Available online at www.sciencedirect.com

S()IENCE(d)DIRE()To Journal of

Multivariate
Analysis

Journal of Multivariate Analysis 97 (2006) 1251-1261 ——
www.elsevier.com/locate/jmva

Total positivity order and the normal distribution™

Yosef Rinott**:1, Marco Scarsini®-2
aDepartment of Statistics, Hebrew University of Jerusalem, Mount Scopus, Jerusalem 91905, Israel
bDipartimema di Statistica e Matematica Applicata, Universita di Torino, Piazza Arbarello 8,
1-10122 Torino, Italy

Received 29 June 2004
Available online 12 September 2005

Abstract

Unlike the usual stochastic order, total positivity order is closed under conditioning. Here we
provide a general formulation of the preservation properties of the order under conditioning; we study
certain properties of the order including translation properties and the implications of having equality
in the inequality defining the order. Specializing to the multivariate normal distribution, the study of
total positivity order leads to new cones defined in terms of covariance M-matrices related to positive
dependence, whose properties we study.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Stochastic order relations have been used to compare different features of random quan-
tities, e.g. location, variability, dependence, etc. The reader is referred to [13, 11] for an
introduction to stochastic orders.
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In this paper we discuss the multivariate total positivity order, also known as multivari-
ate likelihood ratio order. This order is stronger than the usual stochastic order. Whereas
stochastic order is not preserved under conditioning, the stronger total positivity order does
have such a closure property which is often needed in applications. It is this stronger prop-
erty which makes it interesting and useful (see [15]). This is analogous and connected to the
fact that association of random variables is not closed under conditioning, but the stronger
condition of MTP; (also known as FKG condition, or affiliation) does possess such a clo-
sure property. For the FKG condition the reader is referred to [1,3,12,9]. Karlin and Rinott
[5] provided a review of MTP, distributions. The term affiliation was coined by Milgrom
and Weber [10], who studied its properties in the context of auction theory. A dependence
ordering involving a TP, condition has been introduced by Kimeldorf and Sampson [8] for
distributions in the same Fréchet class (see also [4,2]).

The likelihood ratio order for univariate densities f, g is defined by requiring that the
ratio f/g be increasing. It is well known that this order is stronger than the usual stochastic
order. For multivariate densities, by itself, the condition f/g increasing (in each variable)
does not lead to useful results. The condition that f/g is increasing is necessary but not
sufficient for the TP order; together with the condition that fis MTP; it is also sufficient.
We will assume the existence of densities with respect to a product measure on R? or a
more general lattice, which includes discrete distributions. It is possible to define conditions
like the MTP; in terms of the associated probability rather than the density. The results are
essentially the same.

We will focus our attention on some properties of total positivity order in general, and
with more detail when applied to multinormal distributions. In Section 2 we provide a
general formulation of the preservation-under-conditioning properties of the order, and
applications. The order is defined by an inequality and we study the case of equality. We
also characterize the order for translations and convolutions. In Sections 3 we focus on
multinormal distributions. We will need some results about covariance M-matrices and a
related order, that have some interest of their own, and will be studied in Section 4. We then
show that adding a positive deterministic vector to a multinormal random vector produces
an increase in the total positivity order if and only if the vector lies in a cone defined by the
covariance matrix. This result shows the interaction between the location comparison and
the dependence that is captured by the likelihood ratio order.

2. General results

In this section we define the total positivity order and we study some of its properties.

Using the framework of Karlin and Rinott [5] we consider a product lattice X := x le X;
and a product measure ¢ on this lattice. Densities are taken with respect to do. For the sake
of simplicity we will write dx instead of do(x).

Let J C {l,...,d}, and X; = X;esX;; forx € X let x; denote a vector in Xy
constructed by using only the coordinates in J of x. For x = (x1,...,x4) € X and
J=A{l,...;d}\isetx_; := x5 = (X1,...,Xi—1,Xit1,...,%Xq) € X_; = Xj. For
x,y € X wesetx Vy = (max{xy, y1},..., max{xg, ya}), x Ay = (min{xy, y1}, ...,
min{xq, y4})-
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Definition 2.1. Let fand g be densities defined on X.
(a) Wesay f <Tp gif

JF@gW<fxAygxvy) forallx,yeX. 2.1)
(b) We say that a density f is MTP, if f <Tp f.

Given an X-valued random quantity X, we denote its density by fx and write X <1p Y
whenever fy <tp fy. Shaked and Shantikumar [13] denote the order <tp by <j;.
We mention briefly the following facts that can be found in [11]:

Lemma 2.2.

(a) The relation f <Tp g implies that h(x) := g(x)/f (x) is increasing in x. The converse
is not true in general.

(b) If either for gis MTP> then f <tp g if and only if h(x) := g(x)/f (x) is increasing.

(c) For MTP; densities the relation <tp is a partial order, that is, it is reflexive, antisym-
metric and transitive.

Definition 2.3.

(a) Given two random quantities X,Y, we say that X<yY if E[¢p(X)]<
E[¢(Y)] for all nondecreasing functions ¢.

(b) A random vector X is associated if Cov[¢(X), y(X)] >0 for all nondecreasing functions

b, Y.

An important consequence of the total positivity order is the following result by Holley
[3] which says that it implies stochastic order, and the FKG inequality which says that the
FKG or MTP; condition implies association. For a proof of these results see, e.g., [11]. It
is well known that part (a) implies part (b) easily.

Proposition 2.4. If X <tp Y then X< Y. (b) If fx is MTP; then X is associated.

Stochastic order is not preserved under conditioning. As we shall see, total positivity order
is preserved under certain conditioning, and thus, if the total positivity order holds, we are
guaranteed stochastic order also after conditioning. The following proposition generalizes
and unifies various previous results on conditioning with a very simple proof. In order to
state it we need some notation. GivenA, B C X wedenote AVB ={aVvb:a € A,b € B},
andAAB={arb:acA,bec B} Wewrite A<Bifa<bforalla € Aandb € B.

Theorem 2.5.
(a) LetA,B C X satisfy AV B CB,AANB CA.Then X <tp Y, implies

[X|X € A] <7p [Y]Y € B]. (2.2)
(b) Conversely, if (2.2) holds for all A, B as above then X <1p Y.

Proof.
(a) Forallx,y € &, the assumptions imply, with [ denoting indicator function,

lA@ ) <Iax Ay)Igx vy) and fx@)fy®) < fx@& Ay frxVvy).
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Since fxia(x) == fxjxea®) = fx(®)q(x)/P(X € A), we have
fxa@) frsB0) < fxalx Ay) fypx vy) forall x,y e X.
(b) Just take (2.2) withA =B = X. O

Remark 2.6. The following are examples where Theorem 2.5 applies. Some special cases
were proved in the literature in various ways, including arguments which require differen-
tiation.

(i) Shaked and Shanthikumar [13, Theorem 4E1, p. 133] consider the special case where
A = B are rectangular sets. In fact any sublattice will do.
(i1) Another special case is when A and B are any sets such that A <B. Singletons are of
special interest.
(iii) An example where we do not necessarily have A <B is the rectangles defined by
A =la,b],B =[c,d] witha<c,b<d.
(iv) IfAisadecreasing setand B an increasing set (namely, their indicators are, respectively,
decreasing and increasing functions), then the conditions hold.
(v) Often there is interest in conditioning on a subset of the variables being in some suitable
set. In this case Theorem 2.5 is applied with A and B in X’y where J is the set of indices
of the variables on which we condition. See (2.4) below.

Note that the sets in (ii) and (iv) above need not be sublattices. It is easy to see that for
[X|X € A] to be MTP;, it is necessary that A be a lattice. Hence (ii) and (iv) can provide
natural examples where the TP order holds without existence the MTP; condition in one or
both of the ordered variables.

In the special case that X = Y and therefore X is MTP, we obtain the following result:

Proposition 2.7.
(a) LetA,B C X satisfyAVvB C B,AAB C A. Then X MTP; implies

[X|X € A] =1p [X|X € B].
(b) Iffor somei € {1, ...,d}and for all a <b we have
X_i|Xi =a =1p X_j|X; = b,
then X is MTP».

Proof. Part(a)isa special case of Theorem2.5.To prove part (b) note thatfors_;, f_; € X_;
the condition implies after simple cancellation

fx(s—i,a) fx@_i, b)< fx(s—i ANt_i,a) fx(s—; Vi, b).

From this we get easily fx(x) fx() < fx(x Ay) fx(x Vy), forallx,y. O

Remark 2.8. We may say f ~1p g if
f@gy) = fxAy)gxvy) foralx,yeX. (2.3)
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However, as we shall see this condition implies g = f so the notation g ~tp f is
used only temporarily. Furthermore, as we shall see, in this case fis MTP»,, and represents
independent variables.

The following lemma is only partly new (see, e.g. [5] and references therein). It is im-
portant, and so we prove it, also in order to verify the case of equality, which we need later.

Lemma 2.9. Let [ =tp g, and define f_ij(x_;) = [ f(x)dx;. Then f_; =1p g—i. If
f ~tp g, then f_; ~1p g;.
Proof. Write (x_;, z;) = (X1, ..., Xi—1, Zi» Xi+1, - - -» Xq). Let

a = fx_i, x)8W_;, Yi)s b:=fx_i,y)eWy_;, xi),
¢ = foi Ay, yi)8(X—iVy_j, Xi), d = fx_i Ny_j, xi)§X—_iVy_;, yi).

Note that
1
FriCro)goi ) = / / [a + bldx; dy; + = / f la + b]dx; dy;.
Xi<Yi 2 Xi=Yi

With a similar expression holding for f_;(x_; Ay_;)g—i(x—; Vy_;) it is easy to see that
we have an inequality in the right direction between the integrals on the regions {x; = y; }
where a = b<c = d, with equality in the case f ~Tp g, and it remains to show that
f =tp g implies

// [a+b]dxidyi<// [c +d]dx; dy;
X; <y; Xi <Yi

and f ~1p g implies

// [a—i—b]dx,-dy,-:// [c +d]dx; dy;.
Xi <yi Xi <Vi
Now

c+d—(a+b):é[(d—a)(d—b)+(cd—ab)].

For x; < y;, the condition f <Tp g implies ab<cd and a, b<d with equalities when
f ~T1p g, and the result follows. [

The next result now follows readily from Lemma 2.9 and Theorem 2.5.

Corollary 2.10. Let X =<t1p Y, then for any I C {1,...,d} we have X; <1p Y, and
more generally, for any I,J C {1,...,d} and Ay, ByCX; satisfying A; v By C By,
AjABjy C Ay, we have

(XX, € Ay] =1p [Y/]Y; € By]. (2.4)

For the case of equality in the TP order condition, i.e. f ~1p g, we have the following
results. In some sense they indicate that a small gap in the inequality defining the order
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relations suggests near equality in the TP order and near independence in the MTP; case.
One may expect the opposite if the gaps are large. These results are also useful for the
normal distribution studied in the next section. The proofs are given below.

Proposition 2.11. (a) If X ~1p X then the components of X are independent.
) If X ~1p Y, then X and Y have the same distribution and independent components.

Remark 2.12. Note that X ~tp Y is different from the statement that X <tp Y and
Y <71p X. The latter clearly implies that X and Y are identically distributed which shows
antisymmetry of the order relation X <tp Y.

Proof of Proposition 2.11. Part (a): The proof is by induction.

Ford =2, fx(x) fx(y) = fx(xAy) fx(xVvy)holds forallx,y € X iff for all sy, 52, 11, 12
we have fx(s1, s2) fx(t1, 12) = fx(s1, 02) fx(t1, s2). Integrating with respect to #; and 7, we
obtain

Sx(s1,82) = [fx,(s1) fx, (52).

For d = 3, we have that fy ~rp fx implies, that [X, X>|X3] ~1p [X1, X2|X3]. Hence
X1 and X, are conditionally independent, given X3 by the case d = 2 just treated.

Using these facts, and the independence of all pairs of variables again by Lemma 2.9 and
the case d = 2, we have

Ix1. %2, %5 (51, 82, 83) = fx;,X%21%5 (51, 52183) fx5(53)

= fx11x5 (51153) fxo1 x5 (52183) fx5 (53)=1fx, (51) fx, (52) fx5(s3),

that is, X1, X», X3 are independent.
Assume for d = n independence of any (n — 1) of the components and conditional
independence of any (n — 1) components, given the remaining one. Then

fx©®) = fxg, X011, ST, - -, Sn—1180) fx,, (Sn)

= fx11%, S1l80) - fxu_ 11, Sn—11851) [x, Sn)=fx, (51" - fx,_1 Sn=1) fx,, (5n)-

Part (b): The relation X ~1p Y implies readily that h(x) := f(x)/g(x) satisfies h(x) =
h(y) whenever x <y. On a lattice this implies that % is constant since for any u, v we have
h(u) = h(u v v) = h(@). It follows that f = g and the rest follows from
Proposition 2.11. [

It is natural to study the possibility of having TP order by positive translation, since it
is the simplest model which implies stochastic order. We will see that this occurs for all
positive translations only in a very special case.

In the rest of the section we consider the case that our space X is R?. The following
result unifies Theorems 1.C.5 and 1.C.22 of [13] and extends them to the multivariate case
needed here.

Lemma 2.13. A random vector X in R? with independent components satisfies X <tp
X + p for all p>0 if and only if the marginal densities fx, of the components of X are
log-concave.
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Proof. Note that by independence X is MTP», and in this case by Lemma 2.2 we just
need to prove that X <tp X + p is equivalent to monotonicity of the likelihood ratio.
Thus we show that A(f) := fxy,(#)/fx () is increasing in ¢ for all ¢ >0 if and only if the
densities of the independent components of X are log-concave. Note that log-concavity of
the marginals f, is equivalent to having all fx, (r — p)/fx, (t) increasing in ¢, for all u > 0.
Writing h(¢) = fx( — p)/fx(t) where fy is a product, we see that log-concavity implies
the monotonicity of 4. Conversely, by taking g which vanishes in all but the ith coordinate,
monotonicity of 4 implies log-concavity of fy,. [

Theorem 2.14.

(a) A random vector X € RY satisfies X <tp X + p for all £>0 if and only if X has
independent components with log-concave marginals.

(b) If X has independent components with log-concave marginals then X <tp X + Y for
any random variable Y >0 independent of X.

Proof.
(a) First we show that under the conditions of the proposition

Jx(@) fx(b) = fx(a nb)fx(aV b) (2.5)

foralla,b € RY.
Note that X satisfies X <tp X + p if and only if

fx@ fx@— )< fxADfx((sve) —p) (2.6)

for all s,¢ € RY. The choice p = 0 in (2.6) gives inequality in (2.5) in one direction.
To get the reverse direction, given any a,b € Rd, choose in (2.6)s =aVvb t=a
and g which vanishes in the coordinates where b >a, and equals @ — b on the other
coordinates. It is then easy to see thatt — py =a Ab,b = (svVt) — panda =s AL,
and with § = a Vv b inequality (2.6) implies

Jx(aAb) fx(aVb)< fx(®) fx(a).

Independence now follows from Proposition 2.11, and the rest of part (a) follows from
Lemma 2.13.

(b) This follows by setting y = p in (2.6) and integrating the condition with respect to
Fy(dy) on both sides. [J

In the following result part (a) is well known and very useful in verifying the MTP,
property (see [7,5]). Part (b), whose proof is similar to that of (a), shows that the same holds
in the MTP; case for the TP order.

Proposition 2.15.

(a) Suppose f(x)f(y) # implies f(u)f(w) # 0 for all x ANy<u,v<x \Vy. Then the
condition f TP, in every pair of variables, with other variables held fixed, implies f
MTP,.

(b) Let either f or g be MTP; satisfying the above condition on the support, and suppose
also that f(x)g(y) # 0 implies f(u)g(v) # 0 forallx ANy<u,v<x VY. The relation
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f =Tp g holds if the required inequality is verified for every pair of variables with the
others fixed.

3. Multinormal vectors

In this section we study some properties of the TP order for multinormal distributions.
Let X ~ N(0, X). The mean is arbitrary so we set it to be zero. We also assume that X
is a nonsingular correlation matrix. Henceforth when we write expressions like A > B for
vectors or matrices of the same dimension, we mean entry-wise inequalities.

For properties of the multinormal distribution the reader is referred to [14].

In order to state our results we need to define some cones through M-matrices.

Definition 3.1. A symmetric square matrix is called an M-matrix if its off-diagonal elements
are nonpositive.

Using Proposition 2.15 it is easy to see [6] that a multinormal X is MTP; if and only if
£~ is an M-matrix. Then X has nonnegative elements. This can be proved either directly,
or resorting to the fact that MTP, implies association.

Itis easy to see, e.g., [11], that for multinormal vectors, X <tp ¥ canhold only if X and Y
have the same covariance matrix and therefore one is a translation of the other. Thus below
we fully characterize the TP order of multinormal vectors by considering the translation
case.

Given a matrix ¥ whose inverse ™! is an M-matrix, consider the cone

Cx={ne RY : uTE_l >0} ={ue R? : there exists @ >0 such that u= a'L).

Since for such a X all entries are nonnegative, it follows that g >0. For X = I the cone Cy,
is the whole positive orthant, and it is the largest possible cone.

Theorem 3.2. Let X be a multinormal random vector.
(a) If for some p € R? we have X <1p X + p, then X is MTP;.
(b) For X MTP,, we have X <1p X + p iff p € Cx.

Lemma 3.3. Let X = (X1, X») be a bivariate normal random vector. If for some p € R?
we have X <1p X + p, then p[ X1, X2]1>0.

Proof. Set p = p[X;, X2]. Without loss of generality we can assume that E[X] = 0. In
general X <tp X+ p iff fx(s) fx1 (& < fx(s AT fx1p(sVE), whichin the normal case
is equivalent to
svi—wIZ '\ svi—pw+ AT s AD
—t— ' —p) —sTx s <0. (3.1)
Define M(s,t) := sVO)TZ ' sv+ AT s At —sTE s — X1,
Then the left-hand side of (3.1) becomes

M, t) —2u 2 N s vy +2uTE e = M(s,0) — 2T (s — D) 4.
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Letnow s; < t1 and sy > t2. Then, up to a positive constant, the latter expression becomes

p(sisy + 1112 — sity — 1152)—(Uy — puy)(s2 — 02)=(s2 — 12) (p(s1 — 11 + py) — Kp).

If p is negative, it is always possible to find si,#; that make the above expression
positive. [

Call p;;.g the partial correlation coefficient

B Cov[X;, X;|Xk]
PR = (Var[ X, [X g IVar[ X [Xg D172

Lemma 34. For K C {1,...,d}andi, j ¢ K we have
X=2p X+ p,
implies p;j.x 20.

Proof. By Corollary 2.10 we have that [(X;, X ;)|Xg ]| =<tp [(X; + p;, X; + uj)1Xk]. The
result follows now from Lemma 3.3. O

Lemma 3.5 (Karlin and Rinott [6]). Let X ~ N (u, X), with X positive definite. The par-

tial correlation coefficient Pij.k is nonnegative for all (i, j) and K = {1, ...,d}\ {i, j} if
and only if X is MTP;.
Proof. LetX ™' =T = [7;;]. It suffices to show that p;; x >0 implies y; ; <O fori # j.

Taking i = 1, j = 2, let I'12 be the upper corner 2 x 2 submatrix of I'. Then the covariance
matrix of (X1, X») conditioned on the remaining variables is I‘l_zl .Ifits off diagonal element,
P12.(3,...,ay 18 nonnegative then y,; <0. U

Proof of Theorem 3.2.

(a) The result follows from Lemmas 3.4 and 3.5.

(b) Use Lemma 2.2 and the fact that fx,(x)/fx(x) =c exp{pTE"x} is increasing in x
iff wT¥7'>0. O

4. Properties of the cone Cy,
We now study some properties of the cones introduced in Section 3.
Proposition 4.1. We have Cy, C Cy, if and only if £1X5 '>0.

Proof. The relation Cy, < Cy, implies that for p1 = aX; with a > 0 there exists b >0 such
that g = bX;. Thus for all a > 0 there exists b >0 such that aX X5 ' — b. This is equivalent
to saying that 21251 >0. O
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itis easy to see that the extreme rays of the cone Cy,, are generated by the points (1, p) and
(1,1/p).

In this particular case Proposition 4.1 yields Cy , © Cgp ifand only if p < p’. This suggests
that as dependence increases, the cones decrease. This agrees with the finding of the previous
section that the cone is maximal and contains all g > 0 for independent variables.

Proposition 4.2. The relation ¥, < X\ defined as £,X5 ! >0 defines a partial order on
correlation matrices.

Proof. Reflexivity: If X = X; then X, < X since 21251 =1>0.

Antisymmetry: Suppose that § = 2122_1 >0and T := 2221_1 >0. Since ST =1, it
follows that no column of S contains more than one positive element. Since S is nonsingular,
each of its rows contains at least one positive element. This implies that § can be written as
the product of a diagonal matrix and a permutation matrix. By reversing rows and columns
the same argument leads to the fact that T has a similar structure.

We have X = SX;. Given the structure of S, if one of the positive elements of S is equal
to o # 1, then one of the row of X; will be equal to « times a row of X5. This prevents
X1 from being a correlation matrix. Hence S must be a permutation matrix. But, if it is not
the identity, then a row of X; will be equal to a different row of Xy, which again is not
compatible with the fact that X is a nonsingular correlation matrix. This implies that S is
the identity.

Transitivity: This is trivial since £, X, >0 and £,X5 ' >0 implies 127 >0. O

The next result shows that as the cones decrease, the correlations increase, and we see
the connection between the cone size and the strength of positive dependence.

Proposition 4.3. If X| and Xy are correlation matrices such that their inverses are M-
matrices, and X1 X, 1 >0, then entry-wise X1 > Xo.

Proof. The relation ):122_1 >0 can be written as X1 = AX, with A>0. Set £; = [1;5],
Xy =[p;jl, and A = [a;;] .
We have to show that

Tij = Z aiePej 2 Pij- 4.1
12

Notethatt;; = Y, ai¢py; = 1,andsoinequality (4.1) becomes ), aiepy; > ) aiepyiPij-
Using the fact that a;; >0, we now prove that the latter inequality holds term by term.

For¢ = jwehave 1l = p;; >p;;p;; by the fact that X is positive definite. For £ # j we
have to show pg; = py; p; ;. We form the covariance matrix of (X;, X¢, X )

L pie pij
pei 1 Pej
Pji Pje 1

Since the inverse of the above matrix is an M-matrix, by computing minors, we see that
indeed py; = py; p; ;- We comment that it suffices to assume that every 3-subvector has the
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MTP; property. Note that we used the fact that MTP, is preserved under taking marginals
(in this case of order 3), and that in the normal case MTP; is equivalent to the inverse of
the covariance being an M-matrix. [

Remark 4.4. The converse of Proposition 4.3 is not true, that is, there exist correlation
matrices X1 and X such that their inverses are M-matrices and X; > X5, that do not satisfy
the inequality £1X5 ' >0.

For instance take

1.0 0.55 0.6 1.0 0.5 0.6
=105 1.0 08], =105 1.0 08
06 08 1.0 0.6 08 1.0

Simple algebra shows that they are indeed correlation matrices whose inverses are M-
matrices, and X > X;. Nevertheless X1 X5 !'is not nonnegative.
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