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Abstract

The theory reision problem is the problem of Wwobest to go about wesing a deficient domain
theory using information contained imanples that @ose inaccuraciesin this paper we present our
approach to the theoryvision problem for propositional domain theoriekhe approach described here,
called PTR, uses probabilities associated with domain theory elements to numerically trdickmhef
proof through the theoryThis allovs us to measure the precise role of a clause or literal imiagjcor
preventing a (desired or undesired) detion for a given example. Thisgnformation is used to &€iently
locate and repair fleed elements of the theorPTR is proved to converge o a theory which correctly
classifies all gamples, and sl experimentally to bedst and accurateen for deep theories.

1. Introduction

One of the main problems initding expert systems is that models elicited froxperts tend to be
only approximately correctAlthough such hand-coded models might makgod first approximation to
the real vorld, they typically contain inaccuracies that argpesed when aatt is asserted that does not
agree with empirical obseaation. Thetheory evsion pioblemis the problem of he best to go about
revising a knavledge base on the basis of a collectionxaneples, some of whiclxpose inaccuracies in
the original knavledge base. Of course, there may beypssible rgisions that suiciently account for
all of the obsered examples; ideallyone would find a regised knavledge base which is both consistent

with the ekamples and asithful as possible to the original kmledge base.

Considey for example, the follaving simple propositional domain theofly. This theory dthough

flawed and incomplete, is meant to recognize situations whereesanshould by stock in a soft drink
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compaxy.

buy-stodk ~ increased-demand -product-liability
product-liability — popularproductCunsafe-pakaging
increased-demand- popularproductCestablished-mawt
increased-demand- newv-marletCsuperiorflavor.

The theoryT essentially states thatying stock in this compans a god idea if demand for its product

is expected to increase and the companot expected to dce product liability lvsuits. In this theory
product liability lavsuits may result if the product is popular (and therefore may present an\attracti
target for sabotage) and if the packaging is not tarppaof. Increasegroduct demand results if the
product is popular and enje a lage marlet share, or if there are wiemarket opportunities and the
product boasts a superionfte. Using the closed arld assumptionbuy-stod is dervable given that the

set of true obseable propositions is precisebay,

{popularproduct established-mamd, celebrity-endosemerit, or
{popularproduct established-maud, colorful-label

but not if they are, say

{unsafe-pakaging, nenv-marlet}, or
{popularproduct unsafe-pakaging, established-mau} .

Suppose no that we are told for arious &amples whethebuy-stok should be devible. For

example, suppose we are told that if the set of true oakerypropositions is:
(1) {popularproduct unsafe-pakaging, established-maed} thenbuy-stodk is false,
(2) {unsafe-pakaging, newv-marlet} thenbuy-stodk is true,
(3) {popularproduct established-maw, celebrity-endosemerit thenbuy-stok is true,
(4) {popularproduct established-mamk, superiorflavor} thenbuy-stod is false,
(5) {popularproduct established-mask, ecolaically-correc thenbuy-stodk is false, and
(6) {new-marlet, celebrity-endasemerit thenbuy-stod is true.

Obsere that examples 2, 4, 5 and 6 are misclassified by the current theonkssuming that the
explicitly given information rgarding the @amples is correct, the question isvhim revise the theory so

that all of the ramples will be correctly classified.



Koppel, Feldman & Sgre February 1, 1994 Bias-Driven Reision

1.1. Two Paadigms

One approach to this problem consists of enumerating partial proofs ofribesveamples in
order to find a minimal set of domain theory elemengs (iterals or clauses) the repair of which will
satisfy all the gamples,i.e.,, EITHER [Ourston94]. One problem with this approach is that proof
enumeration en for a single example is potentially x@onential in the size of the theorAnother
problem with this approach is that it is unable to handigated internal literals, and is restricted to
situations where eachxample must belong to one and only one claBsese problems suggest that it
would be worthwhile to circument proof enumeration by emplag incremental humerical schemes for

focusing blame on specific elements.

A completely diferent approach to thevision problem is based on the use of neural agktsyi.e.,
KBANN [Towell93]. Theidea is to transform the original domain theory into meknform, assigning
weights in the graph according to some pre-established sch&hee.connection weights are then
adjusted in accordance with the observexamples using standard neural-netkv backpropagtion
techniques. Theesulting netwrk is then translated back into clausal forfrhe main disadantage of
this method that it lacksepresentational @nspaency the neural netark representation does not
presere the structure of the original kmdedge base while vésing it. As a result, a great deal of
structural information may be lost translating back and forth between representMioresver, such
translation imposes the limitations of both representations; Xample, since neural nebrks are
typically slov to corverge, the method is practical for onlgny shallev domain theories Finally, revised
domain theories obtained via translation from neural okdsvtend to be significantly iger than their

corresponding original domain theories.

Other approaches to theorwison which are much less closely related to the approach we will

espouse here ard RS [Ginsbeg90], KR-FOCL [Rizzani91], and ODSSEUS [Wikins88].
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1.2. Probabilistic Theory Revision

Probabilistic Theory Rasion (PTR) is a n& approach to theory wsion which combines the best
features of the tar goproaches discussed &ko The starting point for PTR is the obsation that ap
method for choosing amongveeal possible réisions is based on some implicit bias, namely the a priori

probability that each element (clause or literal) of the domain theory requiigsme

In PTR this bias is madejlicit right from the start.That is, each element in the theory is assigned
some a priori probability that it is not Wad. Theseprobabilities might be assigned by axpert or

simply chosen by detfilt.

The mere wistence of such probabilities sel two central problems at onceFirst, these
probabilities ery naturally define thebiest” (i.e.,, most probable) rdsion out of a gien set of possible
revisions. Thuspur objectve is well-defined; there is no need to impose artificial syntactic or semantic
criteria for identifying the optimal wsion. Secondthese probabilities can be adjusted in response to
newly-obtained information. Thus thg provide a frameork for incremental régsion of the flaved

domain theory

Briefly, then, PTR is an algorithm which uses a set oVigexl xamples to incrementally adjust

probabilities associated with the elements of a possiblgetladomain theory in order to find tHeost

probable’ set of revisions to the theory which will bring it into accord with themples! Like KBANN,
PTR incrementally adjusts weights associated with domain theory elemeat&TIIRER, all stages of

PTR are carried out within the symbolic logic framoek and the obtained theories are not probabilistic.

As a result PTR has the folling features:

(1) itcan handle a broad range of theories including those wihietkinternal literals and multiple
roots.

L In the following section we will mag precise the notion ofrhost probable set of vésions”
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(2) itislinear in the size of the theory times the numberdgixamples.

(3) it produces relately small, accurate theories that retain much of the structure of the original
theory

(4) itcan eploit additional useprovided bias.

In the net section of this paper we formally define the theowsien problem and discuss issues of
data representationWe lay the foundations for gnfuture approach to theoryuision by introducing
very sharply defined terminology and notation. In Section 3 we proposéi@argfalgorithm for finding
flawed elements of a thegrgnd in Section 4 we simhow to revise these elements. Section 5 describes
how these two components are combined to form the PTR algorithm. In Section 5, we also discuss the
termination and carergence properties of PTR andlk through a simplexample of PTR in actionin
Section 6 wexperimentally galuate PTR and compare it to other theonjigien algorithms.In Section

7, we sum up our results and indicate directions for further research.

The formal presentation of theovk described here is, unfortunatefecessarily denseoTad the
more casual readewe havemoved dl formal proofs to three separate appendices. In partjculahe
third appendix we pnee that, under appropriate conditions, PTRw@ges. Reading of these appendices
can safely be postponed until after the rest of the paper has beenlmeaddition, we preide in
Appendix D, a‘guick reference guidéto the notation used throughout the papeée would suggest that
a more casual reader might prefer to focus on Section 2wetldoy a cursory reading of Sections 3 and

4, and a more thorough reading of Section 5.

2. Representing the Poblem

A propositional domain theorydenotedr, is a dratified set of clauses of the for@): H, — B;
whereC; is a clause labelH; is a proposition (called thkeeadof C;) and B; is a set of posite and
negdive literals (called théodyof C;). As usual, the clauge;: H; — B; represents the assertion that the
proposition H; is implied by the conjunction of literals iB;,. The domain theory is simply the

conjunction of its clausedt may be cowmenient to think of this as a propositional logic program without
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facts (lut with negation allowved).

A proposition which does not appear in the head of eause is said to bebservable A
proposition which appears in the head of some clauseldes not appear in the body ofyatause is
called aroot. An example E, is a tuth assignment to all obsate propositionslt is corvenient to think

of E as a set of true obsethle propositions.

Let ' be a domain theory with roots},---,r,. For an &ample, E, we define the wector
ME)=0(E), --,Th(E)C whereT;(E) =1 if E|-rr; (using resolution) and’;(E) =0 if E |£rr;.
Intuitively, I'(E) tells us which of the conclusions,---,r, can be dnan by the &pert system when

given the truth assignmert.

Let thetarget domain theory®, be some domain theory which accurately models the domain of
interest. Inother words,® represents the correct domain theofn ordered pair CE, ©(E) 0 is called
an exemplarof the domain: if@;(E) = 1 then the gemplar is said to be alN exemplarof r;, while if
©;(E) = 0 then the remplar is said to be a®@UT exemplarof r;. Typically, in theory reision, we knev
O(E) without knaving ©.

Let I' be some possibly incorrect theory for a domain which is in turn correctly modeled by the
target theory®. Any inaccuracies il will be reflected by xeemplars for whichl'(E) # ©(E). Such
exemplars are said to baisclassifiedy I'. Thus, amisclassified IN>emplar forr;, or false ngative for
ri, will have ©;(E) =1 but I';(E) = 0, while amisclassified OUT»@mplar forr;, or false positive for;,
will have @;(E) = 0 but I';(E) = 1.2 Typically, in theory reision we knev ©(E) without knaving ©.

Consideyfor example, the domain theqrV, and example set introduced in Section The theoryT

has only a single roohuy-stok. The obserable propositions mentioned in theamples argopular

2 We mrefer the ne terminology ‘IN/OUT’’ to the more standar¢positive/negaive’ b ecause the latter is of-
ten used to refer to the classification of tkarmaple by the gien theory while we use‘IN/OUT’’ to refer specifical-
ly to the actual classification of theample.
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product unsafe-pakaging, established-mar{, newv-marlet, celebrity-endosementsuperiorflavor, and
ecolagically-correct For the ea&ample E ={unsafe-pakaging, nev-marlet we hae
T(E)=0M{(E)[=D0O Nevatheless, we are told that®(E)=[0O(E)EFIIO Thus,

E = unsafe-pakaging, newv-marlet}, (1L [1Jis a misclassified INx@mplar of the roobuy-stod.

Now, given misclassified gemplars, there are fourevision opeators available for use with

propositional domain theories:
(1) addaliteral to an ®isting clause,
(2) deletean «isting clause,
(3) addarew dause, and
(4) deletea literal from an gisting clause.

For negdion-free domain theories, the firstdweperations result ispecializingl’, snce thg may allov

some IN gemplars to become OUTxemplars. Thedatter two operations result igeneralizing I', snce

they may allov some OUT &emplars to become INxemplars®

We sy that a set of wisions tol” is adequatefor a set of gemplars if, after the rgsion operators
are applied, all thexemplars are correctly classified by theised domain theory’'. Note that we are
not implying that™ is identical to®, but rather that forwery exemplar CE, ®(E) O, ' (E) = ©(E). Thus,
there may be more than one adequatssian set. The goal of an theory revision system, then, is to find

the ‘best’ revision set forl", which is adequate for avgin a £t of xemplars.

2.1. DomainTheories as Graphs

In order to define the problermrem more precisely and to set the stage for its solution, we wilsho
how to represent a domain theory in the form of a weighted digraphedgh by defining a more general

version of the standard Mb—OR proof tree, which collapses the distinction betweam Aodes and

3 In the @ent that nedive literals appear in the domain theaifye consequences of applying these operators
are slightly less obous. Thiswill be made precise in the second part of this section.
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nodes.

For any st of proposition{ P4, -+, P}, let NAND({ P4, - -, P,,}) be a Boolean formula which is
false if and only if{ P4, -+, P,} are all true. Any domain theoryi” can be translated into an eeglént

domain theory consisting of MND equations as follos:
(1) Foreach claus€;: H; — B; [T , the equatiorC; = NAND(B;)isinT .

(2)  For each non-obseable propositiorP appearing i the equatiorP = NAND(Cp) is in [, where
Cp ={C; | H; = P}, i.e,, the set consisting of the label of each claudewhose head if.

(3)  For each nedive literal =P appearing iff’, the equation-P = NAND{P})isinf.

[ contains no equations other than the®®sere that the literals of are the literals of together with
the nev literals {C;} which correspond to the clausesfofMost importantf™ is equiaent tol in the
sense that for each literain I' and aly assignmentE of truth values to the obseable propositions df,

E |-¢l ifand only ifE |—rI.
Considerfor example, the domain theoflyof Section 1.The set of MND equations'T’ is

buy-stod&k = NAND({C1}),

C;1 = NAND({increased-demand-product-liability} ),
=product-liability = NAND ({ product-liability} ),
increased-demand NAND({C5, C4}),

product-liability = NAND({ C5}),

C, = NAND({ popularproduct unsafe-pakaging}),

C3 = NAND({ popularproduct established-masd} ), and
C4 = NAND({ new-marlet, superiorflavor}).

Obsere thatbuy-stod is true inT for precisely those truth assignments to the oladdes for whichuy-

sto is true inT.

We row usel to obtain a useful graph representatiori ofFor an equatiort; in [, let h(f";) refer
to the left side of ; and letb([";) refer to the set of literals which appear on the right side.dh other

words, h(;) = NAND(b(T";)).
Definition: A dt-graph A fgr a domain theoryr consists of a set of nodes which
correspond to the literals d»:f and a set gf dirgcted edges corresponding to the set of
ordered pairs {,y Ol x =h(l;),y Ob([;),I; O} In addition, for each root we add
an edgee,, leading intar (from some artificial node).
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In other vords, Ar consists of edges from each literalfinto each of its antecedenthe dt-graph

representation of is shavn in Figure 1.

Let n be the node to which the edgéeads and len® be the node from which it comef. n. is a
clause, then we say thats aclause edg; if ng is a root, then we say thais aroot edgg; if ng is a literal
andn® is a clause, then we say tlesis aliteral edgg; if ne is a proposition and® is its ngation, then we

say thatke is anggation edg.

buy-stod
C1
increased-demand =product-liability
C4 C3 product-liability

new-marlket established-mat
superiorflavor

popularproduct
unsafe-pakaging

Figure 1 The dt-grapha,, of the theoryr.
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The dt-graphAr is very much lile an AND—OR graph forl". It has, haevever, a very significant
advantage ver AND—OR graphs because it collapses the distinction between clause edges and literal
edges which is central to thenB—OR graph representatiorin fact, &en negdion edges (which do not
appear at all in the ¥D—OR representation) are not distinguished from literal edges and clause edges in

the dt-graph representation.

In terms of the dt-grapir, there are tw basic reision operators — deleting edges or adding
edges. Whaare the dects of adding or deleting edges frédg? If the length of eery path from a root
to a noden is even (odd) thenn is said to be anven (odd) node for;. If n® is even (odd) forr;, theneis
said to be een (odd) forr;. (Of course it is possible that the depth of an edge is neitlearner odd.)
Deleting an een edge forr; specializeghe definitions ofr; in the sense that K is the result of the
deletion, thenl™;(E) <T;(E) for all exemplars [(E,®(E) likewise, adding an vwen edge for r;
generalizes the definition af in the sense that i\ is the result of adding the edge &¢ then
I"i(E) =2T;(E). Analogouslydeleting an odd edge for generalizes the definition of, while adding an
odd edge for; specializes the definition of. (Deleting or adding an edge which is neither odd nen e
for r; might result in a n& definition of r; which is neither strictly more general nor strictly more

specific.)

To understand this intuitely, first consider the case in which there are ngetien edges imAr.
Then an een edge in Ar represents a clause In so that deleting is specialization and adding is
generalization. Arodd edge iMAr represents a literal in the body of a clauséd iso that deleting is
generalization and adding a specializatidiow, if an odd number of nggtion edges are present on the

path fromr; to an edge then the role of the edge vensed.

10
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2.2. Weighted Graphs

A weighted dt-gaphis an ordered paifiAr, w Owherelr is a dt-graphw and is an assignment of
values in (01] to each node and edgedp. For an edges, w(e) is meant to represent the usedegee of
confidence that the edgeeed not be deleted to obtain the correct domain théarya noden, w(n) is
the uses degee of confidence that no edge leading from the mogieed be added in order to obtain the
correct domain theoryThus, for @ample, the assignment(n) = 1 means that it is certain that no edge
need be added to the nod@nd the assignmemi(e) means that it is certain thatshould not be deleted.
Obsere that if the noden is labeled by a rggtive literal or an obsenble proposition themw(n) =1 by
definition, since graphs obtained by adding edges to such nodes do not correspgribitoaam theory

Likewise, ifeis a root-edge or a gdaion-edge, themv(e) = 1.

For practical reasons, we conflate the weiglfe) of an edgee and the weightw(n,), of the node
Ne, iNto a single &lue, p(e) = w(e) x w(n,), associated with the edge The \alue p(e) is the users

confidence thag need not be repaired, either by deletion or by dilution via addition of child edges.

There are manways that thesealues can be assignelttieally, they can be praided by the epert
such that the actually reflect the xpert's degee of confidence in each element of the thebtgweva,
even in the absence of such informatiomlwes can be assigned by aldf; for e<kample, all elements can
be assigned equable. Amore sophisticated method of assigniraues is to assign highealues to
elements which he geater “semantic impact’(eg., those closer to the rootsT.he details of one such
method are gen in Appendix A. It is also, of course, possible for thepert to assign some weights and
for the rest to be assigned according to somaulteécheme.For example, in the weighted dt-graph,
A+, pO shown in Figure 2, some edgesvieaeen assigned weight near 1 and otheve fiaen assigned

weights according to a simple deft scheme.

The semantics of thealues associated with the edges can be made clear by considering the case in

which it is knavn that the correct dt-graph is a subset of tivergdt-graph,A. Consider a probability

11
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.999
buy-stod
.99
C1
1.0 95
increased-demand =product-liabilty

product-liability

) established-mast
superiorflavor

new-marlet
.99
popularproduct

unsafe-pakaging
Figure 2 The weighted dt-graphp;, pO

function on the space of all subgraphg\ofThe weight of an edge is simply the sum of the probabilities
of the subgraphs in which the edge appears. Thus the weight of an edge is the probability that the edge

does indeed appear in thegatr di-graph.We esily extend this to the case where thegtrdt-graph is

not necessarily a subgraph of theegione?

“41n order to &oid confusion it should be emphasized that the meaning of the weights associated with edges is
completely diferent than that associated with edges of PeBdyesian netarks [Pearl88].For us, these weights
represent a meta-domain-theory concept: the probability that this edge appears in some taagebdomain the-
ory. For Pearl thg represent conditional probabilities within a probabilistic domain thebys, the updating
method we are about to introduce is totally unrelated to that of Pearl.

12



Koppel, Feldman & Sgre February 1, 1994 Bias-Driven Reision

Corversely, given only the probabilities associated with edges and assuming that the deletion of
different edges are independewnérgs, we can compute the probability of a subgr@phSince p(e) is

the probability thae is not deleted and-1 p(e) is the probability thae is deleted, it follas that

pA)= 1 p(ex [1 1-p(e).

e’ el -A
Letting S= A- A, we rewrite this as

p@A)= [1 p(e)x [1 1-p(e).
el - edsS

s
We wse this formula as a basis for assigningalue to each dt-grapA’ obtainable fromA via

revision of the set of edgeS even in the case where edge-independence does not holdvamdnethe

case in whicl' is not a subset df. We dmply define

w@)= T1 px [1 1-p(e).
elA -S eldsS
(In the event that A and A" are such thatS is not uniquely defined, choos® such thatw(A") is

maximized.) Notehat where independence holds &\ds subgraph of\, we havew(A') = p(A").

2.3. Objectives o Theory Revision
Now we can formally define the proper objeaid a theory revision algorithm:

Given a weighted dt-gph [A, pOand a set ofxemplas Z, find a dt-gaph A" suc
that A" correctly classifies\ery exemplar inZ and wA") is maximal eer all sut d-
graphs.

Restating this in the terminology of information theawg define theradicality of a dt-graph' relative

to an initial weighted dt-grapk = [A\, pOas

Radc(A) = 2

—log(p(e)) + 2 —log(1- p(e)
I -S eldS

whereS s the set of edges éf which need to be wsed in order to obtaid’. Thus gven a weighted dt-
graphK and a set ofx@mplarsZ, we wish to find the least radical dt-graph relatio K which correctly

classifies the set okemplarsZ.

13
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Note that radicality is a straightfoand measure of the quality of avigon set which neatly
balances syntactic and semantic consideratitinzas been often noted that minimizing syntactic change
alone can lead to countituitive results by giing preference to changes near the root which radically
alter the semantics of the theordn the other hand, gerdless of the distriltion of examples,
minimizing semantic change alone results in simply appending to the domain theory the correct
classifications of the gén misclassified ramples without décting the classification of gnother

examples.

Minimizing radicality automatically tads into account both these criteriihus, for @ample, by
assigning higher initial weights to edges with greater semantic impact (as in auit deheme of
Appendix A), the syntactic adntage of reising close to the root is fskt by the higher cost of such
revisions. For example, suppose we arevgi the theoryT of the introduction and the single misclassified

exemplar
[ unsafe-pakaging, newv-marlef}, (1L (11

There are seral possible reisions which veuld bring T into accord with the>emplar We wuld, for

example, add a meclause
buy-stodk ~ unsafe-pakaging Jnew-marlet,

deletesuperiorflavor from clauseC4, deletepopularproductandestablished-masit from clauseC3, or
deleteincreased-demanffom clauseCl. Given the weights of Figure 2, the deletion safperiorflavor

from clauseC4 is dearly the least radical vision.

Obsere that in the special case where all edges are assigned identical initial weigdtiess of
their semantic strength, minimization of radicality does indeed reduce to a form of minimization of
syntactic change. @/wish to point out, havever, that esen in this case our definition ofsyntactic

change’'differs from some preous definitions [VBgulis93]. Whereathose definitions count the number

14
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of deleted and added edges, we count the number of edges deleted doatimedderstand wi this is
preferable, consider the case in which some internal literal, which happensta haye definition, is
omitted from one of the clause in thegetrtheory Methods which count the number of added edges will
be strongly biased agst restoring this literal, prefering instead to ma#veral different repairs which
collectively involve fewer edges than to makasinglerepair irvolving more edgesNevertheless, gien

the assumption that the probabilities of tlaeiaus edges in thegin theory being mistadn are equal, it

is far more intuitve © repair only at a single edge, as PTR doe® fjvee, though, that once an edge has

been chosen for repathe chosen repair should be minimadwoall equally efective repairs.)

3. Finding Flawed Elements

PTR is an algorithm which finds an adequate setwi$ions of approximately minimum radicality
It achieves this by locating flved edges and then repairing then.this section we ge the algorithm

for locating flaved edges; in the resection we she how to repair them.

The underlying principle of locating fieed edges is to processemplars one at a time, in each case
updating the weights associated with edges in accordance with the information contained in the
exemplars. V¢ measure the'flow” of a proof (or refutation) through the edges of the graphe more
an edge contriltes to the correct classification of a@eple, the more its weight is raised; the more it
contritutes to the misclassification of theaenple, the more its weight iswered. If the weight of an

edge drops belo a prespecified résion thresholds, it is revised.

The core of the algorithm is the method of updating the weidgRésall that the weight represents
the probability that an edge appears in thgetadomain theory The most natural ay to update these
weights, then, is to replace the probability that an edge need notvisedrevith the conditional
probability that it need not beuvisedgiven the classification of arxemplar As we dhall see laterthe

computation of conditional probabilities ensures yndasirable properties of updating which ad hoc

15
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methods are liable to miss.

3.1. Processing a Single Exemplar

One of the most important results of this paper is timater certain conditions the conditional
probabilities of all the edgs in the gaph can be computed in a single bottom-up-then-top-down sweep
through the dt-gaph We shall emplgy this method of computatiorven when those conditions do not
hold. Inthis way, updating is performed in highly fafient fashion while, at the same time, retaining the

relevant desirable properties of conditional probabilities.

More preciselythe algorithm proceeds as folls. We think of the nodes ofA\r which represent
obsenrable propositions as input nodes, and we think of Hleeg assigned by amxamnple E to each
obsenable proposition as inputfkecall that the assignment of weights to the edges is associated with an
implicit assignment of probabilities t@xious dt-graphs obtainable viazi®on of A-. For some of these
dt-graphs, the root; is provable from the gample E, while for others it is not.We wish to male a
bottom-up pass throudgk =[Ar, pOin order to compute (or at least approximate) for eachriodihe
probability that the tgret domain theory is such thatis true for the gampleE. The obtained probability
can then be compared with the desired re&(tc), and the resulting dérence can be used as a basis

for adjusting the weightsy(e), for each edge.

Let

b if PistrueinE

EP)=0 i pis false inE.

We sy that a nod@ [N r is true if the literal of " which labels it is true. Ng, a rode passes thelue

“true” up the graph if it is either true or deletad,, if it is mot both undeleted an@lse. Thusfor an

edge e such thatn, is the obserable propositionP, the walue ug(e) =1-[p(e) x (L - E(P))] is the
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probability of the alue ‘true” being passed up the graph frem

Now, recalling that a node i represents a NND operation, if the truth of a node iy is
independent of the truth of yanf its brothers, then for gredgee, the probability of true” being passed

up the graph is

ug(€)=1-p(e) [l  ue(s).
s O children(e)

We all ug(e) theflow of E throughe.

We havedefined the flow ug(€) such that, under appropriate independence conditions, jonatde
Ne, Ug(€) is in fact the probability tham, is true gven A, wOandE. (For a formal proof of this, see
Appendix B.) In particular for a rootr;, the flov ug(e;,) is, even in the absence of the independence
conditions, a good approximation of the probability that thgetatheory is such that is true gven

CAr, wOandE.

In the second stage of the updating algorithm, we paipafe difierence between each computed
value ug(g;,) (which lies somehere between 0 and 1) and itsg&tnalue ©;(E) (which is either 0 or 1)
top-dovn throughAr in a process similar to backpropgign in neural netarks. Aswe proceed, we
compute a ng valuevg(e) as well as an updatedalue for p(e), for every edgee in Ar. The nev value
Ve(€e) represents an updating of (e) where the correct classificatio®(E), of the gampleE has been

taken into account.

Thus, we bgin by setting eachaluevg(r;) to reflect the correct classification of theaenple. Let

£ > 0 be some &ry small constafand let

5> Note that, in principle, the updating can be performextiy the same ay even if 0 < E(P) < 1. Thus, the
algorithm extends naturally to the case in which there is uncertaiggydimg the truth-alue of some of the observ-
able propositions.

6 Strictly speaking, for the computation of conditional probabilities, we need tox6e Havever, in order to
ensure covergence of the algorithm in all cases, we chaose0 (see Appendix C)lIn the experiments reported in
Section 6, we use th@lee =.01.
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O ife(E)=0
ve(er) = - ifQ(E)=1.

Now we proceed top dan throughAr, computingvg(e) for each edge if-. In each case we compute

ve(e) on the basis olug(e), that is, on the basis of womuch of the proof (or refutation) d& flows

through the edge. The precise formula is

ve(f(e)
ug(f(e))

Ve(€) = 1-(1- ug(e)) x

max[ve(f (e)), ug(f ()]t

O
where f(e) is that parent ofe for which 1 - 0 is greatest. We dow in

0 minfve(f(e)), ue(f(e)l

Appendix B wty this formula vorks.

Finally, we compute p,eu(€), the nev values ofp(e), using the currentalue of p(e) and the alues

of ve(e) and ug(€e) just computed:

Ve(€)
ug(e)

If the deletion of difierent edges are independemtrgs and® is knowvn to be a subgraph &f then

Prew(€) = 1 - (1 - p(e)) x

Prew(€) IS the conditional probability that the edgeappears ir®, given the xemplar [CE, O(E) U(see

proof in Appendix B).Figure 3 gves the pseudo code for processing a singtrgplar.

Consider the application of this updating algorithm to the weighted dt-graph of Figike 2e

given the eemplar [unsafe-pakaging, newv-market}, (L, i.e., the eample in which unsafe-

padkaging and nev-marlet are true (and all other obsahles aredlse) should yield a destion of the

root buy-stodk. The weighted dt-graph obtained by applying the algorithm ianshio Figure 4.

(1)

This example illustrates some important general properties of the method.

Given anIN exemplar the weight of an odd edgannot decease and the weight of avem edeg
cannot incease (The analogous property holds for an OUderaplar) In the case where no
negaion edge appears i, this corresponds to thadt that a clause cannot helpyarg a proof,

and literals in the body of a clause cannot help complete a phtmit in particular that the
weights of the edges corresponding to the litepapularproduct and established-mast in
clauseC3 dropped by the same amount, reflecting the identical roles played by them in this
example. Havever, the weight of the edge corresponding to the litetgderiorflavor in clause

C4 drops a great deal more than both those edges, reflectinactitbdt the deletion cuperior
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function BottomUM A, p [T weighted dt-gaph E:exempla): array of eal;
begin
SO0 ;V O Leavef));
for e O Leave§A) do
begin
if e JE thenu(e)d 1;
elseu(e) 0 1- p(e);
SO Merge(S, Parentge, A));
end
while S0 do
begin
el PopSuitableRren{(S,V);V O AddElemer(g, V);
ue€o 1-(pe) 1 u(d));

d O Children(e,A)
SO Mergg(S, Parentge, A));
end
return u;
end

function TopDown( (A, p @ weighted dt-gaph, u: array of eal,
E: exemplar, ¢:real): weighted dt-gaph
begin
SO ;V O RootgA);
for r; O RootgA) do
begin
if [(E) =21thenv(r;) O &;
elsev(r;)d 1-¢;
SO Merge(S, Children(r;, A));
end
while S0 do
begin
el PopSuitableChildS,V); vV O AddElemer(g, V); f O MostChangdRareni(e, A);
&0 1-(1-u(@) % ZE%
v(e)
PET 1= PE)* g
SO Merge(S, Children(e, A));
end
return A, pO
end

Figure 3 Pseudo code for processing a singkenaplar The functionsBottomUpand TopDown sweep

the dt-graph.BottomUpreturns an array on edges representing proof fihile TopDownreturns an up-

dated weighted dt-graphVe ae assuming the dt-graph datastructure has been defined and initialized ap-
propriately FunctionsChildren, Parents, Roots and Leaveseturn sets of edges corresponding to the cor
responding graph relation on the dt-grapfunctionMerge and AddElemenbperate on sets, and func-
tions PopSuitableRrent and PopSuitableChildreturn an element of its firstqarment whose children or
parents, respestily, are all already elements of its seconduanent while simultaneously deleting the el-
ement from the first set, thus guaranteeing the appropriate gragisatastratgy.
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.998
buy-stod
.999
C1
1.0 .94
increased-demand =product-liability
.98 91 1.0
C4 C3 product-liability

.88

new-market established-mast C2

superiorflavor

.99

popularproduct
unsafe-pakaging

Figure 4 The weighted dt-graph of Figure 2 after processing theemplar
[ unsafe-pakaging, nev-marlet}, (L [

flavor alone would allov a proof of buy-stok, while the deletion of eithgvopularproductalone
or established-mast alone wuld not allev a proof of buy-stod.

(2) An edg with initial weight 1 is immutable; its weigheémains 1 faever. Thus although an edge
with weight 1, such as that corresponding to the literaleased-demanth clauseC1, may
contrikute to the preention of a desired proof, its weight is not diminished since we are told that
there is no possibility of that literal beingviled.

(3) If the pocessedxemplar can only be caectly classified if a particular egégeis revised, then the
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updated pobability of e will approach 0 and ewill be immediately evised! Thus, for @ample,
were the initial weights of the edge correspondinggt@ablished-mas and popularproductin

C3 to gpproach 1, the weight of the edge correspondirguperiorflavor in C4 would approach

0. Sincewe use weights only as a temporaryide for locating flawed elements, this property
renders our updating method more appropriate for our purposes then standard baatipropag
techniques which adjust weights gradually to ensurgecgence.

(4) The computational complity of piocessing a singlexemplar is linear in the size of the thedry
Thus, the updating algorithm is quitdigient when compared towision techniques which rely
on enumerating all proofs for a rooNote further that the computation required to update a
weight is identical for eery edge ofAr regardless of edge typeThus, PTR is well suited for
mapping onto fine-grained SIMD machines.

3.2. Processing Multiple Exemplars

As stated abee, the updating method is applied itevaly to one &ample at a time (in random
order) until some edge drops bs&ldhe revision thresholde. If after a complete ycle no edge has

dropped bele the revision threshold, the xamples are reordered (randomly) and the updating is

continued®
For example, consider the weighted dt-graph of Figurdfer processing thexemplars

[ unsafe-pakaging, new-marlet}, [L 0,
{ popularproduct established-masi, superiorflavor}, [0, and
{ popularproduct established-mask, celebrity-endosemerit, [0 0

we obtain the dt-graph siva in Figure 5.1f our threshold is, say = . 1, then we hae 1o revise the edge
corresponding to the clau€8. This reflects theatt that the claus€3 has contrilited substantially to
the misclassification of the second and thiscareples from the list alve while not contriluting

substantially to the correct classification of the first.

7 If we were to choose = 0 in the definition ofvg(e;), then the updated probabilityowid equal 0.

8 Of course, by processing theaenples one at a time we abandoy pretense that the algorithm is Bayesian.
In this respect, we are proceeding in the spirit of connectionist learning algorithms in which it is assumed that the se-
guential processing okamples in random ordess if they were actually independent, approximates the collecti
effect of the gamples.
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.999...
buy-stodk
.998
C1
1.0 .95
increased-demand =product-liability
.98 1.0
C4 C3 product-liability

.99 15 .89

nev-market established-masgt C2

superiorflavor
.88

popularproduct
unsafe-pakaging

Figure 5 The weighted dt-graph of Figure 2 after processkagnglars

[ unsafe-pakaging, new-marlet}, [L OO,

{ popularproduct established-masi, superiorflavor}, [0, and

{ popularproduct established-mank, celebrity-endosemerit, [0 1
The clauseC3 has dropped belwthe threshold.

4. Revising a Flawed Edge

Once an edge has been selected foisi@n, we must decide hoto revise it. Recall thatp(e)
represents the product wfe) and w(ng). Thus, the drop ip(e) indicates either thaneeds to be deleted

or that, less dramatically sibtree needs to be appended to the npd&hus, we need to determine
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whether to delete an edge completely or to simply eedtkby adding children; intuitely, adding edges
to a clause node weeaiks the clause by adding conditions to its badyle adding edges to a proposition
node weakns the propositiog’refutation paver by adding clauses to its definition. Furthiewe decide

to add children, then we need to determine which children to add.

4.1. FindingRelevant Exemplars

The first stage in making such a determination consists of establishing, forxeagiae the role
of the edge in enabling or pemting a dewation of a root. More specifically for an IN eemplar,
CE,©(E) 0 of some root,r, an edge e might play a positie ole by fcilitating a proof ofr, or play a

destructve role by preenting a proof of, or may simply be irreleant to a proof of .

Once the sets ofkemplars for whiche plays a positie ole or a destructe role are determined, it is

possible to append ®an appropriate subtree whicHeadtively redefines the role af such that it is used

only for those remplars for which it plays a posit# ole® How, then, can we measure the roleedh

allowing or preventing a proof of from E?

At first glance, it wuld appear that it is didient to compare the graghwith the grapm, which
results from deletinge from A. If E |-,r and E [~, r (or vice \ersa) then it is clear that is
“responsible’for r being preable or not preable given the exemplar CE, ©(E) O But, this criterion is
too rigid. In the case of an OUTxemplar, even if it is the case thaE |+, it is dill necessary to
modify e in the eent thate allowed anadditional proof ofr from E. And, in the case of an INkemplar,

even if it is the case thaE |- ar it is still necessaryotto modify e in such a &y as to further prent a

9 PTR is not strictly incremental in the sense that when an edgeisedsdts role in praing or refutingead
exemplar is chec&d. If strict incrementality is a desideratum, PTR can be slightly modified so that an edge is re-
vised on the basis of only thoseemplars which hae dready been processed. Moveq it is generally not neces-
sary to check all>@mplars for relgance. For example, ife is an odd edge anfd is a correctly classified INxem-
plar, thene can be neither needed far(since odd edges can only neaterivations more dificult) nor destructie
for E (sinceE is correctly classified despi&.
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proof ofr from E, snce ultimately some proof is needed.

Fortunately the weights assigned to the edgesvallss the fleibility to not merely determine
whether or not there is a proof ofrom E given A or Ag but also to measure numerically thevilof E
throughr both with and withoue. This is just what is heeded to design a simple heuristic which captures

the dgree to whicke contrikutes to a proof of from E.

Let K=[A, p0be the weighted dt-graph which is beingised. LetK, =[A, p'0 where p' is
identical with p, except thatp'(e) = 1. Let Ks =[A, p'l where p' is identical with p, except that

p'(e) = 0; that is, K is obtained fronK by deleting the edge

Then define for each root

3-e(B) - uge,)
R(CE,O(E)0eK) = —.
3 -ei(B) - ug(e,)

Then if R([E,®(E) O g, K) > 2, we sy thate is neededor E andr; and if Rj([E,©(E) 0 e K) < 1/2
we say thaeis destructivefor E andr;.

Intuitively, this means, forsample, that the edgeis needed for an INxemplar, E, of r;, if most of
the demation of r; from E passes through the edgeWe have simply given formal definition to the
notion that ‘most” of the dewation passes througe, namely that the flav, u'éé(eri), of E throughr;
without eis less than half of the flg uEe(eri), of E throughr; with e For negaion-free theories, this
corresponds to the case where the exiggoresents a clause which is critical for thewdgion of r; from
E. The intuition for destructie elges and for OUTx@mplars is analogouskFigure 6 gves the pseudo

code for computing the needed and destractts for a gien edgee and exemplar se®Z.

In order to understand this beftkat us nev return to our gample dt-graph in the state in which we
left it in Figure 5. The edge corresponding to the cla@&has dropped belwthe threshold.Now let us

check for which eemplars that edge is needed and for which it is destrictiComputing
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function Relevancd [\, p [T weighted dt-gaph , Z: exemplar set e: edg): tuple of set
begin
N OO
DO

Psavedl] Cop)( p);
for E [Z do
for r; O RootgA) do
p(e) 0 1;ul) BottomUKA, p, E); uEeD ur); PO Psaved
p(e) O 0; ull BottomUKA, p, E); ug® 0 u(r;); PO Psaved
Ug®
uEe '

if [(E)=1then R, O

1
elseR 0 —
1 E
if R >2thenNO N []{E};
1
if R < then DO DL {E})

end
end
return [N, D[4
end

Figure 6. Pseudo code for computing the nedst sets ite., the needed and destrugisets) for a gren
edgee and eemplar setZ. The general idea is to compare prddbi’” (computed using functioBot-
tomUp both with and without the edge in question for eactmplar in the gemplar set. Note that the
original weights are sad and later restored at the end of the computation.

R(CE, ©(E) O C3,H) for each gampleE we obtain the follwing:

R( [ popularproduct unsafe-pakaging, established-mased} , (0[], C3,H) = 0.8

R({ unsafe-pakaging, nev-marlet}, (L0, C3,H) = 1.0

R({ popularproduct established-mawy, celebrity-endosemerit, (L 00, C3,H) = 136. 1
R({ popularproduct established-maw, superiorflavor}, (DO, C3,H) =0.1

R( [ popularproduct established-mawd, ecolaically-correct, (DO, C3,H) =0.1
R(d new-marlet, celebrity-endosemerit, (0L (0, C3,H) = 1.0

The high alue of
R({ popularproduct established-mas, celebrity-endosemerit, (1L (1, C3,H)

reflects the dct that without the claus€3, there is scant hope of a detion of buy-stodk for this

example. (Of course, in principle, bottew-market and superiorflavor might still be deleted from the
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body of clauseC4, thus obiating the need fo€3, hut the high weight associated with the litemaiv-

marketin C4 indicates that this is uniy.) Thelow values of

R({ popularproduct established-masy, superiorflavor}, [0 00, C3,H) and
R({ popularproduct established-maw, ecolaically-correct, [0, C3,H)

reflect the &ct that eliminating the claug&3 would greatly diminish the currently undesirably highwflo

throughbuy-sto (i.e., probability of a denation of buy-stod) from each of thesexamples.

An interesting case tokamine is that of

{ popularproduct unsafe-pakaging, established-mau}, [0 1

It is true that the elimination @3 is helpful in preventing an unvanted desiation of buy-stodk because it
prevents a denation of increased-demandhich is necessary fdouy-stok in clauseC1. Nevertheless R
correctly reflects theatt that the clausé3 is not destructie for this emplar since een in the presence

of C3, buy-stok is not denvable due to thedilure of the literal=product-liability.

4.2. Appending a Subtee

Let N be the set ofxamples for whiclke is needed for some root and [@tbe the set of>amples
for which e is destructire for some root (and not needed foy ather root). Having found the setsl and

D, how do we repaire?

At this point, if the seD is non-empty and the sbt is empty we smply delete the edge frody.
We |ustify this deletion by noting that noamplars requiree, so deletion will not compromise the
performance of the thean®On the other hand, iN is not emptywe gply some inductie dgorithm'® to
produce a disjunate rormal form (DNF) logical epression constructed from obsaime propositions

which is true for eachxemplar in D but no exemplar in N. We reformulate this DNF xpression as a

10 Any standard algorithm for constructing decision trees from pes#id neaive examples can be used.
Our implementation of PTR uses ID3 [Quinlan88he use of an induet component to add mesubstructure is
due to Ourston and Moop¢Ourston94].
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conjunction of clauses by taking a singlevrigeral |l as the head of each clause, and using each conjunct
in the DNF epression as the body of one of the clauses. This set of clausesadenbinto dt-grapi,
with | as its root.We then suturé\, to e by adding toAr a rew rodet, an edge frometo t, and another

edge front to the root], of I'y,.

In order to understand wtthis works, first note the importanadt that (lile every other subroutine
of PTR), this method is essentially identical whether the egldming repaired is a clause edge, literal
edge or ngdion edge. However, when translating back from dt-graph form to domain theory form, the
nev nodet will be interpreted dferently depending on whetheg is a clause or a literallf ng is a

literal, thent is interpreted as the clausg — |. If ng is a clause, thehis interpreted as the gaive

literal =l .11

Now it is pain that those »@mplars for whiche is destrucire will use the graph rooted &tto
overcome the déct of e. If ng is a literal which undesirablyxeludesE, then E will get by ng by
satisfying the clausg if ng is a clause which undesirably alle E, then E will be stopped by the me

literal t =-l.

Wheneer a graphA, is sutured intddr, we nmust assign weights to the edgesfgf Unlike the
original domain theoryhoweve, the nev substructure is really just an agdt of the inductie dgorithm
used and the current remt exemplar set. For this reason, it is almost certainly inadvisable to try to

revise it as n& exemplars are encounteredhstead, we wuld prefer that this nme structure be remaed

11 Of course, if we were willing to sacrifice somegalece, we could allw separate sub-routines for the clause
case and the literal cas@his would allov us to make the dt-graphs to be sutured considerably more compact.
particular if n. is a literal we could suture the childrenlah A,, directly ton.. If ng is a clause, we could use the
inductive dgorithm to find a DNF epression whichxxludes gamples inD and includes those iN (rather than the
other vay around as we modo it). Translating this xpression to a dt-graphwith rootl, we could sutured, to Ar
by simply adding an edge from the claugeo the rootl. Moreover, if A, represents a single claulse- I, -, I,
then we can simply suture each of the leaf-ndgdes-, |, directly ton.. Note that ifn, is a leaf or a rgative liter-
al, it is inappropriate to append child edgesidoln such cases, we simply replanog with a nev literal I' and ap-
pend ta’ bothA, and the graph of the clause~ n..
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function Revisq [A\, p 1 weighted dt-gaph , Z: set of @emplas, e:edg, A: real): weighted dt-gaph
begin
[N, D 00 Relevancg A, p[dZ,e);
if D#0 then
begin
if N =0 then p(e)O O;
else
begin
p(e) U 4;
| O NewLiteral();
Ap3 = DTGraph(l, DNF-ID3(D, N));
t 0 NewNod€); AT AddNodéA, t);
if Clause?n,) then Labelt)d -l;
elseLabelt) 0 NewClausg);
AQ AddEdA@(A, [, t O; p(he, t DO 4;
AT AddEd@(A, [0, Roo(Ap3) O; p(d, Roo(Ap3) D O 1;
A []Aps; fore I psdo p(e) O 1;
end
end
return A, pQd
end

Figure 7. Pseudo code for performing avision. The functiorRevisetakes a dt-graph, a set ofamplars

Z, an edge to be ndsede, and a parametet as inputs and produces avised dt-graph as output. The
functionDNF-ID3 is an inductie learning algorithm that produces a DNF formula that accepts elements
of D but not of N, while the functionDTGraph produces a dt-graph with thevgn root from the gien

DNF expression as described in thatte For the sak o expository simplicity we havenot shevn the
special cases in whiahy is a leaf ore is a ngaion edge, as discussed indinote 11.

and replaced with a more appropriatereenstruct should the need arisko ensure replacement instead
of revision, we assign unit certaintgdtors to all edges of the substructugénce the internal edges of the
new structure hae weights equal to 1, tiyawill never be revised. Finally we assign a defult weightZ to
the substructure root edddn,, t [J that connects the necomponent to thexisting Ar and we reset the
weight of the reised edgeg, to the same alue A. Figure 7 gves the pseudo code for performing the

revision step just described.

Consider ourxeample from abee. We ae repairing the clausé3. We havealready found that the

setD consists of thexamples
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{popularproduct established-mawr, superiorflavor} and
{popularproduct established-maw, ecolaically-correct

while the selN consists of the singlexample
{popularproduct established-mam, celebrity-endosemerit.

Using ID3 to find a formula whichxeludesN and includesD, we dbtain { -celebrity-endosemerit
which translates into the single claugke~ —celebrity-endosemerit. Translating into dt-graph form and

suturing (and simplifying using the technique obEnote 11), we obtain the dt-graphwsinan Figure 8.
Obsere mw that the domain theof¥/ represented by this dt-graph correctly classifies taenples

{popularproduct established-mam, superiorflavor} and
{popularproduct established-mamk, ecolmically-correct

which were misclassified by the original domain thebry

5. ThePTR Algorithm

In this section we ge the details of the control algorithm which puts the pieces of theopietwo

sections together and determines termination.

5.1. Control

The PTR algorithm is shn in Figure 9.We @an briefly summarize its operation as falo

(1) PTR process »emplars in random ordempdating weights and performing visions when
necessary

(2) Wheneer a revision is made, the domain theory which corresponds to théy mevised graph is
checled a@inst all @emplars.

(3) PTRterminates if:
(i) All exemplars are correctly classified, or
(i) Every edge in the mdy revised graph has weight 1.

(4) If, after a reision is made, PTR does not terminate, then it continues processmglars in
random order

(5) if, after a completeycle of ekemplars has been processed, there remain misclassifieplars,

then we
() Increment the mg@sion thresholds so thate = min[o + &, 1], and
(ii)
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Figure 8 The weighted dt-graph of Figure 2 aftevising the claus€3 (the graph has been slightly sim-
plified in accordance with the remark indgnote 11).

Increment the alue A assigned to a vised edge and to the root edge of an added
component, so that = min[1 + 5, 1].

(6) Now we begn anev, processing thex@mplars in (ne) random order
It is easy to see that PTR is guaranteed to termin@itee agument is as folls. Wthin
01 10 . . : . : :
maxi—, 5—Dcycles, botho and A will reach 1. At this point, @ery edge with weight less than 1 will be

o A0

revised and will either be deleted orvieaits weight reset tal = 1. Morewer, any edges added during
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revision will also be assigned certaingctor 2 = 1. Thus all edges will va weight 1 and the algorithm

terminates by the termination criterion (ii).

Now, we wish to shav that PTR not only terminatesutbthat it terminates withvery exemplar
correctly classified.That is, we wish to shethat, in fact, termination criterion (ii) can wer be stisfied
unless termination criterion (i) is satisfied as w#lle all this propertycorvemgence In Appendix C we

prove that, under certainery general conditions, PTR is guaranteed tovege.

5.2. AComplete Example

Let us nev review the example which we hae keen considering throughout this paper

function PTR [, p O weighted dt-gaph Z: set of &emplas,
Mo, 00,9,,0,, € A five tuple of eal): weighted dt-gaph
begin
20 A,
o U oo
while OE [Z such thatl'(E) # ©(E) do
begin
for E O RandomlyBrmut€Z) do
begin
ull BottomUg A, pd E);
A, pO0 TopDowr([A, pOu, E, £);
if Oe (A such that p(e) < o then [, p00 Revisd [D, pOZ, e, A);
if OelA,p(e)=1or OE [Z ,I(E) =0O(E) then return A, pO
end
A0 max[A+6,,1];
o 0 maxfo +6,, 1];
end
end

Figure 9 The PTR control algorithm. Input to the algorithm consists of a weighted dt-gfgpil] a st
of exemplarsZ, and five real-\alued parametergg, og, 5;,5,, and . The algorithm produces avised
weighted dt-graph whose implicit theory correctly classifiesxainglars inZ.

31



Koppel, Feldman & Sgre February 1, 1994 Bias-Driven Reision

We kegn with the flaved domain theory and set ofemplars introduced in Section 1.

C1:buy-stok — increased-demand -product-liability
C2:product-liability — popularproductdunsafe-pakaging
C3:increased-demand- popularproductlestablished-mast
C4:increased-demand- new-marletCsuperiokflavor.

We translate the domain theory into the weighted dt-graiph, p of Figure 2, assigning weights via a
combination of useprovided information and detilt values. Br example, the user has indicated that
their confidence in the first literain¢creased-demandn the body of claus€1l is geater than their

confidence in the second literatroduct-liability).

We st the reision thresholds to .1, the resetalue A initially to .7 and their respeet increments

5, ands, to .03. We row dart updating the weights of the edges by processingxéeptars in some

random order
We first process thexemplar
[ unsafe-pakaging, new-marlet}, (0L (L

First, the lemes o the dt-graph are labeled according to their presence or absence ixetinadae
Secondyug(e) values (proof flay) are computed for all edges of the dt-graph in bottormaapidn. Nat,
Ve(€&;,) values are set to reflect thector of correct classifications for theaeple®(E). New values for
Ve(€e) are computed in top aen fashion for each edge in the dt-graph. As thesees are computed,we

values for p(e) are also computed. Processing of this fissneplar produces the updated dt-graphvamno

in Figure 3.

Processing of x@mplars continues until either an edge weidlitsfbelav o (indicating a flaved
domain theory element has been located)ydec(processing of all kmen exemplars) is completed, or

the PTR termination conditions are matr Bur &kample, after processing the additionetraplars

[ popularproduct established-masi, superiorflavor}, [0 [0Jand
[ popularproduct established-masi, ecolayically-correct, [0 0
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the weight of the edge corresponding to claD3edrops belw o (see Figure 5), indicating that this edge

needs to be wised.

We proceed with the rgsion by using the heuristic in Section 4.2 in order to determine for which
set of &emplars the edge in question is needed and for which it is degéruittie edge corresponding to

the clause&C3 is nreeded for
{ d popularproduct established-mam, celebrity-endosemerit, (1L (17}

and is destruote for

{  popularproduct established-mask, ecolayically-correct, [0 1],
[ popularproduct established-mask, superiorflavor}, [0 O}.

Since the set for which the edge is needed is not eApE chooses to append a subtree eadaly
clauseC3 rather than simply deleting the clause outrigbsing these sets as input to ID3, we determine
that the &ct celebrity-endosementsuitably discriminates between the needed and deseusetis. W\
then repair the graph to obtain the weighted dt-graptvishio Figure 8. This graph corresponds to the

theory in which the literatelebrity-endosementas been added to the bodyGH.

We row dcheck the nely-obtained theory embodied in the dt-graph of Figurd.&, (ignoring

weights) aginst all the gemplars and determine that there are still misclassiieghplars, namely

[ unsafe-pakaging, new-marlet}, (L (00 and
 new-marlet, celebrity-endosemerit, L (1

Thus, we continue processing the remainixgrglars in the original (random) order
After processing thexemplars

[{ popularproduct unsafe-pakaging, established-maw¢}, [0 [,
{ popularproduct established-masi, celebrity-endosementt, (1L (1], and
[ new-marlet, celebrity-endosemerit, (1L (1],

the weight of the edge corresponding to the litetgderiorflavor in clauseC4 drops belav the revision

thresholdo. We then determine that this edge is not needed fpiesemplar and thus the edge is simply
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deleted.
At this point, no misclassifiedkemplars remain. The final domain theory is:

C1:buy-stok — increased-demand -product-liability

C2:product-liability — popularproductlunsafe-pakaging

C3:increased-demand- popularproductlestablished-mawcelebrity-endosement
C4:increased-demand- new-marlet

This theory correctly classifies all kno exemplars and PTR terminates.

6. Experimental Evaluation

In this section we will xamine a@perimental eidence that illustrates weral fundamental

hypotheses concerning PTReWish to shav that:

(1) theoriesproduced by PTR are of high quality in three respecty:dteeof lov radicality, they are
of reasonable size, and yhprovide accurate information gerding exemplars other than those
used in the training.

(2) PTRcorverges rapidly — that is, it requireswiecycles to find an adequate set ofisgons.

(3) well-choseninitial weights preided by a domain xpert can significantly impse the
performance of PTR.

More preciselygiven a heoryl™ obtained by using PTR tovise a theory” on the basis of a set of

training e<amplars, we will test thesg/jpotheses as folles.

Radicality Our claim is thatRad(I"") is typically close to minimal wer al theories which
correctly classify all the xamples. Br cases where the tgt theory ©, is known, we measure

Rad(I")
Rad(©)

taiget theory in the sense that iasvable to correctly classify all trainingaenples using less radical

If this value is less than 1, then PTR can be said e bdane &en “better” than finding the

revisions than those required to restore thgettheory If the \alue is greater than 1, then PTR can be

said to hae “over-revised’ the theory

Cross-validation We perform one hundred repetitions of crosdidation using nested sets of

training xamples. Itshould be noted that our actual objeetis to minimize radicality and that often
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there are theories that are less radical than tlyetténeory which also satisfy all trainingaenples.
Thus, while crossalidation gves ©me indication that theoryvision is being successfully performed, it

is not a primary objecte d theory reision.

Theory sizeWe munt the number of clauses and literals in tivisesl theory merely to demonstrate
that theories obtained using PTR are comprehens®lecourse, the precise size of the theory obtained

by PTR is lagely an artifict of the choice of induett omponent.

Compleity. Processing a completgyde of exkemplars isO(n x d) wheren is the number of edges
in the graph and is the number of>@mplars. Lilewise repairing an edge @&(n x d). We will measure

the number of ycles and the number of repairs made untilveaggence. (Recalthat the number of

. . U1 10 . : :
cycles until comergence is in ay event bounded by max— , — [ We will show that, in practice, the
o 20

number of gcles is smalleen if 5, =5, = 0.
Utility of Bias We wish to shav that usetprovided guidance in choosing initial weights leads to
faster and more accurate resultSr cases in which the tget theory ©, is known, let S be the set of

edges ofA- which need to be wésed in order to restore the gat theoryo. Define ps(e) such that for

1 1
eache S, 1- pg(e) = (1- p(e))E and for eacte [1' S, pg(e) = (p(e))E. That is, each edge which needs

to be reised to obtain the intended theory has its initial weight diminished and each edge which need not

be revised to obtain the intended theory has its weight increamd{ﬁ =[Ar, pp O Then, for eaclg,

1 1
= -1
Rad,(©) = -log([] (1-p(e)? x [ (p(e))?) = — Rad(O).
eds elDs B
Here, we compare the results of croafidation and numbeuf-cycles &periments forg = 2 with their

unbiased counterpartsg, 8 = 1).
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6.1. Comparisonwith other Methods

In order to put our results in perspeetive mmpare them with results obtained by other mettiéds.

(1) ID3 [Quinlan86] is the inducte cmponent we use in PTRThus using ID3 is equalent to
learning directly from thexamples without using the initial f\®d domain theoryBy comparing
results obtained using ID3 with those obtained using PTR we @agegthe usefulness of the
given theory

(2) EITHER[Ourston94] uses enumeration of partial proofs in order to find a minimal set of literals,
the repair of which will satisfy all thexemplars. Repairare then made using an indweti
component. EITHEHRs exponential in the size of the theoryt cannot handle theories with
negaed internal literals.lt also cannot handle theories with multiple roots unless those roots are
mutually eclusive.

(3) KBANN [Towell93] translates a symbolic domain theory into a neural net, uses baclaiifopag
to adjust the weights of the retalges, and then translates back from net form to partially
symbolic form. Some of the rules in the theory output by AMN might be numericali.e., not
strictly symbolic.

(4) RAPTURE [Mahong93] uses a ariant of backpropamion to adjust certaintya€tors in a
probabilistic domain theoryIf necessaryit can also add a clause to a rodgill the rules
produced by RAPTURE are numericaLike BTHER, RAPTURE cannot handle gaed
internal literals or multiple roots which are not mutuaktglasive.

Obsere that, relatve © the other methods considered here, PTR is liberal in terms of the theories it
can handle, in that (l&kkKBANN, but unlike HTHER and RAPTURE) it can handle gated literals and
non-mutually &clusive mnultiple roots; it is also strict in terms of the theories it yields in thae (lik

EITHER, lut unlike KBANN and RAPTURE) it produces strictly symbolic theories.

We have noted that both KBNN and RAPTURE output‘iumerical’ rules. Inthe case of
KBANN, a numerical rule is one which fires if the sum of weights associated with satisfied antecedents
exceeds a thresholdin the case of RAPTURE, the rules are probabilistic rules using certaictiyrs
along the lines of MYCIN [Buchanan84ne might ask, then, to whattent are results obtained by
theory reision algorithms which output numerical rules merely acté of the use of such numerical

rules? In other wrds, can we separate théeefs of using numerical rules from théeets of learning?

12 There are other interesting theoryision algorithms, such asTRS [Ginsbeg90], for which no comparable
data is mailable.
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To make this more concrete, consider the fallng simple method for transforming a symbolic
domain theory into a probabilistic domain theory and then reclassifyjiag@es using the obtained
probabilistic theory Suppose we are gen some possibly-flved domain theory. Suppose further that
we are not gien the classification ofven a sngle example. Assigra weight p(e) to each edge of\r
according to the datilt scheme of Appendix ANow, using the bottom-up subroutine of the updating
algorithm, computei:(e,) for each testxampleE. (Recall thatug(e,) is a neasure of he close to a
derivation of r from E there is, gren the weighted dt-graphfr, pd) Now, for some chosencutoff’”
vaue 0< n< 100, if Eg is such thatug () lies in the uppen% of the set of alues{ug(e;)} then

conclude thal is true forEgp; otherwise conclude théatis false forE,.

This method, which for the purpose of discussion we call PTR*, does notyugaiaimg xamples
at all. Thus if the results of theoryvision systems that emplamumerical rules can be matched by PTR*
— which performs no learning— then it is clear that the results are merely actd of the use of

numerical rules.

6.2. Resultson the PROMOTER Theory

We first consider the FBMOTER theory from molecular biology [MurgB2], which is of interest
solely because it has beextensvely studied in the theory w&sion literature [®well93], thus enabling
explicit performance comparison with other algorithmEie PROMOTER theory is a flaed theory

intended to recognize promoters in ANhucleotides. Thetheory recognized none of a set of 106

examples as promoters despite taetfthat precisely half of them are indeed promdters.

13|n our experiments, we use the a@eilt initial weights assigned by the scheme of Appendix A. In addition,
the clause whose head is the propositiontactis treated as a definition not subject teisimn kut only deletion as
awhole.
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Unfortunately the PROMOTER theory (lile mary others used in the theorywsion literature) is
trivial in that it is \ery shallev. Moreover, it is aypical of flaved domains in that it isverly specific lut
not overly general. Given the shortcomings of the RRMOTER theory we will also test PTR on a
synthetically-generated theory in which errorgenbeen artificially introducedThese synthetic theories
are significantly deeper than those used to tesique methods.Moreover, the fact that the intended

theory is knavn will enable us to performxperiments imolving radicality and bias.

6.2.1. Cioss-alidation

In Figure 10 we compare the results of croslidation for PRIRMOTER. We dstinguish between

methods which use numerical rules (top plot) and those which are purely symbolic (bottom plot).

The lowver plot in Figure 10 highlights thedt that, using thealue n = 50, PTR* achiees better
accurag, using no taining examplesthan ay of the methods considered here agkiesing 90 training
examples. Inparticular computingug(e;) for each gample, we obtain that of the 53 highest-ranking
examples 50 are indeed promoters (and, therefore, of ther&3tlwanking ramples 50 are indeed non-
promoters). ThusPTR* achiees H. 3% accurag. (In fact, all of the 47 highest-rankingamples are
promoters and all of the 47vest-ranking are not promotershus, a more conseiive vasion of PTR*
which classifies the, say0% highest-ranking xamples as IN and the 40%west-ranking as OUT

would indeed achige 100% accurag over the ex<amples for which it @ntured a prediction.)

This merely shas that the original PBMOTER theory is @ry accurate praded that it is gien a
numerical interpretationThus we conclude that the success of RAPTURE andNdBfor this domain

is not a consequence of learning froxamples bt rather an artifct of the use of numerical rules.

As for the three methods — EITHER, PTR and ID3 — which yield symbolic rules, we see in the
top plot of Figure 10 that, as reported in [Ourston%eN93], the methods whichxploit the gven

flawed theory do indeed achkie ketter results on RBRMOTER than ID3, which does nok@oit the
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60 | | | |
% Misclassified
508 o——ID3 -
+  +EITHER
sl z---8PTR i
30| -
20 |- -
10 -
0 | | | |
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# Training Exemplars
60 I I I I
% Misclassified
509 +—oRAPTURE 4
+ +KBANN
@ ---8aPTR*

40

30

20

0 20 40 60 80 100
# Training Exemplars

Figure 10: PROMOTER: Error rates using nested training sets for purely symbolic theories (top plot) and
numeric theories (bottom plot). Results for EITHER, RAPTURE, and\KIB are talen from [Ma-
hone/93], while results for ID3 and PTR were generated using simijaeranental procedures. Recall
that PTR* is a non-learning numerical rule system; the PTR* lingténded horizontally for clarity

theory Moreover, as the size of the training set gve, the performance of PTR is increasingly better than
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that of EITHER

Finally, we wish to point out an interestingdt about thexample set.There is a set of 13 out of the
106 xamples which each contain information substantiallfedifit than that in the rest of theaeples.
Experiments she that using ten-fold crossalidation on the 93'good” examples yields 92%
accurag, while training on all 93 of thesexamples and testing on the 1Bad” examples yields beio

40% accurag

6.2.2. Theorysize

The size of the output theory is an important measure of the comprehensibility of the output theory
Ideally, the size of the theory should not grtoo rapidly as the number of trainingaenples is increased,
as lager theories are necessarily harder to interpiiétis obseration holds both for the number of

clauses in the theory as well as for therage number of antecedents in each of those clauses.

Theory sizes for the theories produced by PTR arestio Figure 11.The most striking aspect of
these numbers is that all measures of theory size arevelgiattable with respect to training set size.
Naturally, the eact \alues are to a lge dgree an artdct of the inductie learning component usedin
contrast, for EITHER, theory size increases with training set size [OurstoR®d]Jexample, for 20
training ekamples the output theory size (clauses plus literals) is 78, while for 80 traxa@inmples, the

output theory size is 106.

Unfortunately making direct comparisons with KBNN or RAPTURE is dificult. In the case of
KBANN and RAPTURE, which alle numerical rules, comparison is impossibleegithe diferences in

the underlying representation languag®&vertheless, it is clear that, agpected, KB\NN produces

1 Those readersamiliar with the PRMOTER theory should note that the impement over EITHER is a
consequence of PTR repairing onevfla a ime and using a sharper redace criterion. This results in PTRnays
deleting the etraneousconformationliteral, while EITHER occasionalllyafls to do so, particularly as the number
of training exmaple increases.
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Training Mean Mean Mean Mean
Set Size Clausesin Literalsin Revisionsto Exemplars to
Output Output  Corvergence  Cowmergence
Original
Theory 14 83
20 11 39 10.7 88
40 11 36 15.2 140
60 11 35 18.2 186
80 11 32 22.1 232
100 12 36 22.0 236

Figure 11: PROMOTER: Results. Numbers reported for each training set sizevenaga \alues @er one
hundred trials (ten trials for each of tetample partitions).

significantly lager theories than PTRFor example, using 90 trainingxamples from the PBMOTER
theory KBANN produces numerical theories with, overage, 10 clauses and 102 literal®ye€ll93].
These numbers ould grav substantially if the theory were cesrted into strictly symbolic terms.
RAPTURE, on the other hand, does not change the theory sizéikb KBANN, yields numerical rules

[Mahoney93].

6.2.3. Complexity

EITHER is &ponential in the size of the theory and the number of trainiamples. Br KBANN,
each gcle of the training-by-backpropation subroutine i©(d x n) (whered is the size of the netwk
andn is the number ofx@mplars), and the number of sugfties typically numbers in the hundredsre

for shallawv nets.

Like backpropagtion, the cost of processing atample with PTR is linear in the size of the theory
In contrast, havever, PTR typically cowerges after processing only a irfiraction of the number of

examples required by standard backpraieg techniques.Figure 11 shas the a&erage number of
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exemplars (not gcles!) processed by PTR until a@gence as a function of training set siZghe only

other cost incurred by PTR is that ofigng the theory Each such nésion in O(d x n). The aerage

number of reisions to comergence is also shen in Figure 11.

r « AB
r«—C,_ID
A~ E,F
A < po, G, p1, P2, P3

B

C

C

C « -pg,7Pg

D « pio,7P12 L
D < p3,—pg,~M
E — N, ps, Ps

E « =0,-p7,-ps
F — ps

F < Q-R

G « S-p3, Ps
G < =pio, P12
H U,V

H

|

|

J

< P1, P2; P3, Pa

tot
S =

L « T, P1

L < P2, P12, P16

M « Z,-p17

M « P1g —P19

< 7Po, P1

< P3; Pa, Ps

< P10, 7P12

Z — Py, P3

Z — =Py, P3, P17: P18 P2o
O « =Pz, P4, Ps, P11, P12
O < -pi3, P1s

Y « Pa, PsPe

P« =pe, P7, P

X < p7, Py

Q < Po, Pa

Q « P3,7P13, P14 P15
W < pio, P11

W < pz, Po

R « P12, 7P13, P14

V « =P, P15

S « P3, Ps: P14, P15, P16
U « P11, P12

U < P13, P14 P15 P16 7 P17
T« p7

T < =p7, Ps; Po, "P16: P17, P18

Z2Z 2

Figure 12: The synthetic domain theoy used for the xperiments of Section 6.
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6.3. Resulton Synthetic Theories

The character of the FRMOTER theory mak it less than ideal for testing theoryvigon
algorithms. V& wish to consider theories which (i) are deepdrich (ii) male substantial use of meted
internal literals and which (iii) areverly general as well asverly specific. As opposed to shallo
theories which can generally be easily repaired at the ledf teeper theories often require repairs at
internal levels of the theoryTherefore, a theory vision algorithm which may perform well on shallo
theories will not necessarily scale up well togtar theories. Morer, as theory size increases, the
computational compldgty of an algorithm might preclude its application altogeth&e wish to shav that

PTR scales well to lger, deeper theories.

Since deepermropositional, real-wrld theories are scarce, wevhagenerated them synthetically
As an added bonus, wewd&now the taget theory so we can perform controllegheriments on bias and
radicality In [Feldman93a] the aggydae results of xperiments performed on a collection of synthetic
theories are reportedn order to &oid the dubious practice ofveraging results wer different theories
and in order to highlight significant features of a particular application of PTR, we consider here one

synthetic theory typical of those studied in [Feldman93a].

The theory® is shavn is Figure 12.0Obsenre that © includes four leels of clauses and has nyan
negated internal nodeslt is thus substantially deeper than theories considered before in testing theory
revision algorithms.We atificially introduce, in succession, 15 errors into the th@nfhe errors are
showvn in Figure 13.For each of these theories, we use thead#finitial weights assigned by the scheme

of Appendix A.

Let"; be the theory obtained after introducing the first these errorsin Figure 14 we she the
radicality, Raol—i(@), of © relative 1 each of the flaed theoriesl'; fori =3,6,9, 12, 15as well as the

number of gamples misclassified by each of those theories. Note that, in general, the number of
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Added clausé\ — -pg

Added claus& ~ —ps

Added claus&\ — pg,—p1s

Added literal-pg to clauseB — pg,—p11
Deleted claus® ~ p4,—Ps, P11
Added claus® ~ -pq4

Added claus& — —=p1, Ps

Added literalp, to clauseA — E, F
Added clausé. « pig

10 AddedclauseM ~ =pq3,—p7

11 DeletectlauseQ ~ ps,—P13, P14: P15

12 Deletectlausel — p,, p12, P1s

13 Addedclause] — pj;

14  Deletediteral p, from clauseF — p,

15 Deletediteral p; from clauseB ~ p;,-H

©CoOoO~NOOUTA~,WNPE

Figure 13: The errors introduced into the synthetic the®rin order to produce the fieed synthetic the-
oriesl;. Note that the fifth randomly-generated erroviates the fourth.

misclassified xamples cannot necessarily be assumed to increase monotonically with the number of
errors introduced since introducing an error may either generalize or specialize the Foe@ample,

the fourth error introduced isundone’ by the fifth error Neveatheless, it is the case that for this
particular set of errors, each successheory is more radical and misclassifies aydarnumber of

examples with respect ©.

To measure radicality and accuyaeve choose 200>x@mplars which are classified according@o
Now for eachl’; (i =3, 6,9, 12, 15)ywe withhold 100 tesb@mples and train on nested sets of 20, 40, 60,

80 and 100 training@amples. V& dhoose ten such partitions and run ten trials for each partition.

Rad- (")

In Figure 15, we graph the@age alue 0](Wi(@)’

wherel™ is the theory produced by PTRs

can be seen, thisalue is consistently bedo1. This indicates that the visions found by PTR are less
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3 e g 12 l1s
Number of Errors 3 6 9 12 15
Rad©) 732 1753 2266 27.15 33.60
Misclassified IN 0 26 A A 27
Misclassified OUT 50 45 45 46 64
Initial Accurag 75% 645% 60.5% 60% 54.5%

Figure 14: Descriptve datistics for the flaved synthetic theorids (i =3, 6,9, 12, 15).

1
Normalized
Radicality
0.8} -
0.6} -
0.4} -
<>—er5
+ +F12
0.2} E---dalg i
x — x[g
A—Arg,
o | | | | |
20 40 60 80 100
# Training Exemplars
: : ... Rad () :
Figure 15: The normalized radlcalltyW'(@), for the output theorieE’ produced by PTR fronh;

(i=3,6,9,12, 15)Error bars reflect 1 standard error

radical than what is needed to restore the origtharhus by the criterion of success that PTR set for
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itself, minimizing radicality, PTR does better thamstoring®. As is 10 be expected, the lger the training
set the closer thisalue is to 1.Also note that as the number of errors introduced increasesyihg Ba
radicality achiged by PTR increases as well, since agar number of opportunities are created for more
parsimonious nésion. Moreprecisely the aslerage number of késions made by PTR 03, g, g, 12,

andl {5 with a 100 element training set are 1.4, 4.1, 7.6, 8.3, and 10.4, redpecti

An example will shev how PTR achiees this. Note from Figure 13 that the errors introducefl4n

are the additions of the rules:
A — ﬂpG
S — —|p5
S « pg ~P1s

In most cases, PTR quickly locates thkéraneous clausé — -pg, and discoers that deleting it results

60 | | | |

% Misclassified -
S—=l 15

S0 + +M12 T

40
30
4

20

10

# Training Exemplars

Figure 16: Error rates for the output theories produced by PTR frofh = 3, 6, 9, 12, 15).
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in the correct classification of alkemplars in the training set. Iradt, this change also results in the
correct classification of all teskamples as well. The otheravedded rules do not fct the classification

of ary training examples, and therefore are not deleted or repaired by PTR. Thus the radicality of the
changes made by PTR isMer than that required for restoring the original thebrya minority of cases,

PTR first deletes the clauge — -~py and only then deletes the clauge—~ pg. Snce the literalB is

higher in the tree than the liter8) the radicality of these changes is giaally higher that that required

to restore the original theaory

In Figure 16, we graph the accwaof " on the test setAs expected, accurgcdegenerates
someavhat as the number of errors is increasbldvertheless, een for IN'15, PTR yields theories which

generalize accurately
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Figure 17: Number of @emplars processed until ceargence for; (i =3, 6, 9, 12, 15).
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Figure 17 shas the aerage number obe@mplars required for caergence. Asxpected, the fger
errors in the theorythe faver exemplars PTR requires for ceergence. Morewer, the number of
exemplars processed gis less than linearly with the training set size.dctfin no case &s the werage
number of gamples processed greater than 4 times the training set size. In comparison, baatipropag

typically requires hundreds oydes when it coverges.

Next we wish shw the efects of positre has, i.e., to show that usemprovided guidance in the
choice of initial weights can impve geed of comergence and accurgén cross-\alidation. For each of
the flaved theoried 3 and 15, we cwmpare the performance of PTR usingadéf initial weights and
biased initial weightsf£ = 2). InFigure 18, we sh® how aoss-alidation accuracincreases when bias

is introduced. In Figure 19, we shw how the number of xaamples which need to be processed until

60 I I I I
% Misclassified -
= + +I3
g = ---al 15+ bias
40 - x — x[3+bias -

30
p
20
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Figure 18: Error rates for the output theories produced by PTR frorfi = 3, 6, 9, 12, 15)using ava-
ably-biased initial weights.
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corvergence decreases when bias is introduced.

Returning to thexample abwee, we se that the introduction of bias alle PTR to immediately find
the flaved clauseA —~ pg and to delete it straightaay. In fact, PTR neer requires the processing of
more than 8 xemplars to do so. Thus, in this case, the introduction of bias both speeds wydioa re

process and results in the consistent choice of the optiwisiore

Moreover, it has also been shm in [Feldman93a] that PTR is nadt with respect to random
perturbations in the initial weightsln particular in tests on thirty dferent synthetically-generated
theories, introducing small random perturbations to each edge of a dt-graph before training resulted in
less than 2% of testxamples being classified t#fently than when training as performed using the

original initial weights.
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Figure 19: Number of @emplars processed until ceargence usingdvaably-biased initial weights.
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6.4. Summary

Repairing internal literals and clauses is as natural for PTR as repairseg. lédorever, PTR
corverges rapidly As a esult, PTR scales up to deep theories withodicdlfy. Even for very badly
flawed theories, PTR quickly finds repairs which correctly classify alwknexemplars. Theseepairs
are typicallylessradical than restoring the original theory and are close enough to the original theory to

generalize accurately to testagnples.

Moreover, dthough PTR is robst with respect to initial weights, user guidance in choosing these

weights can significantly impve oth speed of carergence and crossalidation accurac

7. Conclusions

In this paperwe have presented our approach, called PTR, to the theongioa problem for
propositional theories.Our approach uses probabilities associated with domain theory elements to
numerically track the‘flow” of proof through the theorydlowing us to diciently locate and repair
flawed elements of the theoryWe prove that PTR cowerges to a theory which correctly classifies all

examples, and skwexperimentally that PTR isabt and accurateven for deep theories.
There are seral ways in which PTR can beiended.

First-order theories The updating method at the core of PTR assumes thaidptb xemplars
unambiguously assign trutlalues to each obsele proposition.In first-order theory nésion the truth
of an obserable predicate typically depends oariable assignmentsThus, in order to apply PTR to
first-order theory nésion it is necessary to determirieptimal” variable assignments on the basis of

which probabilities can be updated. One method for doing so is discussed in [Feldman93a].

Inductive bias PTR uses bias to locate flad elements of a theoryAnother type of bias can be
used to determine whichwvigion to male. For example, it might be knen that a particular clause might

be missing a literal in its bodyubshould under no circumstances be deleted, or that only certain types of
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literals can be added to the clausg bot others.Likewise, it might be knan that a particular literal is
replaceable it not deletable, etclt has been slwan [Feldman93b] that by modifying the indui
component of PTR to account for such bias, bottv&@gence speed and crosalidation accuracare

substantially impreed.

Noisy eemplas. We haveassumed that it is only the domain theory which is in needvidioae,
but that the gemplars are all correctly classifiedften this is not the caselThus, it is necessary to
modify PTR to tak into account the possibility of reclassifyingemplars on the basis of the theory
rather than viceersa. ThePTR* algorithm (Section 6) suggests that misclasseemplars can
sometimes be detected before processiBgefly, the idea is that anxample which allavs multiple
proofs of some root is almost certainly IN for that rogiardless of the classification wevsabeen told.
Thus, ifug(e) is hgh, thenE is probably IN rgardless of what we are told; analogoysfyug(e,) is
low. A modified \ersion of PTR based on this obsdion has already been successfully implemented

[Koppel93].

In conclusion, we belie the PTR system marks an important contiitn to the domain theory

revision problem. More specificallyhe primary innwations reported here are:

(1) Byassigning bias in the form of the probability that an element of a domain theorydd,flae
can clearly define the objeati d a theory reision algorithm.

(2) Byreformulating a domain theory as a weighted dt-graph, we can numerically tracevtbedlo
proof or refutation through theaxious elements of a domain theory

(3) Proofflow can be used to fifiently update the probability that an element is/éld on the basis
of an emplar.

(4) Byupdating probabilities on the basis abeplars, we can &€iently locate flaved elements of a
theory

(5) By using proof flev, we can determine precisely on the basis of whigbmglars to reise a
flawed element of the theary
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Appendix A: Assigning Initial Weights

In this appendix we ge cne method for assigning initial weights to the elements of a domain tHEwey
method is based on the topology of the domain theory and assumes that-pmuvided information
regarding the likelihood of errors is\ailable. If such information is\ailable, then it can be used to
override the \alues determined by this method.

The method wrks as follavs. First,for each edge in Ar we define the'semantic impact'of e,
M(e). M(e) is meant to signify the proportion okamples whose classification is directlyeated by the
presence ogin Ar.

One straightfonard way of formally definingM(e) is the folloving. LetK' be the pairr, | O

such thatl assigns all root and gaion edges the weight 1 and all other edges the W%ghlet I (e) be

identical tol except thate and all its ancestor edgesvhaleen assigned the weight Let E be the
example such that for each obsanle propositiorP in I', E(P) is the a priori probability thal is true in

a randomly selectedxample!® In particular for the typical case in which obsable propositions are
1
Boolean and allxample are equiprobabl&(P) = > E can be thought of as th@verage’ example.

Then, if no edge of\- has more than one parent-edge, we formally define the semantic significance,
M(e), of an edgein Ar as follows:

_ Kl@® K.'(©®
M(e) =ug (e)-ug® (e).

That is,M(e) is the diference of the flv of E through the root, with and without the edge:

Note thatM(e) can be diciently computed by first computin@I (e) for every edgee in a single
bottom-up traersal of A, and then computingy/i(e) for every edgee in a single top-dan traversal ofAr,
as follovs:

(1)  For aroot edge, M(r) = 1-uf'(r).

—u
(2) For all other edgesvi(e) = M(f (e)) x w
ug (€)

edge inAr has more than one parent-edge then we d#fif® for an edge by using this method

, Where f (e) is the parent edge & If some

of computation, where in place BF(f (e)) we usemfax%/l(f(e))g

Finally, for a setR, of edges inG, we cefineM(R) = 5 M(e).1®
edR

Now, having computedvi(e) we compute the initial weight assignmentepop(e), in the follawing
way. Choose some lgeC.'’ For eachein Ar define:

15 Although we hse cefined an xample as 40, 1} truth assignment to each obsasle proposition, we ka
already noted in ¢otnote 4 that we can just as easily proceasn@les which assign to obsables ag value in the
interval [0,1].

16 Opsere that the number ofxamples reclassified as a result of edge-deletion iscin superaddite, a fact
not reflected by this last definition.

17 We have not tested he to chooseC “optimally” In the experiments reported in Section 6, thalue
C = 10° was wsed.
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CM(e)
CM® +1°

Now, regadless of hav M(e) is defined, the virtue of this method of computipfe) from M(e) is the
following: for such an initial assignmem, if two sets of edeg [A\[-, p Uare d equal total stength then
as rwsion sets thgare o equal radicality. This means that all vesion sets of equal strength are a priori
equally probable.

p(e) =

For a ®t of edges of\r, define
(l ifedS
() = Difens
Then the abee can be formalized as folls:

Theorem AL If RandS are sets of elements Bfsuch thatM(R) = M(S) then it followvs
thatRad(R) = Rad(S).

Proof of Theorem AL Let R andS be sets of edges such th&tR) = M(S). Recall that

Rad(S) = —log [ [L - p(e)]%® x [ p(e)] @1
L 0

Then

exp(-Rads)) _ M [1 - p(e)]¥® x p(e)*~©
exp(-RadR))  em [1- p(e)]*® x p(e)*~RE

(e)-S(e)
et~ p<e>§

(©-S(©
M S;M(e)ﬁ

e[ U
— CM(R)—M(S) =1.

It follows immediately thaRad(R) = Rad(S). O

A simple consequence which illustrates the inteitess of this theorem is the follmg: suppose
we hare wo possible reisions ofA, each of which entails deleting a simple liter&uppose further that
one literal,l4, is deep in the tree and the othky, is higher in the tree so thal(l,) =4 x M(I;). Then,
using deéult initial weights as assigned afepthe radicality of deletind, is 4 times as great as the
radicality of deletind;.
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Appendix B: Updated Weights as Conditional Pobabilities

In this appendix we px@ tat under certain limiting conditions, the algorithm computes the conditional
probabilities of the edgeswgh the classification of thexample.

Our first assumption for the purpose of this appendix is that the correct dtfgyapknovn to be a
subgraph of the gen dt-graphAr. This means that forvery noden in Ar, w(n) = 1 (and, consequently
for every edgeein Ar, p(e) = w(e)). A pair [Ar, wOwith this property is said to eletion-only

Although we informally defined probabilities directly on edges, for the purposes of this appendix we
formally define our probability function on the space of all subgraphs: offhat is, the elementary
events are of the formAg = A where Ar A . Then the probability thate (A g is simply
r’%r {p(lo =Ar)le [A }.

We sy that a deletion-onlyveighted dt-grapiA\, p Ois edge-independerif for any " (T,
P(lo =4Ar)= [1 p(e)x [1 1-np(e).

e[ r e DAr'
Finally, we say that/A is tree-like if no edgee [AA  has more than one parent-edg@&bsene that ary dt-
graph which is connected and treeslttas only one root.

We will prove results for deletion-onj\edge-independent, tree-ékneighted dt-graph®

First we introduce some more terminolodyecall that gery node inAr is labeled by one of the
literals inf™ and that by definition, this literal is true if not all of its childremjnare true. Recall also
that the dt-grapiAr [A  represents the sets oAND equationsf” O I. A literal | in ™ forces its parent
in I” to be true, gien the set of equatior’s and the RampleE, if | appears i’ and is &lse gven " and
E. (This follows from the definition of NND.) Thuswe say that an edgein Ar is usedby E in Ap if
e [N r andl™ |- g -n,.

If eis not used b¥E in A we write NE (€). Note thatNE (e,) if and only if " (E) = 1.
Note that, gien the probabilities of the elementaryeats A- = Ag, the probabilityp(N2(e)) that

U , g
the edgee is not used byE in the taget domain theor® is simply 5 [p(Ar = Ag)|NE (€0 Where
roo 0
there is no ambiguity we will uség(e) to refer toNZ(e).
Theorem B1 If [Ar,wlis a deletion-only edge-independent, tree-bkweighted dt-
graph, then forery edgee in Ar, ug(e) = p(Ng(e)).
Proof of Theorem Bl We use induction on the distance of from its deepest
descendant. Ihg is an obserable propositionP thene is used byE in © precisely if
e[® and P is false in E. Thus the probability that is not used byE in © is
[1-p(e)] x[1-E(P)] = ug(e).
If ng Ls not a obsemble proposition the® |_AE =N precisely if all its children i
are true ird, that is, if all its children are unused@n But then

P(Ne(€) = p(e) x p(O |[-g —~Ne) (edge independenge

18 Empirical results she that our algorithm yields reasonable approximations of the conditional probabilities
even when these conditions do not hold.
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= p(e) x Ne(s , , ,
P(e) s Dcr!i_kljrer(e) P(NE(s) (induction typothesi3

=pex [1 U
s O children(e)
= UE(e).
O

This justifies the bottom-up part of the algorithin.order to justify the top-den part we need one more
definition.

Let p(e|CE,©(E) D be the probability thaie [ o given [Ar, pOand the remplar CE, ©(E) O
Then

2 {p(do =Ar)le A -, O(E) = I"(E)}

_rm
p(e|(E,©(E)D = r% {p(Do = A)|O(E) = I'(E)}

Now we have

Theorem B2 If [Ar, wis deletion-only edge-independent and treedikthen for eery
edgeein Ar, Prew(€) = p(el[E, ©(E) D).

In order to pree the theorem we needveeal lemmas:
Lemma B1 For every exampleE and eery edgeein Ar

P(~Ng(€)) = p(~Ng(€), Ne(f(€))) = p(~Ne(€)INe(f(e))) x p(Ne(f(8))).

This follows immediately from theatct that if an edges, is used, then its parent-edgie), is not used.
Lemma B2 For every exampleE and @ery edgeein Ar,

P(Ne(E)INe(f(e), [E, ©(E) D) = p(Ne(€)INe(f (€))).

This lemma states thddg(e) and [E, ©(E) Oare conditionally independentvgn Ng(f(e)) [Pearl88].
That is, onceNg(f(e)) is knovn, [E,©(E) Oadds no information garding Ng(e). This is immediate
from the fct thatp([E, ©(E) [JNg(f(€))) can be gpressed in terms of the probabilities associated with
non-descendants df(e), while p(Ng(e)) can be gpressed in terms of the probabilities associated with
descendants of(e).

Lemma B3 For every exampleE and @ery edgeein Ar,
Ve(€) = p(Ne(e)|LE, ©(E) D).

Proof of Lemma B3 The proof is by induction on the depth of the edgdsor the root
edgeg, we have

Ve(&) = ©(E) = p(&(E) = 1|LE,O(E) D = p(Ne(e)|LE, ©(E) D.

Assuming that the theorem is kmo for f (e), we shav that it holds fore as follovs:

ve(e) =0 -y (eDVe (@)
1-ve(@ = d-ue@ - 7o)

(definition ofv)
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= pNe(@) x L O (Theorem 8).

= p(Ne(@)| CE, O(E) 0) x m (induction iypothesy

= P(NE(®)| CE, O(E) D) x p(~Ne(e)INe(f (@) (Lerma 89

= P(Ne(8)| (E, O(E) O (Lomma 8
« p(~Ne(@INe(T(e), [E, O(E) D

= p(=Ne(©), Ne(f(e)I (E, O(E) ) (Bayes ru

= p(=Ne (@) CE, 0(E) 0 (Lormma 89

=1-p(Ne(e)|LE, ©(E) D).
|
Let —e be short for thevent e [1Ag. Then we hae
Lemma B4 For every exampleE and &ery edgeein Ar,

p(-e) = p(—~e,~Ng(e)) = p(—€e|Ng(e)) x p(Ne(€)).
This lemma, which is analogous to Lemma B1, fefidrom the &ct that ife is deleted, theer is unused.
Lemma B5: For every exampleE and @ery edgeein Ar,

p(-e[-~Ng(e), LE,O(E) D) = p(-~e|~Ng(€)).

This lemma, which is analogous to Lemma B2, states ttetand LE,®(E) U are conditionally
independent gen =-Ng(e). Thatis, once=Ng(e) is known, [E, ©(E) Oadds no information garding
the probability of—e. This is immediate from theatt thatp([E, ©(E) []-Ng(e)) can be rpressed in
terms of the probabilities of edges other tkan

We row haveall the pieces to px@ Theorem B2.

Proof of Theorem B2

_ _G_ a0Vve(®
L~ Pren(® = 1~ PO -

(definition ofpmw)

= X 7VE(e) eorem

= p(-e) o(N&(9) (Th B)
_ . P(=€)

= p(Ne(e)|LE,©(E) D o(Ne(e) (Lemma B)
= p(Ne(e)|LE, ©(E) [) x p(-€e|Ng(e) (Lemma B)
= p(Ne(e)|CE, ©(E) ) x p(-€|Ng(e), [E, ©(E) O (Lemma BY
= p(-e, Ne(e)|LE,©(E) D (Bayes rulg
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= p(-e|lE,6(E)D (Lemma B)

=1- p(e|CE,O(E) D.
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Appendix C: Proof of Corvergence

We haveseen in Section 5 that PTRaalys terminatesWe wish to shav that when it does, allkemplars
are classified correctlyWe will prove this for domain theories which satisfy certain conditions which will
be made precise b&lo The general idea of the proof is the fellag: by definition, the algorithm
terminates either when alk@mplars are correctly classified or when all edge heeight 1. Thus, it is
only necessary to shothat it is not possible to reach a state in which all edges Wweight 1 and some
exemplar is misclassifiedWe will prove tat such a statails to possess the property @ohsisteng”
which is assumed to hold for the initial weighted dt-gr&ptand which is preseed at all times by the
algorithm.

Definition (Consistency The weighted dt-grapK =[A, p is consistenwith exemplar
CE, ©(E) Uif, for every rootr; in A, ether:

() ©(E)=1aduf(r;)>0, or

(i) ©(E)=0andulf(r;) < 1.

Recall that an edgeis defined to bewen if it is o even depth along eery path from a root and odd if is
of odd depth alongvery path from a root.A domain theory is said to henambiguousf every edge is
either odd or een. Notethat ngaion-free domain theories are unambiguoMge will prove aur main
theorem for unambiguous, single-root domain theories.

Recall that the only operations performed by PTR are:
(1) updatingwveights,
(2) deletingeven edges,
(3) deletingodd edges,
(4) addinga subtree beneath awven edge, and
(5) addinga aubtree beneath an odd edge.
We dhall shav that each of these operations is performed in suclysas to preseevaonsisteny.

Theorem C1 Consistency If K=[A, pis a single-rooted, unambiguous weighted dt-
graph which is consistent with theemplar [E, ©(E) DandK' = [A\", p' Ois obtained from

K via a single operation performed by PTR, thérs also a single-rooted, unambiguous
dt-graph which is consistent with.

Before we prae this theorem we shothat it easily implies corergence of the algorithm.

Theorem C2 Corvergencd: Given a sngle-rooted, unambiguous weighted dt-graoh
and a set of emplars Z such thatK is consistent with \ery exemplar in Z, PTR
terminates and produces a dt-gré@plvhich classifies\eery exemplar inZ correctly

Proof of Theorem C2 If PTR terminates prior to each edge being assigned the weight 1,
then by definition, all>eemplars are correctly classifieuppose then that PTR produces

a weighted dt-graph’ = [A\', p' O such thatp'(e) = 1 for every e [A '. Assume, contrary

to the theorem, that someemplar [E,@(E) O is misclassified byK' for the rootr.
Without loss of generalifygssume that’E, @(E) Ois an IN ekemplar ofr. Snce p'(e) =1

for every edge, this means thaf (e/) = 0. But this is impossible since the consisieotc

K implies thatuf (e;) > 0 and thus it follavs from Theorem C1 that for iK' obtainable
form K, uf (e;) > 0. This contradicts the assumption tiais misclassified bx'. 0

Let us nev turn to the proof of Theorem CAMVe will use the follaving four lemmas, slightariants of
which are proed in [Feldman93a].
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Lemma CI If K' =[A, p'Ois obtained fronK =[A, p Ovia updating of weights, then for
evay edgee [\ such that &< p(e) < 1, we have0 < p'(e) < 1.1°

Lemma C2 Let K=[A, p0be a weighted dt-graph such thak 0K(e) <1 and let
K'=[A, p'0 Then if for every edgee in A such that & p(e) < 1, we have0 < p'(e) < 1,
it follows that O< uf (g/) < 1.

Lemma C3 Let K=[A, p0 be a weighted dt-graph such thaf(e)>0 and let
K'=[A', p'0 The, if for every edgeein 4, it holds that either:

(i) p'(e) = p(e), or ,
(i) depthe) is odd andu (e) > 0, or
(i) depthe) is even and ulf (e) < 1

thenuf (e) > 0.

An analogous lemma holds where the roles>00* and “< 1" are reversed.

Lemma C4 If eis even edge inK, then uEé(er) >uk(e) 2 uEe(r). In addition, ifeis an

odd edge ik, thenute(e,) < uf(e) < uke(r).

We @n nav prove nsisteng (Theorem C1). We assume, without loss of generalithat
LE,O(E)Uis an IN exemplar of the root and prae that for each one of the &vperations (updating
and four reision operators) of PTR, thatkf is obtained by that operation frokhandut(e;) > 0, then
uf (&) > 0.

Proof of Theorem C1 The proof consists of feveparate cases, each corresponding to

one of the operations performed by PTR.

Case 1K' is obtained fronK via updating of weights.

By Lemma C1, for eery edgee in A, if 0 < p(e) <1 then 0< p'(e) < 1. But then by
Lemma C2, ifuf(e) > 0thenuf (g) > 0.

Case 2K' is obtained fronK via deletion of an\en edge,e.
From Lemma C4(j), we e ute(e,) = uf(e;) > 0.
Case 3K' is obtained fronK via deletion of an odd edge,

The edgee is deleted only if it is not needed foryaexemplar Suppose that, contrary to
the theorem, there is an INnplar CE, ©(E) O such thatuf(e;) > 0 but uf (g) = 0.
Then

K
ug®(er)

R(LE,0(E) 0 e K) = o)

19 Recall that in the updating algorithm we defined

O ifeE)=0
Ve(e) = - ifQE)=1

The somwhat annging presence of > 0is necessary for the proof of Lemma C1.
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K
ug*(er)
u (er)

K
Ug®(er)
==—=>2
0
But thene is needed foE, contradicting thedct thate is not needed for grexemplar.
Case 4K’ is obtained fronK via appending a subtree beneath wnedge,e.

If p'(e) <1, then the result is immediate from Lemma Qtherwise, letf be the root
edge of the subtrefs, which is appended th, beneathe. ThenK'|f = K,. Suppose that,
contrary to the theorem, there is some Wéneplar [E, ©(E) Osuch thatu(e) > 0 kut
u€'(e;) = 0. Then by Lemma CA4(iiyse(e;) = u€®(e,) < uf (e;) = 0. But then,

K
ug®(er)

R(CE,O(E)OeK) = o)

uEé(er)
Thuse is destruciie for E in K. But then, by the construction af, uf (f)=1. Thus,
uf (e) =0 < 1 The result follovs immediately from Lemma C3.
Case 5K’ is obtained fronK via appending a subtree kobeneath the odd edge,

Suppose that, contrary to the theorem, some xdinplar [E,©(E) [ uf(e) >0 hut
uf () = 0. SinceK' s = K, it follows that

=0.

Ke
R(CE, ©(E) [ e,K) = “Ef(ef)
uEe(er)
_ Ug'(e)
= ,
Ug (er)
Now, using Lemma C4(ii) on both numerator and denominaterrave
K
ugs(g ,
% >uk(e)uf(g)=00>2
Ue (er)

Thus, e is needed foilE in K. Now, let f be the root edge of the appended subttge,
Then, by the construction d,, it follows thatuf'(f) < 1 and, thereforeuf (e) > 0. The
result is immediate from Lemma C3.

This completes the proof of the theorem.

It is instructve o note wty the proof of Theorem Clails if A is not restricted to unambiguous
single-rooted dt-graphsin case 4 of the proof of Theorem C1, we use #ut that if an edge is
destructve for an eemplar [CE, ©(E) Othen the reision algorithm used to construct the subgrall,
appended tee will be such thatul (f) = 1. However, this fact does not hold in the case wherés
simultaneously needed and destretiThis can occur igis a descendant of twoots whereE is IN for
one root and OUT for another rodt.can also occur when one path frerto the rootr is of even length
and another path is of odd length.
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Appendix D: Guide to Notation

™ I O 7

E

i (E)
Oi(E)
[E,O(E)0

ug(e)
Ve(€)

R (CE,©(E) O g K)

Rad(l")

A domain theory consisting of a set of clauses of the foymi; ~ B;.
A clause label.

A clause head; it consists of a single pwosititeral.

A clause body; it consists of a conjunction of pesitir negdive literals.
An example; it is a set of obsele propositions.

The classification of thexampleE for theith root according to domain thedry
The correct classification of theampleE for theith root.

An exemplar, a dassified @ample.

The set of MND clauses equalent torl.

The dt-graph representationof

The node to which the edgdeads.

The node from which the edgecomes.

The weight of the edge it represents the probability that the edgeeeds to be
deleted or that edges need to be appended to thenpode

A weighted dt-graph.

Same a¥ but with the weight of the edgeequal to 1.
Same a¥ but with the edgee deleted.

The *flow” of proof from the ampleE through the edge.

The adjusted flw of proof throughe taking into account the correct classification
of the xampleE.

The tent (ranging from 0 teo) to which the edge in the weighted dt-grapk
contritutes to the correct classification of theepleE for theith root. If R; is
less/more than 1, thenis harmful/helpful; ifR; = 1 theneis irrelevant.

The revision threshold; ifp(e) < o theneiis revised.

The weight assigned to avised edge and to the root of an appended component.
The revision threshold increment.

The revised edge weight increment.

The radicality of the changes requiredkian order to obtain a wésed theory™.
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