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Abstract

The inequality conjectured by van den Berg and Kesten in [9], and proved by Reimer
in [6], states that for A and B events on S, a product of finitely many finite sets, and
P any product measure on S,

P(AOB) < P(A)P(B),

where ALIB are the elementary events which lie in both A and B for ‘disjoint reasons.’
This inequality on events is the special case, for indicator functions, of the inequality
having the following formulation. Let X be a random vector with n independent
components, each in some space S; (such as R?), and set S = [1;=, Si. Say that the
function f : S — R depends on K C {1,...,n} if f(x) = f(y) whenever x; = y; for all
1 € K. Then for any given finite or countable collections of non-negative real valued
functions {fa}aca, {98}ses on S which depend on K, and Lg respectively,

E{ sup fa(X)gﬁ(X)} <E {sgp fa(X)} E {Sl;pgﬁ(X)} :

KQQLBZQ
Related formulations, and functional versions of the dual inequality on events by Kahn,
Saks, and Smyth [4], are also considered. Applications include order statistics, assign-
ment problems, and paths in random graphs.

1 Introduction

For x = (x1,...,2,) € S, where S = [[;_, S; any product space, and K = {ky, ..., ky} C
n:={1,...,n}, define

XK:<JIk1,...,ZEkm) and [X]K:{yES:yK:xK},
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the restriction of x to the indicated coordinates, and the collection of all elements in S
which agree with x in those coordinates, respectively. For A, B C S we say that x € A,y €
B disjointly if there exists

K,L Cn,KNL=0suchthat [x]x CA and [y],C B, (1)
and denote
AOB = {x:x € A,x € Bdisjointly}. (2)

The operation ALIB corresponds to elementary events which are in both A and B for disjoint
‘reasons’ in the sense that inclusion in A and B is determined on disjoint sets of coordinates.

Theorem 1.1 was conjectured in van den Berg and Kesten [9]. It was proved in [9] for A
and B increasing sets and S = {0, 1}", and it was also demonstrated there that Theorem 1.1
follows from its special case S = {0, 1}". Using the latter fact, the conjecture was established
in general by Reimer [6].

Theorem 1.1 For P =[], P; any product measure on S =[]\, S, S; finite,
P(AOB) < P(A)P(B). (3)

Many useful formulations can be found in van den Berg and Fiebig [8], in addition to the
following motivating example which appeared earlier in [9]. Independently assign a random
direction to each edge e = {v;,v;} of a finite graph, with p.(v;,v;) = 1 — pe(v;,v;) the
probability of the edge e being directed from vertex v; to v;. With Vi, Vo, Wi, Wy sets of
vertices, Theorem 1.1 yields that the product of the probabilities that there exist directed
paths from V; to V5 (event A) and from W; to Wy (event B) is an upper bound to the
probability that there exists two disjoint directed paths, one from V; to V5 and another from
Wi to Wy (event ACIB).

The main thrust of this paper is to show how Theorem 1.1 implies inequalities in terms
of functions, of which (3) is the special case of indicators, and similarly for the dual. These
functional inequalities, and their dual, are stated in Theorems 1.2 and 1.5, and their proofs
can be found in Section 3. Applications to order statistics, allocation problems, and ran-
dom graphs are given in Section 2. Specializing to monotone functions, we derive related
inequalities and stochastic orderings in Section 4; these latter results are connected to those
of Alexander [1].

For each i = 1,...,n, let (S;,S;) be measurable spaces, and set S = [, S; and S =
;' S;, the product sigma algebra. Henceforth, all given real valued functions on S, such
as fa,9s,a € A, 3 € B are assumed to be (S,B) measurable where B denotes the Borel
sigma algebra of R, and functions on S with values in 2", such as K(x) in inequality (d)
of Theorem 1.2 below, are assumed to be (S,22") measurable. Measurability issues arise
in definitions (11), (4), and (18), and are settled in Section 5. We also show in Section 5
that Theorem 1.2 applies to the completion of the measure space (S,S) with respect to the
measure P appearing in the theorem; similarly for Theorem 1.5.

For K C n we say that a function f defined on S depends on K if xx = yx implies
f(x) = f(y). The inequalities in Theorems 1.2 and 1.5 require one of two frameworks, the
first of which is the following.



Framework 1 {f,(x)}aca and {gs(y)}ses are given collections of non-negative functions
on S, such that f.,qgs depend respectively on subsets of n K,,Lg in K = {K,}aea and
L = {Lg}pep, where A and B are finite or countable.

The elements of K and £ are not assumed to be distinct; we may have, say, K, = K, for
some « # v and f, # f,. For notational brevity we may write o for K, ; for example, we
may use a N 3 as an abbreviation for K, N Lg, and also x, for xg,, .

The second framework needed is

Framework 2 f and g are two given non-negative functions, and IC and L any collections
of subsets of n. With P a probability measure on (S,S) define for K € K, L € L,

[ (x)=ess inf f(y), and g, (x)=ess inf g(y). (4)

yEX]k ye[x]L
Our functional extension of the BKR inequality (3) is

Theorem 1.2 Let X = (X,...,X,) € S be a random vector and P a probability measure
on (S,S) such that Xy, ..., X, are independent. The following inequalities hold.

1. Under framework 1,

E{ sup fa(X)gﬁ(X)} <FE {Sgp fa(X)} E {Slgp 96<X)} : (a)

anp=0

2. Under framework 2,

Eq max f, (X)g,(X) < E{f(X)} E{g(X)}. (b)

KNL=) —
KeK,LeL

The special case of inequality (b) where K = L are the collections of all subsets implies it in
general.

In previous work the [J operation was defined only for finite product spaces. Note,
however, that (2) applies on any product space. Further, with f(x) and g(x) the indica-
tor functions of A and B respectively, we can equivalently express ALJB as the set whose
indicator function is given by

Lagp(x) = max f,(x)g,(x), (5)
where f g, are given in (4). Therefore, inequality (b) of Theorem 1.2 specialized to the

case that KL = L are all subsets of n and f and g are indicators, says that the original BKR
inequality for events in finite spaces extends to more general spaces.

The following is a straightforward generalization of Theorem 1.2, stated here only for
inequality (a) . Note that in (6) below, for large m the pairwise constraints o; Na; = ) are
more restrictive, making the inequality less sharp.



Theorem 1.3 Let X € S be a random vector with independent coordinates. Then for given
finite or countable collections of non-negative functions { fi o }aca, depending on {K; }aca, ,
1=1,...,m,

E sup [[HaX <]]E { sup fi,a(X)} : (6)
(a1,-mom) €A XX An ] i1 a€A;
arNay=0, k#l

Next we describe an inequality of Kahn, Saks, and Smyth [4], which may be considered
dual to the BKR inequality (3), and provide a function version. We use simpler notation,
more compatible with (3). With ‘disjointly’ defined in (1), denote

AQOB ={(x,y) : x € A,y € Bdisjointly}. (7)
The following, which we call the KSS inequality, is dual to Theorem 1.1 and is given in [4].

Theorem 1.4 If P denotes the uniform measure over {0,1}"x{0,1}", then for any (A, B) C
{0,1}™ x {0,1}",

(P x P)(A0B) < P(ANB). (8)
Our functional extension of the KSS inequality is as follows.

Theorem 1.5 Let X = (Xi,...,X,,) € S be a random vector, P any probability measure on
(S,S) such that X, ..., X, are independent, and'Y an independent copy of X. The following
imequalities hold.

1. Under framework 1,

E{ sup fa<x>gﬁ<Y>} <E {?}; fa<x>gﬂ<x>} . ()

anp=0

2. Under framework 2,

Eq max f,(X)g,(Y) < E{f(X)g9(X)}. (t)

In [4] the (implicit) ¢ operation was defined only on {0,1}" x {0,1}". Note, however,
that (7) applies on any product space. Further, with f(x) and g(x) the indicator functions of
A and B respectively, we can equivalently express AQB as the set whose indicator function
is given by

Laos(x,y) = max f.(x)g,(y), (9)
where f g are given in (4). Therefore, inequality (a’) of Theorem 1.5 specialized to the

case that JIC = L are all subsets of n and f and g are indicators, says that the original KSS
inequality for events in {0, 1}" extends to more general spaces. Note by (5) and (9) that

]-ADB(X) = 1A<>B(X7 X).
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We next discuss further formulations of Theorems 1.2 and 1.5 which are of independent
interest, and will be used in the proof. Under Framework 1, for any K and L subsets of n,

define
fr(x) = sup fu(x) and gp(x)= sup gg(x). (10)
a:K,CK B:LgCL

For any given functions K (x) and L(x), under Framework 1, extend (10) to

Tk (x) = sup  fo(x) and grx(x)= sup gs(x), (11)
a: Ko CK(x) B:LgCL(x)

and under Framework 2, extend (4) to

X) =ess inf , and X) =ess inf . 12
Frg¥) =ess inf  f(y) Gypg(¥) =ess inf g(y) (12)

Proposition 1.1 In Framework 1, inequality (a) of Theorem 1.2 and inequalities (c) and
(d) below are equivalent.

£ { max, 50300} < B fsw 1,00} £ {00} (©

KNL=0

E {fK(x)(X)éux)(X)} <E {Sup fa(X)} E {Sl;p gﬁ(X)} » (d)
holding for any given K (x) and L(x) such that K(x) N L(x) = 0.
In Framework 2, inequality (b) of Theorem 1.2 and inequality (e) below are equivalent.
E{ o0 X9,00X) } < E{FX)} E{g(X)} (e)
holding for given K(x) € K and L(x) € L such that K(x) N L(x) = 0.

It is easy to see from (10) and (11) that a restriction of K or K(x) to K and L or L(x)
to £ would not change the quantities on the left hand sides of (c¢) and (d).

The special case of inequality (e) with K = £ = 2™ and L(x) = K¢(x) , where K¢ denotes
the complement of K, yields the inequality in general, that is, (e) is equivalent to

Ed Lo X0 (X) < E{F(X)) B{g(X)}
for any given K (x). A similar comment holds for (¢) and (d).

Proposition 1.2 In Framework 1, inequality (a’) of Theorem 1.5 and inequalities (¢') and
(d’) below are equivalent.

E {Igl(aLx fK(X)éL(Y)} < E{ sup fa(X)gﬂ(X)} ' (c’)
) aﬂﬁzw
E {fK(xm (X)drx,v) (Y)} < E{ sup fa(X)gﬁ(X)} 7 (d")
anB=0
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holding for any given K(x,y) and L(x,y) replacing K(x) and L(x) in (11) respectively, and
satisfying K(x,y) N L(x,y) = 0.
In Framework 2 inequality (b') of Theorem 1.5 and inequality (e’) below are equivalent.

E {iK(X»Y) (X)QL(X,Y) (Y)} <E {f(X)g(X)} ) (6/)

holding for given K(x,y) € K and L(x,y) € L, replacing K(x) and L(x) in (12), respec-
tively.

2 Applications

Example 2.1 Order Statistics Type Inequalities Let X = (X1,...,X,,) be a vector of
independent non-negative random variables with associated order statistics Xp,) < -+ < Xy).
Let A = B be the collection of all the singleton subsets a € n and fo(X) = go(X) = xo. Then

max fo(X) = Xpy, - max fo(X)g5(X) = Xy X,

and inequality (a) of Theorem 1.2 provides the middle inequality in the string
EX1EXy < EXiyXp < (EXy)* < EX,

The leftmost inequality is true since order statistics are always positively correlated (moreover
they are associated as defined by Esary et al [2], and even MTP,, see Karlin and Rinott [5]);
the rightmost inequality follows from Jensen.

Theorem 1.2 allows a large variety of extensions of this basic order statistics inequality.
For example, taking A and B to be all k and | subsets of n respectively, then with

Ha:j and  gg(x H:EJ (13)

jE€a Jjep
we derive
k+1 1
(HXb]) =E (HXm> E (H Xm) :
j=1
Dropping the non-negativity assumption on Xq,...,X,, we have for all t > 0,

Ee!Xut+Xp) < [BetX)? = Be!*n Bl = Ee HX Y1)
with Y;’s being independent copies of the X;’s. Likewise, for all t > 0,
E’eft(X[n]JFX[n—l]) < [EeftX[n]]Z — EeftX[n] EeftY Eeft +Y[n])

Moment generating function and Laplace orders are discussed in Shaked and Shanthikumar

[7].
Returning to non-negative variables, a variation of (13) follows by replacing products with
sums, that 1s,

ij and  gp(x Zx], (14)

JE« JEB



which for, k =1=2 say, yields

B e (X X)X + Xig) < [B(X + Xp)l
Though the mazimizing indices on the left hand side will be {1,2,3,4} as indicated, the
choice 1s not fixed and depends on the X'’s; however, by a simple majorization argument,
(X + X9)(X3) + Xp) is not mazimal apart from degenerate cases.
Definition (13) and (14) are special cases where f and g are increasing non-negative
functions of k and | variables and

fa(x) = [(%a) and  gs(x) = g(xs); (15)

when [ and g are symmetric,

E  max FXgs - XpDg (X, - Xpgg) < Ef(Xpy, - X)) Bg(Xpy, - -, Xg)-
{815yl s J 1o jl}—{l ..... k+1}

We now give an example which demonstrates that these order statistics type inequalities
can be considered in higher dimensions. Let Xq,...,X,, be independent vectors in R™, and
for a, f C n with |a] = || = 3 let f, and gg be given as in (15), where f(x1,Xg,X3) =
9(x1,X2,X3) is, say, the area of the triangle formed by the given three vectors. Theorem 1.2
gives that the expected greatest product of the areas of two triangles with distinct vertices is
bounded above by the square of the expectation of the largest triangular area.

To explore the dual inequality in these settings, let X be a vector of independent variables
with support contained in [0,1], and Y an independent copy. With A = B the collections of
all singletons o in n, and f,(X) = o, gs(x) = 1 — 3, inequality (a’) of Theorem 1.5 gives

E{mjé(Xa(l —Yﬁ)} S EX[l](l—X[n}). (16)

Note that maxa.p Xo(1 —Ys) # Xpj(1 = Y}n)); the right hand side might be larger because of
the restriction o # 3. Removing the restriction o # (3 reverses (16), that is,

EXy(1=Xp) < EXpE(1-Xpy,) = EXpE(1-Y)y) = EXp(1-Yy) = F {H;%XXa(l — YB)} ,

where the inequality follows by the negative association of Xy and 1 — X,).
Following our treatment of applications of Theorem 1.2 we can extend (16) as follows:
with A and B the collection of all k and | subsets of n respectively, and

fa) = [ and gstx) = [[(1 ).

JEa Jjes
we obtain

K {iﬁl?f@ Xi(1— Yj)} < E{ IT xwa- X[n—j+1])} :

I e



We now consider resource allocation problems of the following type. Suppose that two
projects A and B have to be completed using n available resources represented by the
components of a vector x. Each resource can be used for at most one project, and an
allocation is given by a specification of disjoint subsets of resources. For any given subsets
a,f C n, let f,(x) and gg(x) count the number of ways that projects A and B can be
completed using the resources x, and xg respectively. The exact definitions of the projects
and the counts are immaterial; in particular larger sets do not necessarily imply more ways to
carry out a project. For an allocation «, 3, N3 = (), the total number of ways to carry out
the two projects together is the product f,(x)gs(x). When the resources are independent
variables, inequality (a) of Theorem 1.2 bounds the expected maximal number of ways of
completing A and B together, by the product of the expectations of the maximal number
of ways of completing each project alone. The bound is simple in the sense that it does
not require understanding of the relation between the two projects. In particular, it can be
computed without knowledge of the optimal allocation of resources.

Example 2.2 With J a list of tasks, consider fulfilling task lists A and B from J, (not
necessarily disjoint) in two distant cities using n workers. For worker i € n, let x; C 27
be the collection of possible assignments of tasks for worker i; a worker may be able to fill
more than one task. For o, C n, let fo(x) equal the number of ways the collection of
workers o can complete A, and gg(x) the number of ways the collection 3 can complete B.
When the qualifications X;,1 € n are independent, Theorem 1.2 bounds the expectation of
the maximal number of ways of fulfilling the task requirements in both cities, by the product
of the expectations of the mazximal numbers of ways that the requirements in each collection
can be separately satisfied.

Example 2.3 Paths on Graphs Consider a graph G with n fized vertices v;,j =1,...,n
in V, an arbitrary space, where for each pair of vertices the existence of the edge {v;,v;} is
determined independently using a probability rule based on v;,v;, perhaps depending only on
d({vi,v;}) for some function d. Let X = {X; 1} where Xy ;y is the indicator that there
exists an edge between v; and v;. For instance, with V = R™ and Zgj,1 < i,j < n
independent non-negative variables, we may take

Xiigy = Wd({vi,vj}) < Zugy)  where  d({vi,vi}) = [|vi — vj].

Note that since the variables Zy; ji do not have to be identically distributed, we can set Z;; = 0
and avoid self loops should we wish to do so.

Let a path in the graph G from u to w be any ordered tuple of vertices v, ..., v;, with
vy, = u,v;, = w and Xy, 5, .,y = 1 for k =1,....,p—1, and having all edges {v;,v;,,, }
distinct. For U,V and W subsets of {v1,...,v,} and a, 8 C{{i,j} : 1 <i,5 < n}, let fo(X)
be the number of paths in the graph from U to V which use only edges {v;,v;} for {i,j} € a;
in the same manner, let g3(X) be the number of paths in the graph from V to W which use
only edges {v;,v;} for {i,j} € 5.

The “projects” A and B in this framework are to create paths from U to V wusing «,
and from V to W wusing (3, respectively, which combine together, when N3 = 0, to give the
overall project of creating a path from U to W passing through V. As the product f,(X)gs(X)
for ang = 0 is the number of paths from U to W wia V' for the given allocation, Theorem 1.2
provides a bound on the expected maximal number of such paths over all allocations in terms



of the product of the expectations of the mazimal number of paths from U to W and from
W to V' when the paths are created separately. Though finding the optimal allocation may be
tedious, the upper bound can be computed simply, for this case in particular by monotonicity
of fa(x),93(x) in a and [ for fired x, implying that the mazimal number of paths created
separately is attained when using all available edges, i.e. at « = = n. However, the result
holds even in situations where the existence of more edges does not lead to more paths, that
is, 1n cases where the functions f.,gs are not monotone in « and 3. One such example
would be a situation where the existence of a particular edge mandates that all paths use it.

This example easily generalizes to paths with multiple waypoints. We may also consider
directed graphs where for © < j the directed edge from v; to v; exists when X;; = 1, from
v; to v; when X;; = —1 and X;; = 0 when no edge exists, with X;; independent. Returning
to the graph example following the statement of Theorem 1.1, inequality (a) of Theorem 1.2
provides a bound on the expected mazimal number of paths from Vi to Vo and Wy to Wy using
disjoint edges.

For application of the dual inequality, consider for example two directed graphs on the
same vertex set, determined by equally distributed and independent collections of edge indi-
cators X and Y, each having independent (but not necessarily identically distributed) com-
ponents. Let o, 5 C {(i,7) : 1 < i < j < n}, and fo(X) be the number of directed paths
in the first graph from U to V which use only X edges (v;,v;) with (i,j) € a; in the same
manner, let gg(Y) be the number of directed paths in the second graph from V' back to U
which use only Y edges (v;,v;) with (i,7) € 3. Consider the expected maximal number of
paths, over all o and 3 with aN B =0, to go from U to V using the X edges o at most once
and returning to U from V wusing the Y edges (3 at most once. Then Theorem 1.5 implies
that this expectation is bounded by the expected maximal number of paths, over all o and (3,
to move from U to V using «, and then returning to U using 3, all with X edges, but where
vertices used on the forward trip may now be used for the return.

3 Proofs of Proposition 1.1 and Theorem 1.2
Proof of Proposition 1.1: We show (a) = (¢) = (d) = (a) and (b) < (e).

(a) = (c): Apply inequality (a) to the finite collections { fx }xex, {Gr}rer and use

sup fa(x)gs(x) = max ( sup fa(X)gﬁ(X)>

anB=0 NL=0 \ K,CK, LgCL
frd a. S a S X - a. g X). ]'7
KH%LXQ) (KaucpKf ( >L;1gpLgﬁ( )> Kr%LXQ fK( >gL( ) ( )

(¢) = (d): Apply [fi(x)(%)Jrx) (%) < maxgnr—p [k (x)gL(x).

(d) = (a): Note that the right hand side of (17) equals fK(x) (X)g1x)(x) for some K(x) and
L(x) with K(x) N L(x) = 0.

(b) = (e): Apply [ ()9 (X) < maxknr=p [ (¥)g, (x).

(e) = (b): Use the fact that there exist some disjoint K (x), L(x) taking values in the subsets
of n such that

ax fr (x)g, (%) < £y (0g,5(x). (18)
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Our next objective proving the inequalities of Framework 1, to be accomplished in Lemma
3.6. We start with a simple extension of (3), expressed in terms of indicator functions, from
finite spaces to spaces endowed with finite sigma algebras.

Lemma 3.1 Let QQ be any probability product measure on H, a finite product sigma algebra.
Then, inequality (a) holds when expectations are taken with respect to Q, and { fo}aca, {98} sen
are ' H measurable indicator functions.

Proof: First note that (3) implies Q(AOB) < Q(A)Q(B), by a trivial identification between
the atoms of finite sigma algebras. Let A and B be defined by their indicator functions

1a(x) = m(?xfa(x), 15(x) = mgxgﬁ(x).
Then

mnax fo(x)gs(x) < max La(X)x. 1p(X)r, < max 1a(x)xlp(x)r = laos(x),  (19)

where the first inequality holds since fo(x) < 14(X)g, and therefore fo(x) = fo(X)k, <
14(x)k,, and the last equality is (5), and hence

Bo { 1 £.(X002(%X) } = QUADE) < QUAQ(B) = Eo {max (X0} Fo {maxga(X) }

For C =[]}, C;, where C; are finite collections of elements of S;, let F¢ be the product
sub-sigma algebra of S generated by C. Then

S=7F; with J=|]JF, (20)
C

where the union is over all finite C, and F; denotes the sigma algebra generated by the
algebra J consisting of the rectangular sets.

We say a collection of functions is FP if it generates a finite product sub-sigma algebra
of S; note that a finite union of FP collections is FP.

Lemma 3.2 Inequality (a) is true for P any probability product measure on (S,S), and
{fa}aca, {95} sen, any finite collections of FP indicator functions.

Proof: Let H be the sigma algebra generated by {f.}aca,{9s}ses, and Q = Py, the
restriction of P to the finite product sigma algebra H. For h an H measurable indicator
function, that is, for h(x) = 14(x) for some A € H, we have

Eqh = Q(A) = P(A) = Eph. (21)

Since the product of H measurable indicators is an H measurable indicator, and the same
is true for the maximum, we have by Lemma 3.1 and (21),

B { ma £ X)) | = o { max £,(X)aa%) |
< Eq {mnga(X)} Eq {mﬁaxgﬂ(x)}

_ Ep{mgxfa(X)} Ep{mglxgﬂ(X)}. -

Next we drop the restriction that the collection of indicator functions be FP.
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Lemma 3.3 Inequality (a) is true for any probability product measure P and finite collec-
tions { fataca and {gs}pen of S measurable indicator functions.

Proof: For R,S subsets of AU B satisfying RNS = ) and RUS = AU B, we pro-
ceed by induction on the cardinality of the set S in the statement I(R,S): inequality
(a) is true when {fu}acrna, {95} serns are finite FP collections of indicator functions, and
{fa}aesna, {93} sesni are any finite collections of S measurable indicators. Lemma 3.2 shows
that (AU B, ) is true, and the conclusion of the present lemma is (), AU B). Assume for
some such R, S with § # AUB, that I(R,S) is true. For v € R with, say v € A, let M be the
collection of all sets A C S such that (a) holds for f, = 14, when {fa}aerna\(ry: {98} sernB
is a finite FP collections of indicators, and { f,}acsna, {9s}sesns any collection of S mea-
surable indicators. The singleton collection f, is FP for A € J as in (20). Therefore, for
A € J, the union f,, { fa}aerna\(+}, 198} serns is FP. By the induction hypothesis, 7 C M.
Since M is a monotone class and J is an algebra which generates S, the monotone class
theorem implies S C M. This completes the induction. [

At this point we have proved the BKR inequality (3) on a general space (S,S). To
move to the functional inequalities we begin to relax the requirement that the functions be
indicators.

Lemma 3.4 Inequality (d) is true for any product measure P and finite collections of S
measurable functions { fa}aca and {gs}ses which assume finitely many non-negative values.

Proof: We prove (d) by induction on m and [, the number of values taken on by the
collections {fo}aca, {95} sen respectively. By by Lemma 3.3 inequality (a) is true for finite
collections of measurable indicators, and hence by Proposition 1.1, so is (d). Now the base
case m = 2, | = 2 follows readily by extending from indicators to two valued functions by
linear transformation.

Assume the result is true for some m and [ at least 2, and consider a collection {f,}aca
assuming the values 0 < a; < ... < @y,y1; a similar argument applies to induct on [. For
some k, 2 < k < m, define

Ao = (% falx) = g},

and for a1 < a < agiq, let
ho(x) = fa(x) + (a — ax)1a, , (%),

the function f, with the value of a;, replaced by a. We shall prove that for all a € [ax_1, agi1]

inequality (d) holds with {h%},c4 replacing { fo}aca. By the induction hypothesis we know

it holds at the endpoints, that is, for a € {ax_1, apy1}, since then the collection {h%},eca

takes on m values; the case a = a;, suffices to prove the lemma, as that reduces to (d).
Given I'(x), a function with values in 24, with some abuse of notation denote

froo(x) = sup  fa(x). (22)

a:a€el(x)

Note that fr(x(x) in (11) corresponds to I'(x) = {a : K, € K(x)}, and similarly for
Jr(x)(x); for measurability issues see Section 5. For any given function I'(x) with values in
24, we have for all a € [ap_1, ap1],

Cr = {x: f’lv“r(x)(x) = a, fr(x)(X) Z {ap—1, ap1}} = {x: fr(x) (x) = ax},

11



showing that Cr does not depend on a, and for x € CF, the value sup,,cr ) 4 (x) = a;, for
some j # k, which again does not depend on a.

Letting D = Cf for I'(x) = A, the right hand side of (d), with {h% },e4 replacing { fu }aca,
equals ad + A\, where

5:P(D)/S%pgﬁ(x)dP(x) and /\:/D sup h‘;(x)dP(x)/s%pgﬁ(x)dP(x)

¢«

do not depend on a. Now, letting F = Cr for I'(x) = {a : K, = K(x)}, the left hand side
of (d), with {h%},eca replacing {fo}aca, equals af + 1, where

0= [ (PG and = [ Fosg (x)inen (0P

c

do not depend on a. When a € {ay_1,ar41} the collection h,,a € A takes on m values, so
by the induction hypotheses,

ab+n<ad+ N\, foraé€ {ar 1,ar:1} (23)

By taking a convex combination, we see that inequality (23) holds for all a € [ag_1, ax41], so
in particular for a;, completing the induction. [

Lemma 3.5 Inequality (d) is true for any probability product measure P and finite collec-
tions of non-negative S measurable functions {fo}aca and {gs}ses-

Proof: Lemma 3.4 shows that the result is true for simple functions. By approximating the
functions f,, gg below by simple functions, for T fa, 98k T g as k T 0o, and applying the
monotone convergence theorem, we have the result for arbitrary non-negative functions. m

Lemma 3.6 Inequality (d) holds for countable collections of non-negative S measurable
functions { fotaca and {gs}pes-

Proof: Apply Lemma 3.5 to the finite collections {fK}Kegn and {gr,}reon defined in (10);
setting px = fk, for the left hand side of (d) use

fro(¥) = sup  fo(x)= sup  sup fa(x)= sup fi(x) = F(X)Keo,
a: Ko CK(x) KCK(x) a: Ko CK KCK(x)

and on the right hand side use
sup fi(x) = sup fo(x). =

At this point we have completed proving all inequalities pertaining to Framework 1. The
next proposition connects the two frameworks and completes the proofs of Theorem 1.2 and
Proposition 1.1.

Proposition 3.1 Inequality (a) holds in Framework 1 for all collections {fa}aca, {95} sen
of given functions, if and only if inequality (b) holds in Framework 2 for all given functions
f and g and collections IC and L.

12



Proof:
(a) = (b). Given f, g, K and L apply inequality (a) to the collections {iK(X)}KelC and
{QL(X)}LEL as in (4), and use

rlr(lg%il((x) < f(x) and I}}SZ{QL(X) <g(x) a.e.

(b) = (a): Given collections of functions f,,gs depending on K,, Lg, define
F(x) =sup fa(x) and  g(x) = Sup 95(x)- (24)
Now letting f g, be as in (4), we have
fa(X) = fa(X)k, < iKa (x) and likewise gg(x) < 9y, (x).

Now, for «, ( disjoint,

fa(x)95(x) < [ (¥)g, (x) < max f,(x)g, (x).

KNL=0

Taking supremum on the left hand side and then expectation, the result now follows using
(24). n

3.1 The Dual Inequality

The dual inequality (8) is stated only for uniform measure on {0,1}" x {0,1}". In order to
parallel the proof of Theorem 1.2, we first need an analog of Theorem 1.1, showing that (8)
is true for any product measure on a discrete finite product space S. This generalization
was done for AOJB in [8]. For AQB, Lemma 3.4 of [8] carries over with minimal changes,
e.g. one again considers a function f : S” — S between finite product spaces, but now

(f x /)7'(A0B) = | {(f x /) 1(C1 x Ca)},
C1,Co

where the union is over all C7, Cy such that (' is a maximal cylinder of A, Cy is a maximal
cylinder of B, and Cy L Cy. Now Lemma 3.5 of [8] and the transformation f constructed
there can be applied to prove the generalization of (8) to discrete spaces.

The proof of Theorem 1.5 and Proposition 1.2 follows in a nearly identical manner to
that of Theorem 1.2 and Proposition 1.1. To prove (d’) , consider

Cr = {(%,¥) : Borixy) (%) = @, frooy) (X) € {art, arei}} = {(x¥)  frooy (X) = ar}.

Setting D = Ct for I'(x,y) = {a: K, = K(x,y)} we can write the left hand side of (d’) as
af + n, with

6= /D G (Y)AP(x)dP(y) and 7 = / R ) (X)) () AP ()P (y),

c

and using F = CT for I' = A, the right hand side becomes ad + A\, where

5:/Ds%pg5(x)dp(x) and )\:/D sup h (x)gp(x)dP(x)

c oé7ﬂ
with 6,7, and A not depending on a.
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4 A PQD ordering inequality

Consider a collection {f,(x)}2 ; of functions which are all increasing or all decreasing in
each component of x = (z1,...,2,) € R". Let X = (Xj,...,X,,) € R" be a vector of
independent random variables, Y = (Y;,...,Y,) an independent copy of X, and for each
a=1,....m,let K, Cn, and

Zo=(Z10s- - Zna)s (25)
where Z;, =Y, ifi € K,, and Z; , = X;, if t € K,. Now let
U= (fl(Zl)a7fm(Zm)) and V = (fl(X1)77fm(Xm)) (26)

Inequalities between vectors below are coordinate-wise. When (27) below holds, we say that
the components of V are more ‘Positively Quadrant Dependent’ than those of U, and write
U <pgp V.

Theorem 4.1 For every c = (¢1,...,¢,) € R™,
PU>c¢)<P(V>c) and P(U<c)<P(V<c). (27)

Proof: For k € {0,...,n} let KF = K,n{0,...,k}, and with K, replaced by K*, let Z*
be defined as in (25), and U* be defined as in (26). We prove the first inequality in (27)
by induction on k in P(U* > ¢) < P(V > ¢); the second follows in the same manner. The
inequality is trivially true, with equality, when k = 0, since then K* = ) and Z, = X for all
a € n. Now assume the inequality is true for 0 < k£ < n and set

B={a:k+1€ K.}

Then

IN
&

= P

where the third equality follows from the independence of X}, and Y, and the forth from

the fact that {f,(Z")}.cp has the same distribution when either only X1 or only Y

appears in the k£ + 1st coordinate; the first inequality follows from the fact that conditioned

on X;,l # k + 1, the variables f,(Z*) are all increasing functions of X}, and are therefore

(conditionally) associated, and the second inequality is the induction hypothesis. ]
Taking ¢ = (c, ..., c) we immediately have

14



Corollary 4.1

P(max fo(Z,) < ¢) < P(max f,(X) <c¢) or equivalently max f,(X)<grmax f,(Z,).

Application 1. Consider the framework of Theorem 1.2, with f,(x),gs(x),a € A, 5 € B
all increasing or all decreasing functions which depend on coordinates K,, Lg. Define D to
be a collection of functions

D = {fuo(X) + g5(X) : KoN Lg = 0},
and for Y = (Y7,...,Y,,) as above, set
D" = {fo(X) +95(Y) : K, N Lg = 0}.

By Theorem 4.1 we have
D* SPQD D.

Applying Corollary 4.1,

max {fa(X) + 95(X)} <sr max {fa(X) +g5(Y)}.

anB=0

Exponentiating the last relation and replacing e’* by f,, using obvious properties of the

max, we obtain
max {£a(X)gs(X)} <sr max {fa(X)gs(Y)}. (28)

and therefore
E{ max f2(X)g3(X)} < B max fo(X)ga(Y)} < E{max f(X)} E{maxg(X)},

for nonnegative monotone functions f, and gg. Thus the relation (28) is stronger than the
BKR inequality for monotone sets, which was proved in [9]. Alexander [1] presents similar
functional versions in this context.
As an example we return to order statistics as in Section 2.1. From (28) we get, for
example, that
XXy Sst XY V Yy Xp).

Generalizing by using the functions (13), we obtain for any p + ¢ = m,
X < max X Y.
I X0 <sr T | RS

5 Appendix on Measurability

In this section we briefly deal with various measurability issues. The measurability of the
function defined in (11) can be seen from

froo®) = fr(®)1(EK(x) = K),
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since the given function K (x) is assumed measurable. Similarly for (22),

froo(x) = D sup fa(x)1(T(x) = A).

AeoA a€cA

We next prove that given a non-negative, (S, B) measurable function f : S — R and any
K C n, the function defined in (4) is (S, B) measurable. Letting

fr(x) = min(f(x),r)

and dP(xy) be the marginal of P on the coordinates x;,, we have

i ( | <r—fr<x>>de<ch>)l/p=ess sup (v — fu(y) =r —ess_inf fi(y).

bp—o0 YEX]k vEX]K

Tonelli’s theorem (see e.g. [3]) now implies that essinfycp, f-(y) is measurable. Letting
r T oo shows that (4) is measurable.

The only complication regarding measurability of the pair (K (x), L(x)) in (18) is that
the maximum may not be uniquely attained, since otherwise we would simply have

(x:Kx)=KLx)=L}= () {x:f,(x)g,(x) = [, (x)g,}

K'NL'=0

a finite intersection of measurable sets, so measurable. To handle the problem of non-
uniqueness, let < be an arbitrary total order on the finite collection of subsets of n x n, so
that when the max is not unique we can choose (K(x), L(x)) to be the first disjoint pair
that attains the maximum. Then {x: K(x) = K, L(x) = L} = FFN G where

e

and

G = ﬂ {x:f,(x)g,(x) > f,.(x)g,,(x)}
iy

and again measurability follows.
Finally, since all integrals in the inequalities are unchanged by modifications on P null
sets, the results hold for (5,S), the completion of (S,S) with respect to P.
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