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Abstract

Following a framework proposed in Bickel, Ritov and Stoker (2001) we propose and analyze the
behavior of a broad family of tests for H : E(Y | U,V) = E(Y | U) when we observe (U;,V;,Y;) €

Riutdvtliid. i=1,...,n.

1. INTRODUCTION

The practice of statistical testing plays several roles in empirical research. These roles range from the careful
assessment of the evidence against specific scientific hypotheses to the judgment of whether an estimated
model displays decent goodness-of-fit to the empirical data. The paradigmatic situation we consider is one
where the investigator views some departures from the hypothesized model as being of primary importance
with others of interest if sufficiently gross but otherwise secondary. For instance consider a signal hypothe-
sized to be constant. Low frequency departures from a constant value might be considered of interest, even
if of low amplitude; while high frequency departures are less important, unless they are of high amplitude.
Bickel, Ritov and Stoker (2001) follow this point of view by proposing a general approach to testing
semiparametric hypotheses within a nonparametric model in the context of observing n i.i.d. observations.

They proposed that tests should be tailored in such a way that on the n~=1/2

scale power can be concentrated
in a few selected directions with some power reserved at the same scale in all other directions. In that

paper this methodology was applied to two classical problems, testing goodness-of-fit to a parametric model

and testing independence. In this paper we show how this approach can be applied rigorously to generate



tests for one of the simplest classical econometric hypotheses, that the conditional expectation of a response
given a number of explanatory variables is in fact dependent only on a known subset of these. Such index
hypotheses have been widely discussed in the econometric literature. A recent review and a more standard
type of test may be found in Ait Sahalia, Bickel and Stoker (2001).

Formally we consider the following problem. We observe X;, ii.d. i =1,...,n where X = (W,Y’) where
w = (UV),U e R,V € R% and Y € R. Assume that the joint probability density function (with
respect to Lebesgue measure) of W and Y is given p (w,y; f,v) = f (w,y — v (w)). Let P be the collection of
all distribution functions with such a density (i.e. for all possible f and v satisfying the regularity assumption
specified below). Finally, let Hy be the hypothesis that v (U, V) = v (U) almost surely, where the v on the
left hand side maps R%*+9 to R while that on the right maps R% to R. Thatis E(Y | W) = E(Y | U).
These models contain the special case E(Y | W) = 0. The extension of this last model where E(Y | W)
follows a parametric model was treated by Hardle and Mammen (1993).

In the general framework of Bickel, Ritov and Stoker (2001), we test Py a proper set of probability
functions, against “everything”, P = M = {All probabilities dominated by p} or at least P such that the
tangent space is saturated,

P (P) = LY(P) = {h € Ly(P) : P(h) = 0}.

See Bickel, Klaassen, Ritov and Wellner (1993) for a general discussion of semiparametric models and tangent
spaces.
If Py (P) is the tangent space at Py € Py, we can write the efficient score function at Py in a direction

a(-) € LY(P), corresponding to a submodel of P containing Py as

Zn(a, Py) = (a — Py(a) — H(a, Py))(X;)
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for a in the tangent space, or at least in a subset A spanning the tangent space. Here, II(a, Pp) is the



projection operator from Lo(Pp) to the subspace Po (Py) of LY(Py) and II* is the projection to the ortho-
complement of ’ﬁo (Py) within LY(Py). The identity uses I+ (h, Py) = II+(h + ¢, Py) for all c.
Call Z, (-, Py), the score process. In general, Z,(a, Py) is not computable given the data, but if Pep,

is an estimate of Py we can consider
(1.2) Zn(a) = Zy(a, P)

defined on A.
Typically we consider a parametric sub-family {a,,7 € I'} C A. Having the score process, we can
construct tailor made tests by considering any functional T(Zn) For example two standard methods for

constructing tests are

1. Cramér-von Mises type (or x? goodness-of-fit) tests: [ w(v)Z2(a,)du(y) for some weight function w
and measure .

2. Kolmogorov-Smirnov type (or union-intersection) tests: supyerw(y)|Zn(ay)|.

This paper discusses the construction of Z,(-) in section 2 and establishes the properties needed for its
use, in section 3. The definition of the actual test is left to the user although section 4 discusses setting of
critical values and gives the results of a small simulation on some natural candidate tests. A brief discussion

in section 5 and an appendix complete the paper.
2. PRELIMINARIES

The tangent spaces are easy to characterize as shown in Bierens and Ploberger (1997) among others. The

following lemma is proved for completeness.



LEMMA 2.1: We have

.75 = {a(W,Y): Ep [a®(W,Y)] < 00, Ep [a (W, Y)] = 0}
Po = {aWY)=h(WY =v(U) + by (¥ —v () g(U)
a,h 67.7, [ yh (W,y)dy =0, a.s.}
Py - {a(W,Y):[b(W)fE(b(W)|U)](Y7E(Y\U)):a,be7.>}.

where lelW (y | w) is the derivative of the conditional log-likelihood of Y given W at (y,w).

L]
Proof. Since the “large” space is unrestricted, P is “everything,” but with the moment conditions.
The structure of Py is obtained by considering the derivative of the general one-dimensional submodel

L) J‘ L) L]
pr (w,y) = fi (w,y — v (u) +tg (u)), where h = f,/f:| . Finally, P, is the orthocomplement of Py in P.
t=0

But a (W,Y) is orthonormal to

{h(I/V,YI/(U)),/yh(W,y)dy—O a.s.}

if and only if a (W,Y) =b(W) (Y — v (U)), a.s. This latter object is orthogonal to all functions in ﬁ of the
form 6; (W, Y —v(U))g(U) if and only if E(b(W) |U) = 0 a.s. which follows from the fact that for any

p.d.f. ¢ (with mean 0), we have fxq/ (z)dz = —1. Q.E.D.

Therefore, our score process is defined by

(2.1) Zn (a)

1 n
7n D [a(Wy) = Ep(a(W) | U)] (Vi — Ep (Y | U))
i=1
where the estimator P is yet to be defined.
3. MAIN RESULT

We consider the case that A doesn’t depend on Py, the joint distribution of (W)Y — E(Y | W) + E(Y | U)).
We will consider the standard Nadaraya—Watson estimates of Ep(Y | U = u), Ep(a(W) | U = u). Let K be

a symmetric kernel with bounded support on R and « vanishing moments, that is,

K:R— R



a) K =0 outside [—1,1]
b) [K(u)du=1
¢) [WK(u)du=0,forl<j<a.
Let K4 : R — R be the product kernel
d
Ka(x1, ... zq) = [ [ K(x;)
j=1

and Ky(x;0) = 0~ %Ky(x/c). We abuse notation writing p(w,y) for the estimated joint density of (W,Y),
p(u,y) for the marginal estimated joint density of (U,Y) and dropping the subscript d in Ky when it is

implicit. Then,

p(w,y) = /K(W —w',y—y,0)dP,(w',y)

p /K(u —u,y—y;0)dP,(u',y)

=
£
<
~—
[

where we also use the convention that P, (w,y) refers to the joint empirical distribution of (W,Y), etc.

Finally,

E(Y |U=n)

/yﬁ(u,y)dy//ﬁ(u,y)dy

[t yir, ) / ()

where p(u) = [ K(u — u’;0)dP,(u’). Here we use

(3.1) /yﬁ(u,y)dy = /y/K(u —u;0)K(y —y';0)dP, (v, y)dy

and
/yK(y —yso)dy =1y

We define E(a(W) | U = u) similarly. We introduce the following assumptions.

10: [yf(W,y)dy=0as., [ (\w|2 —|—y2> [ (w,y)dy dw < oo, and [ v? (w) f (w,y) dy dw < co.



I1: The support of the distribution of U is a fixed compact say [—1,1]% for all P € P.
12: All P € P are absolutely continuous with respect to Lebesgue measure and
a) the density p(u) has bounded derivatives of order greater than 3d,,.
b)Y € Lo(P) and u — E(Y | U = u) is continuous.
Moreover
I3: There exists e(P) > 0 such that ¢ < p(u) < 1 for all u € [-1,1]%.
I4: sup{|lal|e : @ € A} < 00 and A* = {a(u) — Ea(W | U =u)} is a VC class of functions in the sense of

the definition on p. 141 of van der Vaart and Wellner (1996).

Discussion of 11-14

1. Conditions (I1) and (I3) are very restrictive. Our argument suggests they can be weakened to a tail
condition on p(u) but at the cost of a great deal of technical labor. Alternatively test statistics which

pay no attention to regions where U has low density, i.e., such that a(W) = 0 for such U can be used.

2. Condition (I2) unfortunately seems necessary. It becomes more and more stringent as the dimension

of U increases.

3. Condition (I4) is somewhat more restrictive than, say, universal Donsker. But all the usual classes,

indicators of rectangles, etc., satisfy it given the smoothness conditions on p(w,u).

Then:

THEOREM 3.1: Under [1-14, if o0 = Q (n7 2d+1du) and K has o vanishing moments where o > %du then,

Sjpﬂzn(a) — Zn(a, Po)[} = Op(n_1/2)~



Proof. Write

Zn(a) = Zn(a, Py)

= /(E(Y | U=u) - E(Y|U =u)(a(w) — E(a(W) | U = u)dP,(w)
+/(E(a(W> | U—u) - E(a(W)|U=u)(Y - E(Y | U=u))dP,(w)
+/(E(a(W> [ U=u) - E@W)|U=u)(EY |U=u)-EY |U=u))dP,(u)

= I+II+III, say.

We argue now that under our conditions sup 4 |I|, sup 4 |II], and sup 4 |II1| are all 0,(n~1/2).

To do so we require a lengthy argument some of which will be given in the appendix.

Let
p(u,y) = /K(u —u';0)p(u’, y)du'
and
a*(w) = a(w) — E(a(W) | U = u).
Then define
(3.2) AD@) = / {f yﬁgzll;)y)dy B fyﬁl;t)y)dy } o (w)dP, (w)

- / 7 () / YK (u — 0 0)d(P (0, ) — P(, y))a* (w)dPp(w).

Similarly define

33 A® (@) = - / %{f})dy(ﬁ@ — pw)a” (W)dP, (w)

4 (a) = — 7fyp, p(u) — p(u))a*(w w
AP (a) / LS () = plu))a” ()P ()

(3.4 AP =~ [V 00 PO 30) ) () ()



(3.5) Aﬁf)(a)—/(fyp’y)dy)(ﬁ( ) = p(u))*a*(w)dP, (w).

P (u)p(u)
Some algebra shows
-3 a0)
j=1
For g : A — R let ||g||la = supy|g(a)]. We shall show that ||Ag)||A = o,(n1/2) for j = 1,...,6 and
hence ||[I]|4 = 0,(n"'/?). We can similarly establish |[II] 4 = 0,(n"'/?) and then argue in detail that
| 111 4 = 0,(n~'/2) establishing the theorem.

We proceed with AS) and note that

(3.6) Aﬁf)(a)=/ﬁ_1( WK(u —u'so)a”(w)d(P, — P)(u', y)d(Pn — P)(w)

since for all u

(3.7 /a*(u,v)p(v | u)dv = 0.

In the appendix we show that

(3.8) 1AL () = AP ()l = 0p(n~"?)

where

n

AP() = 5 3 C(WL Y, (W, Y)),a%s0)

with
C((w,). (W), a0)
= @ u—-u;o u—"U;0)))a*(w
(39 - Z{p(u)@m )~ B(YK(n- Usa))a* (w)
p(u') —uo) — v — U oNa* (w
B K (i) - BYK( -~ Uio))a(w)}

is a degenerate U statistic process and that by Theorem 2.5(b) of Arcones and Gine (1995), HAS)HA =



0p(n=1/2) under our conditions and hence [|AY || 4 = 0,(n"/2). We now turn to A, Again, by (3.7),

(310)  A®@ = - / W(ﬁ(u)—p(u»a*(ww(&—P)(W)

7// <W> a*(w)K(u —u';0)d(P, — P)(w')d(P, — P)(w).

This has the same structure as A§ and it can be similarly shown that ||A%2)||A = 0,(n"Y/2). On the
other hand, A and ALY can both be written in the form J Q(a*;0)(w)d(P, — P)(w) where {Q(a*;0) :

a€ A, 0<o<1} (with Q(a*,0) =0) is a universal Donsker class in view of (I4). Since in both cases

/ Q3(a*; o) (W)p(w)dw — 0

as 0 — 0 we can conclude by theorem of van der Vaart and Wellner (1996) that HAg)HA = 0,(n"1/?) for

j = 3,4. Next,
(3.11) A®) (@) < % (/ (fy(ﬁ(u’ygzzlﬁ(u’y))dy) dP,(u)
() — )
[ )

By (I2) and (3.13) below, ||p(u) — p(u)||cc = 0,(1). Hence, by (I3) the denominators of both terms in (3.11)

are bounded away from 0 with probability tending to 1. Write

(3.12) AY) = / ( / y@(u,y)—p(u,y>>dy)2dpn<u>
= %ZAU»A,W»
1,5,k
where

Ay = (YiK(U; — Uis0) — E(Y;K(U; = Us;0) | U;)).
Note that FA;;A; = 0 unless ¢ = k. Thus

EAD

IN

n"2K?(0;0)EY? + n ' EY?K(U; — Usy;0)

= O(n 267 %) 4 O(n~to %) = o(n1/?)



by the assumption o = Q(n~1/20%du) " [(j(u) — p(u))2dP, (u) is bounded similarly and 1A |4 = 0p(n=1/2)

follows. Similarly,
6) . R N D" NCPRNS ,
|An7 (@) < [la”[|oo sup(p(u) — p(w))” sup p~=(u) sup p~=(u) — > ViK(w —uj;0).
1,7
Again by (I2) and (7.1) of Hardle and Mammen (1993),
(3.13) () = p(w)lloc = Op(n~ 757 log n).

By (I3) the second two sups are O,(1), the first sup is O,(n=2*(2a+dw)""y2p) * Finally, the last term is O, (1).
Thus we conclude since o > 2d,, that ||A$L6)||A = 0,(n71/2) and sup 4 I = o,(n"1/2).
For I we proceed similarly. Here
6

(3.14) (@) = > AYa)

j=1

AW () = / 7 () / a(W)K(u — s 0)d(P, — P)(u,v)e(y, w)dPy (3, w)

where e(y,u) =y — E(Y | U = u) and this is dealt with just as ALY was.

The same kind of argument applies to the terms corresponding to AP —AD we finally turn to I11.

@ <, ( JBaw) 10 =w - Baw) | U= u>) 0P, (w)

+/(E(Y |U=nu)— E(Y | U=nu))%dP,(u).

10



Decompose as for I and 1. For instance,

(3.15) J(E@W) U= w) - E@(W) | U= )P, ()
<c ( / ( / ‘;((Z))Kw —W;0)d(P, P><u’,v>)2 4P, (w)
+ [ ([ atwiiot) - pw) ;f{(vff) dv)2 4P, (u)
- ( Jatw BB i) aryw)
[ ([ atw 22 ot - p(u))dvf 4P, ()
. / ( /a(w)«(w —p(vy;zflﬁ)w) —p<u>>dv>2 0P (1)
+f ( / ;V;)”(Ej)” dv(p(u) —p<u>2dv)2dPn<u>>
In the appendix we show that
(3.16) sup (/ L];((TJ?K(u —u';0)d(P, — p)(u/7v)>2 = 0,(n"?)

by using large deviation bounds on the empirical process applied to {a(u, )K(u—0):a € A,uec K}.
The remaining terms are more straightforward. We can pull out the inf of p and p as well as the L,
norm of a and then argue as we did for AP The argument for the term which involves E‘(Y | -) is easy.

The theorem follows. Q.E.D.

A problem we have not yet faced is how to set critical values for our tests. As the discussion in Bickel,
Ritov and Stoker (2001) indicates two bootstraps are in principle possible. In the current model the “wild”
bootstrap—see Héardle and Mammen (1993) is also possible. We chose to implement the version proposed by
Bickel and Ren (2001), i.e., simulate the distribution of \/n(Z(-) — Zy(-)) where Z* is the Z,, process defined
for the bootstrap sample X{,..., X} from the empirical of X1,...,X,, where X; = (V;,Y]). Unfortunately

the conditions of Theorems 1 and 2 of Bickel and Ren are not satisfied. We give a more special argument.

11



Note that

Zy(a) = /(y —E*(Y | U=u))(a(w) ~ E*(a(W) | U =u))dP;(w,y).

n

Let

Zn(a) = /(y — E*(Y | U=u))(a(w) — E*(a(w) | U = u))dP,(w,y).

Showing that

Zn(a) — Zn(a, Py) = op(nfl/Z)

can be done by essentially the same argument as that used for Theorem 3.1. For instance, define AS)

corresponding to AT(«}) by simply replacing P, by P in the inner differential. We are left with showing that
/(E(Y | U=u) - E(Y | U=u))(a(w) - E(@(W) | U =u))d(P; - P,)(wW) = 0,(n""/?)

/(y —B(Y | U=u))(Ea(W) |U=u) - E(a(W) | U=u))d(F; — P.)(u,y) = op(n~/?)

and

JEE U =)= B (v [ U= w)(Bla(w) | U =) - E(alw) | U = w)d(P; - Po)(w) = 00" 7)

These terms can all be approximated by quantities of the form appearing on the right in AS) — AS’) and

the validity of the bootstrap approximation established.
4. CRITICAL VALUES AND SIMULATIONS

We checked the behaviour of different estimators using a small Monte—Carlo experiment. We consider a
sample of 500 independent observations from (U,V,Y) where Y = vy(U,V) + €, where U, V, and € are
independent, U,V ~ U(0,1), € ~ N(0,1), and vy(u,v) = 0.8sin(Au)sin(A\v), where A\ = 0,7/2,m,67. Of
course, A = 0 is the null assumption. The three regression surfaces are shown in Figure 1.

The three test statistics we examined were all based on partition of the unit square to 10 x 5 blocks.

Where the support of U was divided to 10 blocks. The reason that the partition was asymmetrical in the two

12



variables, was in the way the bias the partition introduced. The discretization of the range of U introduce
a bias, since if it is not fine enough, a distribution in which Y and W are conditionally independent given
U, may be not conditionally independent given the blocks. Condition (I2) is necessary to ensure that the
test will be asymptotically unbiased. On the other hand the wideness of the blocks on the V' dimension is
secondary and enters only through efficiency considerations, and the behavior of the bootstrap.

With the division into blocks, one simple test is a standard ANOVA for only U effect (i.e., no V effect
and no interaction). This is our first test statistic. The second is the Kolmogorov-Smirnov like test with
the quadrates {1(u > 1, v > ~2)}. The third is another Kolmogorov—Smirnov statistic with rectangles:
{1(v<u <y, 13 <v <4}

The tests are defined formally as follows. With some abuse of notation let Yy, k = 1,..., K, | =
sy L, m = 1,...,ng be the the Y-value of the m-th observation in the kI block. Denote as usual
Vi = n,;ll > Yiim and V.. = n,:,l > im Yiim- Note that

n n
D (a(Wy) = Es(W | U))(Y;Ep(Y | U)) = Y a(Wi)(V;Ep(Y | Uy))
i=1 i=1

Then the three test statistics are:

>kl Yé.nm Dk Y]E..nk-

F = —
2 2
> kim i klm = 2k Vi
L Myt
KSl = Inax E E E Yk/l/ — Yk )|
=k l'=lm=1
lo ko My
KSQ = max E E E Yk’l'm — Yk)
k]llkglg
k'=ly I'=k1 m=1

The three deviations were supposed to check the strength and weakness of these tests. The first KS test
was appropriate for deviations like the one with A = 7/2, in which the corners are different from the average.
The second KS was supposed to show its strength against deviation which are concentrated in the center
as the case of A = 7. Finally, the F' test diffuse its strength among 40 degree of freedoms. Hence it will

be weak against particular deviations, but unlike the two KS tests, it will be relatively strong against more

13



complicated deviations like the one with A = 67. (This paragraph was written before any simulation was
done.)

The bootstrap was done essentially as described above. There was however two modifications. Also,
theoretically the number of obsevation in a cell should increase to oo, in practice is finite, and may be
quite small (in our simulation there were, on the average, 10 observations in a cell). Since, we center the
observations in a cell (so that we sample under H), this decreases the variance of the distribution from
which the bootstrap samples are taken, and as a result, the spread of the test statistics is reduced. To
correct that, we multiplied each observation in the ki cell by +/ng;/(ng — 1). See Silverman (1981) for a
similar correction. The KS type tests were not conservative without the inflation. Of course the F' test is
invariant for this correction. The second modification was that the bootstrap was only on for the Y values
(hence we conducted a conditional test on the WW’s).

Rejection was defined if the test statistics was one of the 100(1—«)% larger values among 200 observations
where « is the declared level. The randomization (both the sampling and the bootstraping) were common
to the twenty four combinations of test statistics and values of A and a.

The powers at level @ = .1 and a = .05 of the various statistics are given in Table I.

5. DISCUSSION

The simulation results show that we are able to tailor tests to set expected departures.

The minimax F' test does indeed perform far better than the other two for the A = 67 case but the
relevance of this least favorable departure is unclear. All we can hope for is good power in interesting
directions when the signal to noise ratio is moderate and in uninteresting directions when the signal to noise
is really high.

Technical though it is our discussion does not cover the more important case where the index is unknown,
i.e., U= W70 with 6 unknown. At the scale we are working with the distribution of @ will have an effect

but again we expect to be able to tailor though formulating and checking regulatory conditions becomes

14



even more tedious.
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APPENDIX: Proof of Theorem 6.1 Details

Proof of (3.8) and HAS)HA = 0,(n"1/2).

AV() = n7?Y, BB (VK(U; - Ujso)
E(YJK(U UJ7U)|UZ) ( z)

= A(@) = n2K(0;0) LI, BG5S — E(Y; | Uy))a* (W),

(A1)

N

The second term here is evidently O,(n~to~%) = 0,(n~1/2) by (I13).

Note that

IC(x,x";a%0)|a < gsupyla

u( K(u—u';0)
ﬁ(E

(A.2) — E(YK(u-TU:o)) + (’K(u—u"o—E(YK(u—u’;a))H
< supy o (23 + 23 ) (lyl + EY])o~

By Theorem 2.5(b) of Arcones and Gine (1995)
n(loglogn)* EIIAD 2, < o~ P2E|Y]e2(P)sup [la*
A
for 0 < p < 2 where €(P) is the lower bound on p(u). Hence,

AW 4 = 0, (n Lo~ % (loglogn)?) = o, (n"1/?).

Proof of (3.16). Let A have metric entropy for @) given by

N(A, Ly(Q)).

p(uu’))K( ;0):a€ Auc R } Given € > 0 by the smoothness of K we can find uge), ould s

Let A, {

for some j(u), |[K(u—;0) —K(u;j(€) — 50)|s < € and M = Q((es) ). Therefore
N(r A, L2(Q)) = QN (7, A, L2(Q)) - (1) ™)

where a, = Q(b,) iff a, = O(b,), b, = O(a,) and we can conclude from Theorem 2.14.9 of van der Vaart

and Wellner (1996) that if G,, is the empirical process \/n(P, — P) then,

(A-3) IGnll g = Op(o™™).

16



Now (A.3) implies (3.16) since the left-hand side is O, (n~to=2du). Q.E.D.
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TABLE 1

a=.1
Test statistic A=0 A=7/2 A=7 A=67
F 0.072  0.492 0.443 0.453
KS, 0.115 0.970 0.565 0.122
K S 0.095 0.838 0.887 0.113
a = 0.05:
Test statistic A=0 A=7/2 A=7 A=67
F 0.025 0.355 0.290  0.307
KS, 0.052  0.922 0.395 0.072
KS, 0.050 0.728 0.818  0.060
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