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Abstract

We consider situations in which there is a change point in the activity
of a cell, that is, some time after an external event the firing rate of the cell
changes. The change can occur after a random delay. The distribution of
the time to change is considered unknown.

Formally we deal with nii.d. random point processes, each of these
is an inhomogeneous Poisson processes, with one intensity until a ran-
dom time, and a different intensity thereafter. Thus, the change point
is not explicitly observed. We present both a simple estimator and the
non-parametric maximum likelihood estimator (NPMLE) of the change
point distribution, both having the same rate of convergence. This rate
is proved to be the best possible. The extension of the basic model to
multiple processes per trial with different intensities and joint multiple
change points is demonstrated using both simulated and neural data. We
show that for realistic spike train data, trial by trial estimation of a change
point may be misleading, while the distribution of the change point dis-

tribution can be well estimated.

Keywords: Peri-stimulus time histogram, neural data, semiparametric mod-

els, hidden Markov models, mixtur e models, Empirical Bayes.

1 Introduction

The synchrony between neural activity and external event is a major tool in
neurophysiological studies of the brain. The data is typically analyzed using
the Peri-Stimulus Time Histogram (PSTH). Different trials are aligned with
respectto the time of the external event and the average change over many
trials of the intensity of the neural activity is observed. However, using this
technique, one cannot distinguish between a smooth transition in any single
trial between two regimeson one hand, and asharp transition at eachtrial, but

with ajitter in the transition times between the trials on the other.



Technically, we consider a situation in which i.i.d. copiesof a multivariate
point processon a X interval are observed. The intensity of the processis
not xed along the interval but changesonce or more. The time of the change
points may vary from copy to copy.

In this manuscript the problem is treated in two different ways: both as
a formal statistical problem and as tool for the analysis of neural data. The
biological question behind the statistical discussion is the extent to which the
activity of a specic group of neurons in the monkey's brain is synchronized
with the external behavior of the animal. Here the model is extended to more
than one changepoint and to multivariate counting processes.The estimation
procedure assumesthat the change points actually exist, and that the dif ferent
components of the multivariate processare, given the change points times,
independent inhomogeneous Poisson processes. These assumptions are not
necessarily valid in all situations, but we argue that they are reasonablefor
our examples. The different extensions of the model are applied to real and
simulated data.

Mathematically, we analyze a problem in which it is assumedthat there is
only one change point per trial, whose time is a random variable distributed
according to adistribution function G. For eachtrial, we assumeaninhomoge-
neous Poisson processthat has a constant intensity | ¢ until the change point,
and aconstantintensity | 1 thereafter. The actual time of the changepoint is not
observed explicitly . The parameters G, | g and | ; are not known. The informa-
tion bounds and the ef cient score functions are given. In a nutshell, we have
an explicit expressionfor the score function only in arelatively trivial case.The
maximum likelihood estimator aswell assimple estimators are presented. In
particular, the distribution function of the time to change can be estimated us-
ing a simple monotone regressionestimator. The rates of convergenceof these
simple estimators are optimal.

The changepoint model for asingle Poissonprocess(and asingle trial) was



discussedin a few earlier papers, e.g., Matthews, Farewell and Pyke (1985);
Akman and Raftery (1986)and the standard Bayesian analysis is discussed
in Raftery and Akman (1986). The change point methodology was discussed
in the context of neuron activity by Commenges and Seal (1985), where the
change point was estimated for eachtrial separately, which may be dif cult

in some applications. A typical ring rate for a neuron is a spike every 20to
200mson the average. Hence there is an error of a few hundr eds millisecond
in the estimation of a single changepoint. This is too crude for atypical behav-
ioral task. In our simulation, we presentan example, where the change point
distribution can be estimated, reasonably well, while it almost impossible to
locate the individual change points. Note however, that the brain system ob-
servesmany cells at the sametime, and therefore can detect the change point
exactly, even when it is not possible in the experimental setting where only
one or at most afew cells can be observed simultaneously.

Our point of view is akin to hierarchical Bayesor, closer, to the empirical
Bayesformulation of the problem. Previously, empirical Bayesmodels were
employed by Josephand Wolfson (1992); Bélisle, Joseph, MacGibbon, Wolf-
son and du Berger (1998)in the context of change point detection for spike
data. Seea relevant recentdiscussion of empirical Bayesproceduresin Efron
(1996). Leaving philosophy aside, we consider the problem as a semipara-
metric mixtur e model, Bickel, Klaassen,Ritov and Wellner (1993);Robins and
Ritov (1997). The typical neuronal experiment in which the activity of single
cells is recorded involves a repeated task in which the animal is reacting to
external cues. The experimenter tries to understand how the cells activity is
related to different sensory and motor events. The distribution of the change
point time may be interesting in particular in situations where it is not known
a priori with which external event the neuronal activity is synchronized. In a
typical experiment, an observed changein the neurons activity may berelated

to the visual cue that the monkey receives,to the eye movement that follows,



or to the movement of his arm. The times of theseevents are recorded, and we
may try to testto which of them the activity is better synchronized (Seal,Com-
menges, Salamon and Bioulac (1983);Sealand Commenges (1985); Schwartz,
Kettner and Georgopouls (1988); Montgomery (1989); Crutcher and Alexan-
der (1990); Romo and Schultz (1990)). In this paper, a single change point
was located for each neuron and task condition using a formal hierarchical
Bayesianmethods. Our method was applied to other data setas presentedin
Ritov, Raz and Bergman (1997). The model analyzed by Bélisle et al. (1998)is
similar to ours, exceptthat it was analyzed using Bayesiantools, both in the
model formulation and in the algorithms, they used Gibbs sampler, while we
used a non-iterative simple estimator and the EM algorithm to calculate the
maximume-likelihood estimator. Mor eover, we extend their model to examples
of multiple change point and multiple cells. Finally, we give the theoretical

justi cation to the technigue used.

2 Methods

Our empirical data were recorded from two awake vervet (green) monkeys
(Cercopithecusethiopsethiops The monkeys weretrained to perform avisual-
motor task with two behavioral paradigms, see details in Raz, Vaadia and
Bergman (2000).Brie y , the trials were asfollows. Four secondsafter the end
of the previous trial the program started checking if the central key is touched.
In most cases,the monkey would have touched the key during the inter-trial
period. If not, the program waited until the key has beentouched. Immedi-
ately (lessthan 1ms) after it touched the key, the “get ready” LED was turned
on. After avariable delay (3 - 6s),0ne of the two peripheral target keys was il-
luminated for 0.25s,and the monkey got a trigger signal after another random
delay of 1, 2, 4, or 8s. At this point the monkey was supposed either to re-

leasethe central key and touch the target key (the “GO” paradigm), or to keep



touching the central key (the “NO-GO” paradigm). If the monkey did this, it
was rewarded with 0.15ml of juice. After 4 correcttrials, there was a 4ssignal
instructing the monkey to change paradigm from “GO” to “NO-GO” or vice
versa. The monkey was fully trained before recording started. In eachrecord-
ing session,the activity of two to eight single cells in the basal ganglia was
recorded. In a single recording session,a few hundr eds trials were recorded.
Typically the number of valid records from any single cell is between a few
tensto afew hundr edstrials.

The cells whose activity we analyze are from the external segment of the
globus pallidus (GPe). Thesecellsare characterized with afasttonic rate (afew
tens of spikes per second),and with unexplained short intervals in which they
are silent, DeLong (1971);DeLong and Georgopoulos (1981)).1t looks asif the
cells behave independently, Nini, Feingold, Slovin and Bergman (1995); Raz
et al. (2000). The exact function and the mode of activity of the basal ganglia
are not known. We assumethat a model in which some cells switch abruptly

to adifferent mode is reasonable.

3 Results

3.1 The model

The data used for the analysis can be summarized asfollows. We measure the
activity of K 1 cells during n trials. For eachtrial we record the activity of
each of the cells during a window synchronized on an given activity of the
monkey during the trial.

Formally, the observations are at discretetime,aa 1 b for someaand
b. We assumethat for eachtrial i,i 1 n, there are multiple change points
a Ti Tivm b, for someM 1. We observe for eachtrial K counting
processes.The processesare independent homogeneous Poissonprocessede-

tween the common changepoints. In other words, for alli 1 n i iK



are independent given Tj; Tim. Thevalues t,i 1 nk 1 K,
t a b, represent the total number of spikes r ed by the k-th cell dur-
ing the time interval from ato t: jt éts aNik S. We assume that the
Bernoulli random variables Nijx a Nik b areindependent given Tj; Tim,
and PNxt 1 Tz Twmw 1 PNkt O Tx Tm  Pm Tm
Tim 1, m=0,...,M, where, formally, Tp, aand Tim 1 b 1. In other words,
the data are a collection of independent Bernoulli random variables, whose
probability of successdepend on the cell and the random time interval to
which they belong. The latter is de ned in terms of the change point times.
The Bernoulli model is typically not valid, as the cells have refractory peri-
ods, however, it canbe avalid approximation if the refractory period is much
shorter than then the mean inter spikes time.

We needto restrict the structur e of the joint distribution of the changepoint
times, becauseof statistical and computational considerations. We considered

two alternative assumptions:

[Al] T Tiv are independent with distribution functions G; Gy re-
spectively. In particular, the supports of these distributions are mutually ex-

clusive.

or

[A2] Ti1 Tio T Tivm Tim 1 are independent with distribution functions

Gy Gwm respectively.

Al describesa situation in which all change point are relative to the syn-
chronizing event, while A2, for M 2, describesan situation in which the cell
reactto the external event at time Tj; for aduration of Ti Tj;. Practically, the
algorithm for the secondcasewas useful only for M 2: arandom length rst
period, then an intermediate interval with arandom length, and thereafter a

nal period. The algorithm can betoo slow for any larger M.



The likelihood function to be maximized under assumption Al is:
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wherety aandty 1 b,and gyt isthe point massatt of the mth distribu-
tion.

It is similar under assumption A2:
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wherety aandty 1 b.

3.2 The algorithms

Suppose the change point times, Tjj, i 1 nj 1 M, were observed.
Then, the distribution of the time to the change points could be estimated eas-
ily by the empirical distribution of the corresponding variables, and the prob-
abilities, p1 pm could be estimated by the corresponding meansin the sam-
ple. This makesthe model atypical missing data model. Note that by missing
we don't necessarily mean that data was lost. It may that the model can be
derived as a simpler model in which some of the variables are unobserved.
A standard method to maximize the likelihood in models with missing data
is the EM algorithm, Dempster, Laird and Rubin (1977). Generally speaking,
when the EM algorithm is used, it is assumed that besidesthe observed data
there are unobserved data, and we iterate between computing expectation of
the log-likelihood of the complete data over the conditional distribution of
the unobserved random variables giving the observed ones (the E-steps),and

maximizing this expectation (the M-steps).



We used two versions of the EM algorithm for computing the (approxi-
mate) maximum likelihood estimators (MLE) of the dif ferent parameters. The
following notation is used. Hat above a parameter denote an estimator. The
distributions are approximated by discrete distributions haver,, m 1 M
support points. Note that both M and the r's are prescribed by the user. The
discrete distributions of the change point time are denoted by G, and their
probability functions are denoted by g. The EM algorithm for multiple inde-

pendent change points was asfollows:

Algorithm 1:

1. Initial step Setl O, Qn'1 J 1 j 1 rmy m 1 M and ﬁk'm
nb a 1 18", xb,k 1 Km 0 M. Letz,1 Zn 'm
be the support point of the distribution of the mth change point, m

1 M.

2. E-step Compute the likelihood function that the changes of the i-th trial
happened at j; im:

Zm jm
K M 5 !

. ) KN p 1 p 1 p

Li 1 Im ONO) —m1Z T 7&”? :

kim1 1 Py o1 B 1 Pum

fori 1 nNL jm fmm 1 M. Compute the a posterioriproba-
bilities for the vector of the i-th change point times:
Lijs v ON 1Gm im

ol oI H H ~M A~ | .
ajp ; ap b v Om 1Om jm

PI jl jm

3.M step Setl | 1. Update Qll Q,\',l to be the marginal distributions of
n 13" ,P .Updatefork 1 Kandm 0 M:

vy AN Rl M kZmima ik Zm jm
1&511 ém 1Pt M Zm1im1  Zmm

(3.1)



4. Convergence check Stopif the number of iterations exceedsthe pre-decided
tolerable number or the convergencecriterion (3.2) below was lessthan

the pre-decided value. Other wise return to the E-step.

The algorithm for dependent change points (or independent start and du-

ration of an intermediate period) was asfollows:
Algorithm  2:

1. Initial step: Like the initial step of algorithm 1with M 2.

2.E-step LetM=2. Letz; 1 z1 r1 bethe support of the distribution of the
rst changepoint, and lett, 1 t> ro be the support of the distribu-
tion of the time between the two change points. Compute the likelihood

function for the i-th trial:

ik 2 J1 k21 j1 22 j2
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3. M-step Setl | 1Update @1' @2' to be the two marginals of n 3" ;A ,

Update fork 1 K:
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4. Convergence check Stopif the number of iterations exceedsthe pre-decided
tolerable number or the convergencecriterion (3.2) below was lessthan

the pre-decided value. Other wise return to the E-step.

In general, the EM algorithm may be very slow. In our simulation it was

reasonablyfast for the single changepoints examples. It took around 1 minute

9



on 133MHz PC. It was quite slow for some of our extensionswhere there were
mor e than one change point.

The stopping time was de ned asthe minimum between| 500and the
rst | suchthat rst time the differencebetween the estimatesin two consecu-

tive iteration asmeasure by

18K 1 B P o Al I 1
e — A g g 4 10° (3.2)
m

where f)k'm and Qj' are the estimators after | cyclesof the algorithm.

In the rst example the algorithm converged after 10 iterations. It con-
vergesafter 9in the caseof the thir d example. On the other hand, it stopped in
the second example after 500iterations, when the rst term of (3.2) was equal

to 2510 7 and the secondterm was equal to 1410 4.

3.3 Examples
3.3.1 One cell and one change point

The rst record we discussis of a GPe cell. We consider the interval starting
600ms before the time the monkey releasedthe central key (RELEASE) and
ending 500ms after this event. The raster plot is given in Figure 1a, where
each horizontal line of dots representsa single trial, and each dot denotes a
spike at the trial and time relative to the synchronizing event, as given by its
coordinates. The same data is summarized in Figure 1b by the PSTH (Peri
Stimulus Time Histogram). Here we plot the total number of spikes (over
all the trials) in each 1ms interval, relative to the RELEASEtime. The ver-
tical axis is scaled to denote the intensity (in spikes per second). The av-
erage intensity is 57.8, or, on the average, a spike every 17.3ms The PSTH
is smoothed in Figure 1c with a Gaussian kernel with bandwidth of 4ms.
On the same graph, the PSTH is smoothed also by a monotone regression
estimator. We can observe from these gur esthat the intensity in decreas-

ing. The transition from high to low average intensity, as can be observed

10



from the PSTH, is smooth. A more detailed observation of the raster plot
shows that in eachtrial the transition betweenthe two periods is quite abrupt,
but the change time varies from trial to trial. One possible interpr etation of
Figure 1b or Figure 1c, is that a changeis happening before or at time -200ms,
and there after intensity is decreasing during approximately 200ms before it
stabilized again. However, this interpr etation of the PSTHis wrong in view of
the raster plot. Our analysis will model this exactly. In this example and in the
other two examples, there is no need for a sophisticated test to verify that the
intensity is not constant. Formally, we considered at-test for comparing the to-
tal count in the rst 550msto the total count of the secondhalf. The t-statistics
hasavalue of 14.3(P 0001J).

The estimated p.d.f. and c.d.f. of the change point distribution are shown
in Figure 2. It can be observed that the lower intensity period starts in most

trials before the actual release,but the actual time varies between trial to trial.

3.3.2 Two change points

We consider now a second GPe cell from the same recording sessionas the
cell analyzed above. The raster plot and the PSTH are given in Figure 3.
As can clearly be seenfrom the PSTH, a simple change point model cannot
t the data. However, we cantry to t a model with two change points. The
fact that there is an intermediate period with higher intensity can be veri ed
simply by considering the interval of length 1200msaround RELEASE.We di-
vided the interval into threeequal parts and counted the number of spikesin
eachsub-interval. The P-value of the t-test that compare the two extreme sub-
intervals is 0.7,while the t-test that comparesthe rst and secondsub-interval
has an apparent P-value of 10 8.

A model in which the width of the interval is independent of its initial time

was tted to the data. That is, we assumedthat there are i.i.d. pairs Tj1 T ,

11



i 1 n, suchthat Ti; and T, Tj; are independent, and the intensity of the
processis| 1,1 and 3, fort T, Ta t Tp,andt T, respectively. The
support of the distribution was tted by eye,to be aswide aspossible. Thus
the support of the rst changepoint was in the range of -300msto -50ms, while
the width of the the secondperiod was restricted to be in the range of 50msto
450ms. The results obtained from applying Algorithm 2to thesedata are given
in Figure 4. Note that the p.d.f. is 0 at most points. The rst change point
is mainly distributed between 250msto 150ms before RELEASE. The width
of the high intensity period was found to be mostly around 240ms, but with
probability of approximately 0.25it got the maximal value that was permitted,
asif some in a quarter of the trial the second change point is missing. Note
that the probability massassignedby the estimator is quite negligible on most
of the permitted support points. In fact, only in 6 out of the 26 support points
of the rst distribution, and in 4 out of the 41 support points of the second

distribution, the algorithm assigneda probability larger than 0.001.

To checkthe reliability of the estimation procedure, we intr oduced a 100ms
jitter. That is, each spike train was shifted by a random time distributed uni-
formly between -50ms to 50ms. The spread of the distribution of the rst
changepoint was increased(although, lessthan could be expected),while the
distribution of the secondchangepoint remained almost the sameasexpected
(sincethe time between the two change points was not expectedto change by
the random shift). One can judge from the shape of the estimated distribu-
tion and the effect of intr oducing the jitter, that either the change point model
is not appropriate to this cell, or a much larger sample is needed for a stable

estimator.
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3.3.3 Two cells with one change point

We consider now arecord of two GPecells of the second monkey. (This mon-
key was trained for somewhat simplied experiment with only the “GO”
paradigm). We observe two cells around the RELEASEtime. The data is ex-
hibited in Figure 5. There are 44 valid trials.

It seemsthat the two cells behave similarly . Clearly, the processesare not
homogeneous. Formally, we calculated at-statistics that compared the number
of spikesin the rst half to the number in the secondhalf of the segment. We
obtained the values of 9.1and 7.2 (P 00021 respectively for the two cells.
Marginally, for each cell we assume the same model as above. We assume,
however, that the two processesave the samechangepoint, this change point
may vary from trial to trial, and the cells are independent given this change
point. This assumption seemsto be plausible: We applied the algorithm to
the two neurons independently . The root-mean-squares distance between the
two estimated p.d.f.'s (one for eachcell) was 0.07. The correlation coefcient
between the two vectors of a posterioriexpected values of the change point
times was 0.46.

The estimator is given in Figure 6. In Figures6b and 6¢c we compare the
MLE estimate of the distribution function of the joint changepoint to the sepa-
rate estimatesbasedon the monotone regressionof the corresponding PSTHSs.
Thesegraphs show that the assumption of the existenceof ajoint change point

is reasonable.

3.3.4 Simulation: multiple processesand change points

We continue in our generalization. This time we simulated 100trials in which
two neurons are observed. The two cells have the same change points, but
are independent otherwise. Three change points were simulated. The change
point time wereindependent and with dif ferent supports. The distributions of

the changepoints were gamma with a scaleparameter 2 and shape parameters
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125,250and 375respectively (and hencethe meantimes were 250,500and 750,
while the standard deviations are 22.36,31.63,38.73,respectively). The time
scalewas chosento be similar to the biological data, sothe whole interval was
considered as having 1000mslength. The distribution was truncated to the
intervals 125375, 375625, and 625875 respectively. The intensities of
the two processesvere 40 10 (in the units of spikes/s) beforethe rst change
point, 6050 between the rst and the second change points, 4050 after
the secondand 40 30 after the last change point. The raster plot is given in

Figure 7a, and the PSTH of thesedata is given in Figures7b and 7c.

The rst change can be observed nicely, the other change points can be
observed but less clearly. We looked for a single change point in each of the
intervals 125375, 375620, and 625875. The starting point was a homo-
geneous Poisson processand uniform change point distribution on the grid
of 5ms in each of the intervals. In Figure 8 the estimated densities of the
change points are plotted together with the histogram of the actual “unob-
served” times. As can be expectedfrom the raster plot, the distribution of the
rst change point was well estimated. The two other distributions were esti-
mated better than we expected, but not asgood asthe rst. The estimates of

the intensities are given in Table 1.

In Figure 9 we ordered the trials according to the time of the rst change
point, and plotted the a posteriori expectation and the actual time of the rst
change point asagainst trial number. That is, for eachtrial we computed the
a-posterioridistribution of the change point, asin the E-step of the algorithm,
and calculated the expectation of this distribution. It can be observed that
although the distribution was estimated quite well the individual times were
not. Of course, it can be expectedthat the Bayesestimator will shrink towards
the mean. The estimator seemsto depend mainly on the apriori distribution.
In the intr oduction we argued that estimators which are basedon the trial by

trial estimation of the change point may yield a poor estimator of the change
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point distribution. Figure 9provesour case.

3.4 Mathematical background

In the appendix we give a rigor ous analysis of a mathematical model of the
problem. Unlike the model discussedabove, the theoretical model considered
have one change point and the observed processis of inhomogeneous Poisson
process. We discuss in the extended version the information bound for esti-
mating the intensities, and show that they can be estimated in the parametric
nrate. The distribution function, on the other hand, can be estimated only
in the rate of n' 3, a much slower rate than the n' 2 which is attainable with
dir ect observations on the change point times. A bound on the achievablerate
is established by presenting pairs of distributions which are n 1 2 apart but
the Neyman-Pearson tests between them have sum of errors bounded away
from 0. That this bound is actually achievableis proved by exhibiting asimple
non-iterative estimator that actually achievesthe optimal rate. This estima-
tor is based on monotone smoothing of the PSTH which was used above. See
Figures 1(c), 2(b), 5(c), 6 (b) and (c), and 7(c). We also show that under some

conditions the maximum-likelihood is rate optimal.

4 Discussion

We applied the empirical Bayeschange point methodology to neural data. Us-
ing empirical examplesand simulated data we showed that this technique can
be used to obtain a sound understanding of the nature of the synchronization
between an external event and the cells activity .

The theoretical statistical discussion was restricted to point processesin
continuous time, while the algorithms were restricted to 0-1 processesn dis-
crete time. Both are approximations of reality. In practice, the cells operate in

continuous time while the output of the experimental systemisin discreteone.
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Mor eover, the spikes are not points in time, but have a duration of the order of
1ms. Sowe preferred to use the convenient model for the given discussion.

Another statistical method that was used for similar data is that of the hid-
den Markov model (HMM), Radons et al. (1994); Abeles et al. (1995); Gat,
Tishby and Abeles (1997);Ver Hoef and Cressie(1997). This model presumes
that the recorded cells are behaving as a Markov processwith a nite state
space. These states are not observed directly. Instead, each state is charac-
terized by a different vector of cell intensities — the hidden mechanism. The
above papers suggest dif ferent algorithms to estimate the parameters of the
model, and show that the inferr ed statesmay have a biological meaning.

The changepoint model suggestedin this paper may seemmore restricted
than the HMM. Practically, the number of possible stateswas restricted to two
or three,with aprescribedtransition order. However, by de nition, the hidden
Markov model assumesthat the brain stays at eachstate an exponential time.
In theory, this can bypassed by assuming many pseudo-states. Actually, any
stationary processcan be weakly approximated by (not necessarily simple)
HMM, seeKunsch, Geman and Kchagias (1995). However, for this we may
need many more statesthan it would be practical to assume.

The change point model does not suffer from this problem. Any distribu-
tion function for the time of change can be assumed. Therefore, the change
point model is preferred to the HMM, whenever we assumethat the number
of change points is small, and the distribution of the time to the changesis of
interest.

In this paper we consider anon-parametric model for the time to the change
in the intensity. We could assumea parametric model, such asa gamma dis-
tribution with one or two unknown parameters. However, such a parametric
assumption is restricting and without the usual bene ts in terms of speed of
convergence and simplicity of the estimation procedure. The algorithm will

be much very much the same, and the rate of convergencewill be not much
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dif ferent.

We considered the testing of the existence of a change point versus the
hypothesis that no change occurs. We intend to discuss elsewhere the more
dif cult problem of the existenceof arelatively sharp changeatarandom time
versus graduate change.

In this paper we considered a mathematical models of neurons which re-
act to external event after a random delay. The reaction is an abrupt change
in the ring intensity, but whose time is different in different trials. The main
take home messageof our analysis is that in “r eal cases”of neuronal data, the
distribution of the changepoint can be estimated, while single trial estimating
of the speci ¢ value of the change point is prone to a large error. However,
proper estimation of the distribution of the change point can reliably help
in the discrimination between two plausible physiological scenarios. In the
rst scenario there is a smooth transition of the discharge rate in all single
trials, whereasin the second scenariothere are sharp transitions with jitter of
their timings. This discrimination can't be done by the classicalPSTH analysis,
and the presentmanuscript provides a quantitative (rather than the subjective
raster plot display) method for the discrimination between thesetwo possible

physiological settings.

Acknowledgement This study was supported in part by the Israeli Academy
of Science.We like to thank the reviewers for their comments which impr oved

the quality of the paper.

17



References

Abeles, M., Bergman, H., Gat, I., Meilijson, I., Seidemann, E., and Tishby, N.
Cortical activity ips among quasi-stationary states.Proc Natl Acad SciUSA
1995; 92:8616-8620.

Akman, V. E.and Raftery, A. E. Asymptotic inferencefor a change-point pois-
son process.Ann Statist 1986; 14:1583-1590.

Alexander, K. S. Probability inequalities for empirical processesand a law of
iterated logarithm. Ann Probab 1984; 12:1041-1067.

Andersen, P. K., Borgan, @., Gill, R.D., and Keiding, N. StatisticalModelsBased
on Counting ProcessesSpringer New York 1993.

Bélisle, P, Joseph,L., MacGibbon, B.,Wolfson, D. B.,and du Berger, R. Change-
point analysis of neuron spike train data. Biometrics 1998; 54:113-123.

Bickel, P, Klaassen,C., Ritov, Y., and Wellner, J. Ef cient andAdaptiveEstimation
for Semiparametridlodels JohnHopkins University Press,Baltimore 1993.

Commenges, D. and Seal,J. The analysis of neuronal discharge sequence:
change-point estimation and comparison of variances. StatMed 1985; 4:91—
104.

Crutcher, M. D. and Alexander, G. E. Movement-r elated neuronal activity se-
lectively coding either dir ection or muscle pattern in three motor areas of
the monkey. JNeurophysiol 1990; 64:151-163.

DelLong, M. and Georgopoulos, A. 1981;.Motor functions of the basalganglia.
In J.M. Brookhart, V. B. Mountcastle, V. B. Brooks, and S.R. Geiger (Eds.),
TheNervousSystemMotor Control. volume I, Pt. 2 of Handboolof Physiology
(pp. 1017-1061)American Physiological Society Bethesda.

DelLong, M. R. Activity of pallidal neurons during movement. JNeurophysiol
1971; 34:414-427.

Dempster, A. P, Laird, N. M., and Rubin, D. B. Maximum likelihood from
incomplete data via the em algorithm (with comments). JRSS-BL977; 39:1—
37.

18



Efron, B. Empirical bayes methods for combining likelihoods. JAmer Statist
Assoc 1996; 91:538-550.

Gat, I., Tishby, N., and Abeles, M. Hidden markov modelling of simul-
taneously recorded cells in the associative cortex of behaving monkeys.
Network-Comp Neura 1997; 8:297-322.

Groeneboom, P. 1985;. Estimating a monotone density. In M., L. C. L. and A.,
O. R. (Eds.), Proceeding®sf the BerkeleySymposiumin Honor of JerzyNeyman
andJackKiefervolume Il (pp. 539-555)Wadsworth, Belmont.

Joseph,L. and Wolfson, D. B. Estimation in multi-path change-point problems.
Comm Statist A—Theory Methods 1992; 21:897-913.

Kunsch, H., Geman, S.,and Kchagias, A. Hidden markov random elds. Ann
Appl Probab 1995; 5:577—602.

Le Cam, L. and Yang, G. L. Asymptoticsin Statistics Springer Verlag, New York
1990.

Matthews, D. E., Farewell, V. T., and Pyke, R. Asymptotic score-statistics pro-
cessesand test for constant hazard against a change-point alternative. Ann.
Stat. 1985; 13:583-591.

Montgomery, E. B. J. A new method for relating behavior to neronal activity
in performing monkeys. JNeurosci Methods 1989; 28:197-204.

Nini, A., Feingold, A., Slovin, H., and Bergman, H. Neurons in the globus
pallidus do not show correlated activity in the normal monkey, but phase-
locked oscillations appear in the mptp model of parkinsonism. J Neuro-
physiol 1995; 74:1800-1805.

PrakasaRao, B. L. S. Estimation for distribution with monotone failur e rate.
Ann Math Statist 1970; 41:507-519.

PrakasaRao, B. L. S. Estimation of a unimodal density. Sankhya Ser A 1983;
31:23-36.

Radons, G., Becker, J.D., Dulfer, B., and Kruger, J. Analysis, classi cation,
and coding of multielectr ode spike trains with hidden markov models. Biol

Cybern 1994; 71:359-373.

19



Raftery, A. E. and Akman, V. E. Bayesiananalysis of a poisson processwith a
change-point. Biometrika 1986; 73:85—-89.

Raz,A., Vaadia, E.,and Bergman, H. Firing patterns and correlations of spon-
taneous discharge of pallidal neurons in the normal and the tremulous 1-
methyl-4-phenyl-1,2,3,6-tetrahydr opyridine vervet model of parkinsonism.
JNeurosci 2000; 20:8559-8571.

Ritov, Y., Raz, A., and Bergman, H. 1997;. An empirical bayes change point
problem with application to neurological data. In Thelnternational Sympo-
sium on ContemporanMultivariate Analysisandlts Applications,Hong Kong

Ritov, Y., Raz, A., and Bergman, H. 2002;. Detection of onset of neu-
ronal activity by allowing for heterogeneity in the change points. Tech-
nical Report 622 Dept. of Stat., UCB http://www .stat.berkeley.edu/te ch-
reports/index.html.

Robins, J.M. and Ritov, Y. Toward acurse of dimensionality appropriate (coda)
asymptotic theory for semiparametric models. StatMed 1997; 17:285-319.

Romo, R. and Schultz, W. Dopamine neurons of the monkey midbrain: Con-
tingencies of responsesto active tough during self-initiated are movements.
JNeurophysiol 1990; 63:592-606.

Schwartz, A. B., Kettner, R. E., and Georgopouls, A. P. Primate motor cortex
and free arm movemnets to visual tragets in three-dimensional space.i. re-
lations betwen single cell discharge and dir ection of movement. JNeur osci
1988; 8:2913-2927.

Seal, J. and Commenges, D. A quantitative analysis of stimulus- and
movement-related responsesin the posterior parietal cortex of the monkey.
Exp Brain Res1985; 58:144-153.

Seal,J.,Commenges,D., Salamon, R.,and Bioulac, B. A statisitical method for
the estiamtion of neuronal responselatency and its functional interpr etation.
Brain Res1983; 278:382—-386.

Ver Hoef, J. M. and Cressie,N. Using hidden markov chains and empirical

20



bayes change-point estimation for transect data. Environ Ecol Stat 1997;

4:247-264.

21



A Appendix: Mathematical background

A.1 Model and information bounds

Let T, Tn beunobservedi.d. random variables with adistribution function
G supported on the interval 0 1. We observe the i.i.d. processes 3 ny
suchthat given T; T 1 n areindependent, ; is aninhomogeneous
Poissonprocesson 0 1, with aconstantintensity | o on the interval 0 T; and
another constantintensity 1 ;on T; 1,i 1 n. The parametersl ¢, 1 1 and G
are unknown.

Let  be aPoissonprocesswith (known) intensity | . Reparametrize the
model by writing 19 |  n dandl; | n d. SupposeG G, afamily
dominated by a s- nite measure ug. With some abuse of notation, we inter-
changethe two parametrizations. The process hasadensity with respectto

the distribution of  given by

f :ndg ¢ eldlfelttt b gt dugt

nd2 1 tlogl n d 1 t logl n

C e dgt dug t

where ¢; and c; do not depend on the unknown parameters. Seefor example,
Andersen, Borgan, Gill and Keiding (1993)page 98.

Let G,: h e Ghbeaonedimensional regular parametric sub-family
of G. Let G, have density g, with respectto ug, and let h ﬂ—“hgh Ohh o The
score functions for n, d, and h, eachwith the other parameters known, are
. 1 1
n dg ,|o|19 Eglo T |1 1 T 1
doli1g E 1,0 17T 1,4 1 T 2T 1
;| 0 [ 10 Eg hT

To nd the efcient score function for | g and | 1 (or, equivalently, n and d)

we haveto nd h, and hy such that

E " dg dol1g h nd dolig T it 0
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E ¢ ng dol1g b nd dolg T t 0

seeBickel, Klaassen, Ritov and Wellner (1993) Section 3.4 for details. We are
not ableto nd hy and h, explicitly in the general case. There is, however, an
exception, which is very important for testing. Whenlo [, and T are
independent. Therefore

ndg ;IOIOQ |01 1 1 (Al)

ang olog 1ot 1 2B T 2E;T 1

where, explicitly, Eg T t gt dus t . Both of the expressionsin
(?? have mean 0 given T (since and T are independent and the expressions
have, unconditionally , mean 0). Hence h, 0Oand hy 0 and adaptation is
possible.

Mor eover, the ef cient score function for d when both n and G are un-
known, calculated under d 0, is given by the linear combination of the form
c " dg which has mean 0 eveniif nis misspeci ed, Bickel et al. (1993).

d ng
It caneasily checkedthat it is given by

g Jdolig 2,'E,T 1 E5 T (A.2)

A.2 Simple estimators and the rate of convergence

We consider now a simple non-iterative estimators of the parameters, and
prove that theseestimators actually achieve the bestrate of convergence. That
is, the parameters| g and | ; can be estimated at a rate of n! 2 and G can be
estimated at the slower rate of n! 3. However, some functions of G, notably its

mean, can be estimated at the n! 2 rate.

Theorem A.1 Supposéo |;andtherearet;t, 01 with0 Gt Gt
1. Thenl g andl ; canbeestimatedat n! 2 rate. MoreoverE T canbeestimatedn

thesamerate. Finally let G oG s ds. Thentheris an estimatoiG  suchthat
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theprocess nét Gt :t 01 is tight andconvegesto alimiting Gaussian

process.

Proof. The random variable t (for agivent 0 1) is amixtur e of Poisson
random variables: Given the unobserved T, t is Poissonwith mean| g
2dt T , whered l1 lo 2 wherex isxfor x 0 and O otherwise.

Hence
t

g E t gt 2d t sdGs
0

t
ot 2d Gsds (A.3)
0

gt 2dGt say

Similarly,
Vi Var t
Evar t T VarE t T
Elot 2dt T Varlot 2dT t
a 4d? Ott s?dGs 4d? Ott sdGs 2 (A4)
a 8d Oté sds 4d°G’>t  integration by parts
e 4d otesds 20gdt? &€ 2ot 132 by (??
Let & and V; beestimatesof v; and g basedon thei.i.d. sample, ;t nt.

Theseestimators are n* 2 consistent uniformly int 0 1. In the simple case,
the functionst  te ct,esdstz,t 0 1 arelinearly independent. We canthen
isolateJ 3 points, t; t;, and nd the leastsquaressolution for the system

% & & 4d &ds 2 2¢dt? 208t | 1 3  (AD)

with the three unknowns, d, I ¢ and f% 21 od. The solution for the rst two
unknowns canserve asestimatesof dand | .
The abovementioned three functions can be linearly dependent. Somete-

dious argument shows that they are linearly dependent iff Gt t", n 0,
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t 01. In particular they are linearly independent if the support of Gis a
(necessarily proper) subsetof 0 1. If the functions are linearly dependent,
we can solve the non-linear system (?7, only for t; and t, and the unknown
d and fo. It can be veried that this system has at most 3 isolated solutions.
The correct solution can be found since, say, | ¢ is the derivative of g at 0. In
practice, we can either start with the non-linear system, or consider the linear
system, and retreatto the non-linear systemif the condition number is smaller
thann 14

Sincee; |p 2d1 ET , the expectation of T can be estimated in the
n! 2 rate, as well as the smooth function G of G, which can be estimated

t ét fot 2d. Mor eover, the process ﬁé G is tight, since

O

by

né e istight.

Finally, G itself can be estimated using a simple monotone intensity esti-
mator as proved next. Explicitly, let &', i . Thatis, if, without
any lose of generality, fl fo, then let , be the piece-wise constant deriva-
tive of the least concavefunction largerthan . Then G can be estimated by

G 1o 11 Yo 1.

Theorem A.2 Suppos¢hat G hasaboundediensityandthereis anopeninterval on
which G hasa densityboundedcawayfrom 0. Thenthe optimalrate of convegenceof

an estimatorof G to G is n! 3 in thesensehat thereis an estimatorén of G suchthat

1.Gt Gt Opnt3 foranyt 01.

2. G G P Oforanya 1 3.

3.mEt Gt P ¥ foranya 13t 01,Gt Oandanyestimator
G of G.

Proof. We prove rst that the n! 3 rate is attainable. Assume, w.l.0.g.,that | |

| 0. Ignore the trial information, and let &', i .Then (given the
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set Ty T, ) is an inhomogeneous Poisson processwith intensity |t
nly nt lg1l nt ,where ,isthe empirical distribution function of
Th Ty. In particular, | is monotone non-decreasing. It is well known,
(PrakasaRao (1970); PrakasaRao (1983); Groeneboom (1985)),that | can be
estimated at the n! 3 rate. Sincel i ] 0 1canbe estimated in a much faster
rateand n G _ Oy n 2, we conclude that G satis es conditions 1. and
2.

We prove now that this is the best possible rate. It suf ces to show that
there exists a sequenceof distribution functions G, with densities g, , such

thatn'3 G, t Gt ¢, Owhile

nHFF ¢ ¥ (A.6)
where
2
f ool 12
2 T 2lol16n
H°F,F E o1 g 1

the square Hellinger distance. If (?7) is satis ed, then the variational distance
between the distributions of ; n under G and Gy, is bounded away from
2 (Cf. Le Cam and Yang (1990)page 29).

Fix any to. Assume that G has a density g, bounded from below by b on
somesmall interval tg ztg z,z 0,andGty z O.Let0O b b.Let

a, Obeasolution of
ze Illoannl?’ e2|1loannl3 2e|1|on13 ele_lonl3 O

Note that the left hand side is monotone increasingasafunction of a,on 0 ¥

and it is equal to

aﬁ 1|1 |02n23 1
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It follows that a,iswell dened anda, 1 on 123 .Letg, g h, where

b ty 2a,n13 t ty anl3

b to ant3 t tp nt3

h, t
b tt nl3 x t 2n13
0 elsewhere
Finally let Hy ohhtdt, G o&p I1 lotdGt and
Hh 0&p 1 lothytdt NotethatH H 0outside the interval to

an 13ty ayn 3. In particular Gz, G Hyisacdf, and Gytg n 13
Gty n '3 bn 13 Hencewe should only argue that (?9 is satis ed.

First note that the likelihood ratio between G, and G satis es

f ilol
Ln » 10 1gn
f jlol1g
1 c;I-e|1 lot t|Og|1|0hnt dt
Felilot tloglilogt d (A7)
1 ajlol_TntJ 1 |__|ntJ ejloglllo
éj]éG_tjl G_tj e iloglilo
wheret; t ;1 arethe jump points of the point process , andty 0,

t 1 1 1 Now,byconstruction Hytj 1 Hatj Gty 1 Gt ispositive

and bounded. Hence

Ln 1 bb (A.8)

Note that the numerator in the right hand side of (?9) is O unlessthereis an
eventin the interval to 2a,n 13ty 2n 3. Wecanassumethat the process
was generated in the following way. We start with a Poisson process ~ with
intensity | 1 and arandom time T;. The process ; is obtained by deleting each

of the eventsof in theinterval O T; with probability 1 [ | 1. Hence

PL, 1 PA, e?2ilan?? (A.9)

where A, is the event that " has no jumps in the interval to 2an '3t

2n 13
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We can further bound the secondline of (?%9:

geltloth t dtlL, 1

Ly 1
bzglogiilo At zgt dt (A.10)

Cnl31Ln 1e|Og|1|oAtoZ

for some constant c. Now, B tp z isindependent of A,, and exp b t hasa

nite expectation. It follows from (?7%) and (?? that

EL, 12 c¢n?21 PA, on't (A.11)
for some nite c; and cp. But then

HF,F EL:? 12

2
Ly 1 L

E —— C3n
Li2 1

by (?? and (?9. The proof is now complete.

It may seemfrom the proof of Theorem ?? that &', iisalmost a
suf cient statistics. l.e., the estimator based on is almost as good as the
best estimator basedon ; n. This is not true. To make this explicit we

consider a dif ferent asymptotic. We compare now the following two models

Model M1 Let Ty T» be i.i.d. random variables with common distribution
G. Given T; Th, let 1 n be independent, it OT isa
Poisson counting processwith intensity mlg,and :t T 1 isan

independent Poissoncounting processwith intensity ml ;.

Model M, Let 1 n beii.d. , counting processeswith intensity | t

mlo l 1 |0Gt.

The following proposition is intended to demonstrate the differencesbe-

tween thesetwo models. It is not the strongest possible result of its kind.

Proposition A.3 Supposé& hasaboundediensityandl g andl ; areknown.
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i. Suppos@ ¥,m ¥,m*n 0,andm® n ¥.ThentherisanestimatorG of
G suchthatundermodelM;, G G _ Opn 12 m 2  whilethebestestimator
of G undermodelM, satis esG G O, mn 13 (point-wise).Thatis, G canbe
estimatednuchfasterundermodelM thanit canbeestimatedindermodelM>.

ii. Supposen ¥ andm? n  ¥. ThenG canbeestimatedat a rate of n! 2 under
modelM;. It canbeestimatedvith thefasterrateof mn * 3 undermodelM, (point-

wise,andalmostat that rate uniformly).

Proof.

i. Sincem ¥, T, can be “estimated” basedon ;. Let the estimator be T;.
ThenT, T e,whereg Op m 1 and has,asymptotically , a symmetric dis-
tribution. For example, we can take Ti agmin  t lo 11t 2. Then
mT, T hasthe asymptotic distribution of amgmin B t t ,whereBis a
Brownian motion with zero drift. Let G be the distribution of T;. Then Gy,
the empirical distribution function of T;  T,satises G &  OpntZ,
Whie & G . Opm 2 (sincethe distribution of ey is, essentially, symmet-
ric). The convergenceof the estimator of the monotone intensity under M, is
standard.

i. Evenif Ty T, are known, then under My, n! 2 is the bestrate of conver-

gencefor an estimator of G.

A.3 MLE

The NPMLE is de ned asthe distribution G and parameters I o and fl (if they
exist) that maximize the expression &' ;log f i;fo 6. Unfortunately , we
have a minor technical problem, since,aswould follow from the proof of the
next proposition, if we de ne the processes ; to be left continuous then the
NPMLE does not existsif | ; | and if we de ne it to be right continuous,
the NPMLE does not existsif | ; 19. So, we prefer to give up notational

consistency, and de ne the processes ; n suchthat log fo fl i isupper
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semi-continuous. Anyway , the NPMLE can be found using the EM algorithm
given in Section3.2.
An immediate consequenceof the form of the likelihood is the following

proposition.

Proposition A.4 The MLE G of G is supportedon the observecevents. It hasa

versionwith at mostn 1 points.

Proof. Suppose, w.l.0.g., that [, fo. Then the MLE, G, maximizes the log-

likelihood function given by

i

Supposethat there was a massin atiny interval centered at a point t between
two spikes. Then by moving it to the right up to the next spike, the term
fl fot increases,the term ; t log fo fl does not change and hence the
likelihood increases.

Letty tx bethe points in which atleastone of the processes ; n
hasajump, andlet§ §: gk " where §; is the massof G at t;. Also, let M
be the matrix with entries M;;  exp fl fo t] itjloglylo ,i 1 n,
j 1 K,and Mg 1. Then the log-likelihood function is alog f; , where
1f fn T M@. In other words, the likelihood depends on g only through
Mg. Hence,if K n 1, §is not uniquely de ned and thereis a solution with
atmostn 1 entries different from O.

We now prove the consistencyof the NPMLE of G. For simplicity we prove
it for the unrealistic caseof | g and | 1 known. We believe that the result is
valid for the more general casewhere the intensities are unknown. The proof,
however, would be more complicated since the convexity argument which is

crucial to our proof is not valid for the general case.

Theorem A.5 Supposé 1 | o andbothare knownandthat G hasa boundedlen-

sity. TheNPMLE Giis n! 3 consistent.
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Proof. To simplify the notation letf |1 lgandy logli |o. Denotethe
log-likelihood of the single observation by

ety itdGt
ety it dcOt

i G log

where GP is the true distribution. Let G be the generic random variable.

Recallthe notation

t t
Gt €%dGs €'Gt f €5Gsds (A.12)
0 0

Let t; t ;1 bethe jump points (if any) of the process . The following

expressionsfor the numerator and denominator of G will be useful:

1 1 _ _ .
Oeftytht _éothl Gtj eV
. . (A.13)

Glel ! & 13 GtjelV
j 1

LetG, G: G G’  A;n'3 for someA, ¥ slowly (all distribu-
tions considered in this discussion are supported on 01). Obviously,
G G 1 fAdnt3forG G.let G logl XG where
sty tdGt dGt

Jefty tdGOot
It follows from (??9 that ForG G,

XG

XG 2G G & 1 gAnl3ey ! (A.14)
and
ldty tdGt
T g vl (A.15)
gty tdGOt
Hence

1
G XG EXZG R;
wherefor any e O:
R exX?G f y 1 XG X?2G 21XG e (A.16)
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Thelastterm in (?7) is negligible sinceby (?9, X G eforany G G, implies
that 1 glognfor someg O,andforanya bgK O
| e glogn

glogn

Ee& 1 1 glogn
n n no

since 1 is stochastically smaller than a Poissonmean | ; random variable.

Clearly EX G 0. Hence

1
E g 1 01 EEx2 G on't (A.17)

uniformly for G G,. Similarly we could consider only one term in the Taylor

expansionoflog 1 X G ,to obtain that
G —XG f yv 1 1XG e

Therefore

Var G 1 ol EX’G (A.18)
This family of random variables is not bounded, but for anyg 0
P max ; 1 glogn 1
1in
It follows from (?79) that for any G G,

Pmaxmax iG ¢n9% 1 0 g 13
GG1lin

Hence, we tactically assumethat ; is bounded by g lognfor someg 0and
i G:G @G, isbounded byn ¢forsome0 @ 1 3.
We want to prove that sup; g,h 24y iG E G is bounded in
probability. For that we want to bound the coverage number of the set L,
G : G G, . We actually consider a somewhat larger family of random
variables. Let
Gllel ! & 14&,;Gtjel
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forH H, H: H ismonotone non-decreasing H G° _2An 13 | Let
L, H:H H,.NotethatL, L,since G  G. However, L, is
strictly larger, since e f'dGt 1foranyG G, and thereis no such restric-
tion on members of H,. Now, it is easyto approximate the family I__n. De ne

foranyH H,
H"t hHhth h t 01

where for every real x, x is the smallest integer not smaller than x. That
is, H" is a step-wise approximation of H, with jumps at multiples of h and
values which are multiples of h. Clearly, H" H . h. The number of such
functions H" is, at most h 2. Recall that we consider ; 1 to be bounded by

glogn for any g Hence

H"  H chn?

Hereafter, c and g are positive nite constants. LetY; H nt3 9 H. Then
Y, 1 LetH, beany subsetH,, and let s> sup, H, Var "H . Thenn?

maxy y_VaryY H n?3 29g 2 et

t
12
In Eyr “udu
S

whereE, u  logN, u is the log of the smallest number of random variables

Y Hip Y Hn, v »Suchthat supgy y mingY H Y Hy u. In our case
E,u logc glogn 2logu

The relevant range of uin the above integral is shrinking to 0, hence,l, 0. It

follows from Theorem 2.1 of Alexander (1984)that

n
= mﬁxé_ ‘H E H Ms, n K KM (A.19)
HH, 1

forale M n!2 9and someK; and K, which do not depend on M or n.
In Theorem ?? we proved that it is possible to estimate G at the n! 2 rate.

This implies that for any M, ¥

nsupE G: G G° Mon %3 ¥ (A.20)



since, otherwise, there was a sequenceG,, nt 3 G, G° ¥ and the sum of
errors of the Neyman-Pearson test between G,, and G° convergesto 1, contra-
dicting Theorem ??.

Let now

G, G:E G an n

for somea, ¥. It follows from (??9that G, G, (for appropriate sequences

A, and a,). Comparing (?9 to (?9, we obtain that

ns,> 2a, 1
where
s2 supVar G :G G,
Finally,
g g
P supg iG O P supag iG E G an
G 1Gi 1 G 1Gi 1
n _— —
P supg iG E G an 4s, n
G 1Gi 1

Since G° 0anda!,; G isconcavein G, we obtain that all its maxima are

inside G, and are n' 3 continuous.

A.4 Testing

In this sectionwe discuss how aformal testfor the existenceof a change point
versus no change occursin the relevant interval can be devised. The purpose
tests are not the tests used in the examples of this paper. In all the example
simple minded, ad-hoc testswere powerful enough to rejectthe null assump-
tion and establish the existence of change points. Consider the hypotheses

Ho:theprocess t;t 01 isahomogeneousPoissonprocess,versusHi:
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for somerandom time T 01 with cdf G, the intensity islgon 0T and
intensity | 1 on T 1. We could baseour test statistic directly on (??. We pre-
fer, however, to motivate the test statistic from a different perspective. If we
assumethat T t, then an asymptotic ef cient testwould be at-test basedon

1 t 1t t t. Sincethe changepoint is not known, we consider

atest statistic which is aweighted sum of such statistics:

1 N1 Nt Nt
W, t1l t dat
0 1t t
1

tN1 Nt dat

0

where a is a probability measureon 0 1. Now,

1 [oT 11T s
EW, T t1 t Il%th
0
loT t 111 t
lo 1T t dat
1 t 0

1
|1 |o 1 tT1T t 1 t1 T1T t dat

Therefore:

1 t 1

EW, |1 1o 1t sdGs t 1 sdGs dat (A.21)
0 0 t

In particular EW,  Ounder Hp. Now, under Hg, if s t
cov sN1 NsitN1 Nt los1l t

Therefore,

1t
varW, 2, sl tdasdat Jtl t at at
0 0

(A.22)

1 t 1

1t sdas t 1 sdas dat
0 0 t

We look for the weight function a that maximizes the ratio of the expectation
of W, (under Hj) to its standard deviation (under Hp). It is straight forwar d to
check that the optimal a equatesthe two terms within the square brackets in

equations (??9) and (?7. Thatis,a G.
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We reachedthe following test statistic

n 12 0o 1
S G a il a it dGt i1 tdG t
i1 i1 O 0

Let &', i .Then

12 1

S G 1 t t 1 dGt
0

Denote 't 12 t ot 1 . Then | convergesweakly under
Ho to a Brownian bridge, since is a homogeneous Poissonprocessunder
Ho.

Typically, the distribution G is not known. We can proceedin a num-
ber of ways. The simplest is to maximize S, G over G. We arrive at the
statistcmaxs § G max n,t which isdistributed asymptotically like the
Kolmogor ov-Smirnov statistic.

Alternatively , one may wish to maximize power against an alleged distri-
bution. That is, he may consider S, Gg , where Gy may be an a priori speci ed
distribution function. The following theorem shows that S, Gy has power
against all alternatives G, whether Go was speci ed correctly or not. It is opti-
mal when the right distribution of the changepoint is actually Gg. It is closeto
optimal if the right distribution is closeto Gg. Hence, S, Gp is the reasonable
test statistic, if one has a pre-speci ed direction towards which he wants to
maximize the power of his test.

In the following theorem we are using the notation of Section??.

Theorem A.6 LetHg bethehypothesithatd 0andH, thealternativethatd d,,
wheen 12 and nd, dy. Considerasequencefmodelswith xed G, |

[ n andd asaboveThen:

1. Supposehat Hyp holds. ThenS, Go hasmeanzeo and varianceV Gg
2 4 is1 tdGysdGt ég%jtj 1 t; , whee Gy haspoint massgp; at

tj.
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2. Supposeéhat hypothesisd,, holdsfor samplesizen. ThenS, Gy is asymptoti-

cally normalwith the samevarianceasaboveand mean

1, 101
2, stl s tdGsdGt
0 0
Proof. Assume Hg holds. The rst part follows since is a simple Poisson
processand for s t:
s s 1 t ot 1
E 1 sl t

1

Assume now that H, holds. The family of distributions de ned by the se-

guenceHy is contiguous to Hg. Now, S, Gg is asymptotically equivalent to the

statistic
. a1
§$Go In 123 it ti;1 dGgt
i10
g
n*?as Go
i1
Since,under Ho, $ Go &'y 4,c i hasasymptotically binormal distribu-

tion, we obtain that én Gy has, under H,, asymptotically normal distribution

with the variance asunder Hy and mean given by

dE s Go dne 1 dol 32 18 s11 11 241t dGysdGt

11
2dgl 12 st1l s tdGysdGt

If we compare the two alternatives suggestedso far, we conclude that al-
though the process S, G : G G istight, whatever the setGis, the distribu-
tion of S, G depends on whether Gis pre-speci ed or data dependent.

Another alternative is to try to estimate G. We consider a cross-validation
version of the statistic. Let G ; be an estimator of G basedon all trial except

for the i-th trial. De ne s by
S til it d6 it
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Finally, let

n
¥ as
1

Note that in particular ES;Y 0 under Ho, and it is different from zero under

Hj.
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Captions list:

Figure 1: The spiking activity of a GPecell. The monkey releasedthe central key at
time O.
(a) The raster plot;
(b) The PSTH:;

(c) The PSTH smoothed and a monotone regression estimate of intensity.

Figure 2 : Change point distribution of the single cell describedin Figure 1
(@ The MLE p.d.f;
(b) The MLE c.d.f. (stars) compared to the c.d.f. asestimated by the monotone

regressionof the PSTH (solid line).

Figure 3: One GPecell with seemingly two change points.
(a) Rasterplot;
(b) PSTH.

Figure 4 : One GPecell with two dependent change points.
(a) The estimated distribution of the rst changepoint (0is the RELEASEtime);

(b) Estimated distribution of the time between the two change points.

Figure 5: Two GPecells.
(a) raster plot;
(b) The PSTH's for the two cells;
(c) Smoothed PSTH's.

Figure 6 : Two GPecellswith seemingly one change point.
(a) MLE of p.d.f. of the change point;
(b) Cell 9: MLE of the c.d.f, and the estimated based on the monotone regres-
sion;
(c) Cell 13: MLE of the c.d.f, and the estimated basedon the monotone regres-

sion;



Figure 7 : Simulated data:
(a) The raster plot;
(b) PSTH;
(c) Smoothed PSTH.

Figure 8 : Simulated data: Histogram of the actual time of the change points and
their estimates(stars).
(a) First change point;
(b) Secondchange point;

(c) Third change point;

Figure 9: Simulated data: Actual times of the change point times and their aposteri-
ori mean. The trials are ordered according to the time of the change point. The
actual times are given by the solid time as function of the trial number. The

opened circles are the a-posterioriexpectation.
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Interval: Ot; tq to to t3 tz3 1

First process: 41.5(40) | 56.2(60) | 37.6(40) | 39.7(40)

Secondprocess:| 9.9(10) | 47.9(50) | 48.0(50) | 31.4(30)

Table 1: Simulation: estimatesand true intensities (in spikes per second)



