d, and putting it all together with some simple calculations,
the result follows. 0

It is now possible to write an explicit expression of Eg(t*(s, Y;) — Y)? for any set s,
and minimize over s of a given size, thus obtaining an efficient purposive (nonrandom)
sample. Such considerations led Royall (1970b) to advocate purposive rather than ran-
dom sample selection. This approach, and the concept of G-unbiasedness depend on the
superpopulation model, unlike man-made randomness and P-unbiasedness, where the
statistician controls the randomization procedure. The efficiency of purposive designs
constructed in the above manner is sensitive to the choice of the prior or superpop-
ulation model and, therefore, robustness issues arise; see, for example, Scott et al.
(1978), Hansen et al. (1983), and references therein. See also Valliant et al. (2000),
Mukhopadhyay (1998), and Chaudhuri and Stenger (1992) for further discussion and
references on the issues arising here, and in other parts of this chapter.

7. Beyond simple random sampling

We have so far concentrated on relatively simple models, and for many results (but
not all) on simple sampling designs, with emphasis on (conditional) simple random
sampling. We now discuss a few examples of results on various well-known sampling
designs, and more general models. Only parts of the results are proved, and other parts
are explained or stated without a proof. Here, as in the whole chapter, the results given
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constitute a sample and certainly not a survey. In all examples below, only quadratic
loss and the corresponding MSE are considered.

7.1. pps cluster sampling

Related results to Proposition 12, but for cluster sampling, with clusters of different
sizes and when the estimated parameter is a weighted average (by cluster size) of the
cluster means, were given by Scott and Smith (1975), and Scott (1977). They consider
Bernoulli sampling, that is, sampling n clusters with replacement, where unit i is drawn
with probability p; in each draw, and in particular the case of probability proportional
to size (pps) sampling, where p; are proportional to cluster size. They show that under
certain conditions, the pps strategy minimizes sup,,MSE for the pps- Horvitz—Thompson
estimator in the class of Bernoulli designs with expected sample size n. When the
conditions are relaxed, approximate minimaxity is derived.

7.2. Approximate minimax and the Rao—Hartley—Cochran strategy

We now describe results of Cheng and Li (1983, 1987) which extend the results of
Section 7.1. Further references can be found in these papers. Consider a population

Y= (O1,...,yn) satisfying y; = 6x; +¢;, i = 1,..., N, where ¢; = §;g(x;) are
nonrandom errors, the x;’s and g are known, and § = (4y, ..., 8y) belongs to some
known set L, and 6§ € ©®, some suitable parameter space, is an unknown nuisance
parameter.

Given a sample S, a linear estimator is of the form #(S,Y) = Zie sTsi yi> thatis, a
linear combination of the observations with weights that may depend on S. Let ! (r;)
denotes the row (column) vector . = (ry, ..., re), where fori ¢ S we set ry; = 0.
ForR = {r; : S € 2V} we set tr(S, Y) = ZieS rei yi = riY. A strategy consists of a
pair (P, tr(S,Y)). Our goal is to estimate the population mean ) = Zf\il vi/ N, using
the auxiliary information, and we look for a strategy that minimizes (approximately)
the risk

swp 3PS ( v - )

0e®,5eL S icS

Setx! = (xi, ..., xy), 1an N-vector of 1’s, X = Zf\il xi/N,andlet G bethe N x N
diagonal matrix G = diag(g(x1), ..., g(xy)). We have

Y P (Y ravi - 3 y/N)
S 1

ieS i=

= > P(S)(6x + G8)' (r, — 1/N)(ry — 1/N)' (6x + G3),
S

and it is easy to see that if ® is unbounded then the risk is bounded if and only
if (ry — 1/N)'x = 0. If we restrict our choice to such r,’s, then we guarantee that
Zie gTsiXi = X, so that the linear coefficients are calibrated for X. Such a strategy is
called representative.

In order to describe one of the results from Cheng and Li (1983), we now define
the Rao—Hartley—Cochran (RHC) strategy. In order to obtain a sample of size n, divide
the population at random (all partition having equal probabilities) into n groups of
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predetermined sizes N; such that Z’;zl N; = N. Let X; be the sum of the x;’s in
group j. Draw one element from each group, so that if the ith unit is in the jth group, it
is drawn with probability x;/ X ;, and denote its y-value by y; and its x-value by x;. The
RHC estimator for the population mean ) is then fruc = » i) X v,/ Nx;.

Note that this (P-unbiased) estimator is not of the type #(S, )) considered in this
chapter, which are functions of the sampled set S and the corresponding y-values. The
quantities X ; are random since they depend on the random partition, with distribution
depending on the data D[S, Vs] (actually, on S). Hence it is a randomized estimator.®
With convex loss, we could replace X ; by E(X|S) and by Jensen’s inequality the risk is
reduced (see Remark 4). This calculation is usually complex and, therefore, it is avoided.

For suitable L and g, and under assumptions relating n, N, and the x;’s which require
that n largest x;’s are not too large, Cheng and Li (1983) show that the risk of the RHC
strategy is bounded by 1 + ¢ times the maximal risk supycg ser D s P(S) Qi Tsi Yi —
V)2, where an explicit bound on ¢ in terms of the x;’s is given. Thus, the RHC strategy
is approximate minimax. The details will not be given here.

Cheng and Li (1987) show interesting relation between models as above and super-
population models where the ¢;’s are random variables. Such a superpopulation model
is considered in Section 7.3.

7.3. Minimax linear esimation in a superpopulation model

Our next discussion concerns a superpopulation model that is closely related to the
one given in Theorem 32. The results stated here are from Stenger (2002).

Consider a population ¥ = (Yy1,...,Yy) ~ G (see the notation in Section 6.1)
generated according to the superpopulation model Y; = 0x; + ¢;, where ¢; are random
variables satisfying E¢; = 0, Cov(g;, £;) = yuyj, the x;’s are known, i, j € N,y is
unknown and the u;;’s are discussed below. Our goal is to estimate the parameter 6 on
the basis of a sample of size n. Writing Z; := Y;/x; = 0 + ¢;/x;, we see the similarity
to the model of Theorem 32, where now we allow a more general covariance structure.

Parts of the discussion that follows are similar to that of Section 7.2; however, here we
are dealing with a superpopulation model. Given a sample S, a linear estimator is of the
form#(S,Y) = ), s rY:, thatis, alinear combination of the observations with weights
that may depend on S. For R = {r; : § € 2"} we set tg(S,Y) = >, cgruYi = 'Y,
where r! denotes the row vector (ryy, ..., rsy), and fori ¢ S we setry; = 0.

Let U denote the N x N matrix with entries u;;. We assume that U € B, some
(known) class of positive definite matrices. For § fixed, the usual MSE decomposition
to variance and bias squared yields

2
Eg(erin-—9> =)/V§Urs+92<2rsixi_1)' (37)
ieS €S
A strategy consists of a pair (P, rr(S, Y)). We have

Eop( Y ravi—6) = P E( Y ruti—0)
N

ieS ieS

6 Since the probabilities determining the randomization depend on S, fruc is a behavioral estimator.
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and here we define a minimax strategy as the strategy (P, tgr) minimizing

2
sup Egj)(ZrSiY,-—Q). (38)

feR,UeB icS

In view of Eq. (37), the expression under the sup is arbitrarily large for large values of 6,
unless we set D . s 7six;—1 = Oforall § in the support of P. This condition is equivalent
to Eg ) ;. 7siYi = 6 for such S, and hence the same holds for Eg p, and our estimators
are unbiased (see Section 6.3). If U is known, that is, | B| = 1, the problem reduces to
finding a set S that minimizes inf, {riUr; : ), _¢rsx; — 1 = 0}, and we conclude that
the minimax strategy is degenerate, concentrated at a minimizing set S. Thus for this
problem, random sampling is not required. Clearly the minimizing S depends on the
x;’s and U. Degenerate designs are called purposive sampling.

Next consider |B| > 1, and suppose that the covariance matrix U is in the set of
diagonal matrices B = {W = diag(wy, ..., wy) : w; > 0 Vi, Y Biw; < 1} for some
given B, ..., By > 0. Since the matrices in B are diagonal, the ¢;’s are uncorrelated.
Assume a; = npix?/ SN | Bix? < 1forall i € N. Stenger’s (2002) result is

THEOREM 34. A minimax strategy (Po, tr,(S, Y)), minimizing Eq. (38) among strategies
consisting of size n designs and linear estimators, is given by any size n design Py having
inclusion probabilities o; = np;x?/ Zfil Bix?, and tg, = % D ies Yi/xi

Proor. By Eq. (37) and the discussion following Eq. (38), the problem of finding the
strategy (P, tr) minimizing Eq. (38), that is, the minimax strategy, is equivalent to

minimizing
sup Y riWrP(S) subject to rix — 1 =0. (39)
WeB S
For a given S, W, and x = (x, ..., xy), let éS(W) be the linear estimator ZiES reYi
derived by minimizing ! Wr, subject to rix — 1 = ). _¢ryx; — 1 = 0. Using Lagrange
multipliers, we obtain r; = <% — fori € S, and therefore (W) = LZiestli/wi 4 4o

Dies X7 /wi Dies X7 /wi
easy to see that for any P the same vectors r, also minimize ) ¢ ri Wr,P(S) subject to
the condition r’x — 1 = 0 holding for all S.
By compactness, the sup in Eq. (39) is attained at some V = diag(vy,...,vn) € B,

and therefore the vectors r; minimizing Eq. (39) must satisfy ry; = ri(V) = ij /;2’ o
ieS il

for i € S. Note that for this r; = r,(V) we have yriWr, = VarW@g(V), where Vary is
the variance with respect to the model G, when W is the true covariance matrix. It
follows that finding the minimax strategy is equivalent to finding a design Pand V € B

minimizing
sup Z VarwOs(V)P(S). (40)
WeB S
Let Vo = diag(vy, ..., vy) where v; = x?/ 3% | Bix?. Then for |S| = n, O5(Vp) =

%Zies Yi/x;, Varyfs(Vo) = L3 iesuii/x;, and Vary,fs (Vo) = %(1/21‘1\;1 Bix?),
which is independent of S; this will turn out to be useful in Eq. (41) below.
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Let Py be any design with inclusion probabilities «; = n,B,-xi2 / Zf\il ,Bixiz. See Chaud-
huri and Vos (1988, Part B) for a survey of methods for construction of such designs.
Since o; = Zs:s 5i P(S), we have for all V, U € B and any design P

N N N
~ 14 Y
XS:VHIUGS(VO)PO(S) =3 ;aiuii/xiz = ;ﬁiuii/gﬂﬂl‘z

IA
SR

N
( Z Bix}) = Vary,ds(Vo) = Z Vary, s (Vo) P(S) 1)

arVOGS(V)P(S) < sup ZVarWGS(V)P(S)

wM

where the first inequality holds because U € B, and the second because V = Vj
minimizes Vary,0s(V) by definition of 65(W). It follows that for any V € B and any
design P

sup > Varybs(Vo)Po(S) < sup Z Vary 0s(V)P(S), (42)
Cs

and the strategy (P, r(Vy)) minimizes the expression in Eq. (40), and hence it is the
minimax strategy in the sense defined in Eq. (38). U

Unlike the result of Theorem 32, which concerns estimation or prediction of the
population mean Y, the problem of estimating the regression parameter 6 discusses
above and the sample selection based on the x;’s may be viewed as belonging to the area
of optimal regression design rather than sampling. Note in particular that even if the
whole population (Y7, ..., Yy) is observed, the parameter 6 is not determined. Stenger
(2002) discusses also the problem of predicting ¥, under the same regression model,
and proves existence of minimax strategies. Again, purposive sampling suffices when
|B| = 1, and random sampling is required for |B| > 1.

Returning to the problem of estimating the population mean under a superpopulation
model, we now discuss the seminal work of Aggarwal (1959, 1966). The population

= (Y1, ..., Yy)isdistributed according to G € H], where H is the class of distributions
G that are concentrated on a hyperplane in R" of the form Y; + ... Yy = constant, say
Nug, and subject to

N
Eg) (Yi—pg)i <M (43)
i=1

for some M > 0. Setting EgY; = ug,;, and VargY; = oé,i, we can express that latter
condition as Zf\;, [oé, i+ (g —1g)?] < M.The goal is to estimate the population mean
Y, which here equals ytg. Under P, simple random sampling of n observations, consider
the problem of finding the minimax estimator, that is, the estimator f minimizing the risk
Supgew Ep,.gt(S,Y) — Y)?. Aggarwal (1959) uses Bayesian calculations (see Section

3.5) to show that the minimax estimator is the sample mean.
If the population is divided into given strata, and simple random sampling with a

given sample size is carried out in each stratum, and if in each stratum a superpopulation
model of the above kind holds (with the bound M; instead of M of Eq. (43) for the ith
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stratum), then the usual weighted sum of the strata means is shown to be minimax. For
a statistician who can choose the sample sizes, and the cost of sampling is added to the
above risk, Aggarwal (1959) provides the minimax strategy,” consisting of the same
weighted mean, and where naturally the sample sizes in the strata depend on the bounds
M;, and the cost of sampling in each stratum.

Aggarwal (1966) provides similar results for two-stage sampling. Now the popula-
tion is divided into given subgroups called primary units (or clusters). A simple random
sample of primary units (clusters) is selected in the first stage (whereas in stratified sam-
pling all strata are sampled), and a second-stage simple random sampling is carried
out in each of the selected clusters. The superpopulation model constrains the cluster
means to be on a hyperplane, as well as the Y’s within each cluster, with conditions
similar to Eq. (43) within and between clusters, and suitable bounds replacing M. With
weights computed in terms of these bounds and the sample sizes, a weighted average
of the sample means in the sampled clusters is shown to be minimax for given sample
sizes. A minimax allocations of sample sizes that depends on the bounds and the sam-
pling costs is also given, which together with the above estimator comprise a minimax
strategy.’

8. List of main notations

Y= (1,...,yn),afinite population of size N. N = {1, ..., N}. S € N, asample.

Vs — the multiset containing all y;-values arising from distinct labels i € S.

Y = (Yy,...,Yn), arandom finite population of size N under a superpopulation
model.

G — distribution of Y (prior or superpopulation model). G — class of exchangeable
priors.

Ys — the multiset containing all Y;-values arising from distinct labels i € S.

y= ,\i, Zfil yi, the population mean. ¥ = % Zf\i , Yi, the population mean under
a superpopulation model.

Vs = %ZiES v, the sample mean, where n = |S|. Ys = %Zies Y;, the sample
mean under a superpopulation model.

D = D[S, V] ={(, y) : i € S}, the data.

t =t(D) =t({(i,y;) : i € S}) — an estimator. We also use (D[S, V), ¢(S, Vs), or
t(S, ). Under a superpopulation model, we use t({(i, ¥;) : i € S}) ort(D[S, Y]),
etc.

‘P—a sampling design (probability over subsets S of A). a; = P({i € S}), inclusion
probabilities.

SRS = Py — simple random sampling without replacement, also SRS.

7 Among strategies based on simple random sampling.
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tur = Zie s Yi/a; — the Horvitz—Thompson estimator.

L(t, V) —loss when the estimator takes the value ¢.

R(P,t;Y) := EpL(t,Y) = }_¢ P(S)L(t(DI[S, Vs]), V) —risk.
MSE (P, t; V) = Ep(t — 6)*
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