Optimal Search, Learning and
Implementation

Alex Gershkov and Benny Moldovanu *
September 15, 2011

Abstract

We characterize the incentive compatible, constrained efficient pol-
icy ("second-best") in a dynamic matching environment, where im-
patient, privately informed agents arrive over time, and where the
designer gradually learns about the distribution of agents’ values.
We also derive conditions on the learning process ensuring that the
complete-information, dynamically efficient allocation of resources ("first-
best") is incentive compatible. Our analysis reveals and exploits close,
formal relations between the problem of ensuring implementable al-
location rules in our dynamic allocation problems with incomplete
information and learning, and between the classical problem, posed
by Rothschild /21/, of finding optimal stopping policies for search that
are characterized by a reservation price property.

1 Introduction

We characterize the incentive compatible, constrained efficient policy ("second-
best") in a dynamic allocation environment with several heterogenous ob-
jects, where impatient, privately informed agents arrive over time, and where
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the designer gradually learns about the distribution of agents’ values. The
second-best policy is characterized by a suitable generalization to heteroge-
nous objects of the so-called reservation price property, first discussed in
Rothschild’s [21] classical paper. We also derive conditions on the learning
process ensuring that the complete-information, dynamically efficient alloca-
tion of resources ("first-best") is incentive compatible, in which case it also
displays a reservation price property.

Although rather rare in the mechanism design literature, the assumption
of gradual learning about the environment (which replaces here the standard
assumption whereby the agents’ values are not known but their distribution
is) seems to us descriptive of most real-life dynamic allocation problems.
This feature is inconsequential in static models where an efficient allocation
is achieved by the dominant-strategy Vickrey-Clarke-Groves construction,
but leads to new and interesting phenomena in dynamic settings.

The allocation (or assignment) model studied here is based on a classical
model due to Derman, Lieberman and Ross [9] (DLR hereafter). In the DLR
model, a finite set of possibly heterogenous, commonly ranked objects needs
to be assigned to a set of heterogeneous agents who arrive one at a time.
After each arrival, the designer decides which object (if any) to assign to the
present agent. In a framework with several homogenous objects the decision
is simply whether to assign an object or not. In the static counterpart of this
problem all agents are present at the same point in time, and the optimal
matching is assortative: the agent with the highest type should get the object
with the highest quality, and so on (see Becker [4])!.

Both the attribute of the present agent (that determines his value for the
various available objects) and the future distribution of attributes are known
to the designer in the DLR analysis. Learning in the complete-information
DLR model has been first analyzed by Albright [1]. Gershkov and Moldovanu
[10] (GM) added incomplete information to Albright’s learning model and
showed, via an example, that the efficient policy need not be implementable
if the designer insists on the simultaneity of physical allocations and monetary
payments (such schemes are called "online mechanisms" in the literature).
This contrasts available results about efficient dynamic implementation for
the standard case where statistical dependence between the types of different

'In another classical static model, Mussa and Rosen studied screening under incom-
plete information in a framework where agents need to be matched to commonly ranked
qualities.



agents is ruled out (see for example Parkes and Singh, [19], and Bergemann
and Valimiki [5]). In this paper, the types of early agents become, via the
learning process, informative about the types of later agents and indepen-
dence fails.

If all payments can be delayed until a time in the future when no new
arrivals occur, the efficient allocation can always be implemented since pay-
ments can be then conditioned on the actual allocation in each instance?. But
such uncoupling of the physical and monetary parts is not always realistic in
applications, and we will abstract from it here 3.

When learning about the environment takes place, the information re-
vealed by a strategic agent affects both the current and the option values
attached by the designer to various allocations. Since option values for the
future serve as proxies for the values of allocating resources to other (future)
agents, the private values model with learning indirectly generates informa-
tional externalities®. Segal [23] analyzed revenue maximization in a static
environment with an unknown distribution of the agents’ values, and also
observed that agents have an informational effect on others. But, the type
of problems highlighted in our present paper do not occur in Segal’s static
model since a standard VCG mechanism always leads there to the efficient
outcome.

In our model, a necessary condition for extracting truthful information
about values is the monotonicity of the (possible random) allocation rule,
i.e., agents with higher values should not be worse-off than contemporaneous
agents with lower values. Intuitively, monotonicity will be satisfied if the
increased optimism about the future distribution of values associated with
higher current observation is not too drastic. A drastic optimism may be
detrimental for an agent whose revealed information induces it- leading to
a failure of truthful revelation- if the designer decides in response to deny
present resources in order to keep them for the "sunnier" future. GM [10] de-
rived an implicit condition on the structure of the allocation policy (and thus
on endogenous variables) ensuring that efficient implementation is possible.
They showed that monotonicity holds if the impact of currently revealed in-

%See also Athey and Segal [2].

3Qur main results can also be seen as a measure of the cost of having online payments.

4Dasgupta and Maskin [8] and Jehiel and Moldovanu [11] have analyzed efficient im-
plementation in static models with direct informational externalities. Kittsteiner and
Moldovanu [12] used these insights in a dynamic model with direct externalities and with-
out learning.



formation on today’s values is higher than the impact on option values. This
observation translates to the dynamic framework with learning the single-
crossing idea appearing in the theory of static efficient implementation with
interdependent values. But, the resulting set of conditions was unsatisfactory
since it is not formulated in terms of the primitives of the learning model.
Two natural research directions are suggested by the above insights:

1. Since the complete information, dynamically efficient policy is likely
to be implementable only under restrictive conditions, it is of interest
to characterize the optimal policy respecting the incentive constraints
(second-best). We are able to offer here a complete characterization
by using several concepts that were developed in the context of ma-
jorizationn theory. The crucial insight is that the second-best policy is
deterministic, i.e. it allocates to each type of agent, at each point in
time, a well defined available quality instead of a lottery over several
feasible qualities.

2. Tt is of interest to derive direct conditions - that can be checked in
applications - on the exogenous parameters of the allocation cum
learning environment that allow the implementation of the first best
(e.g., conditions on the initial beliefs about the environment and on the
learning protocol). We offer here two such sets of sufficient conditions
ensuring that the first-best is indeed implementable.

Our analysis of the above questions reveals and exploits close, formal rela-
tions between the problem of ensuring monotone - and hence implementable
- allocation rules in our dynamic allocation problems with incomplete infor-
mation and learning, and between the older, classical problem of obtaining
optimal stopping policies for search that are characterized by a reservation
price property. In particular, and letting aside for a while the mechanism
design/dynamic efficiency interpretation, our results about the above second
question can also be seen as offering conditions ensuring that the optimal
search policy without recall for highest prices for several (possibly heteroge-
nous) objects exhibits the relevant generalization of the reservation price
property®.

®Qur results can also be easily adapted for the version where a buyer who wants to buy
several units searches for the lowest prices offered by sellers who each possess one unit.



It is important to note that in the classical search model, price quotations
are non-strategic, and the monotonicity requirement behind the reservation
price property is only a convenient, intuitive feature, facilitating the use of
structural empirical methods in applied studies. In contrast, implementabil-
ity is, of course, a "non-plus-ultra" requirement in our strategic, incomplete
information model. In particular, our characterization of the second-best
mechanism (question 1 above) has no counterpart in the classical search lit-
erature.

The paper is organized as follows: In Section 2 we present the dynamic
allocation and learning model and we recall a result, due to Albright [1], that
characterizes the efficient dynamic allocation policy under complete informa-
tion about the arriving agents’ values. In Section 3 we add incomplete infor-
mation about the agents’ value (while keeping the assumption that the de-
signer gradually learns about the distribution of values). We first characterize
incentive compatible allocations in terms of a monotonicity property. An ex-
ample shows that the efficient allocation, as described by Albright, need not
be implementable. We then characterize the incentive-compatible dynamic
policy that maximizes expected welfare while respecting incentive compati-
bility (second best), using mathematical ideas from majorization theory. In
particular, we show that the second-best policy is always deterministic, and
that it satisfies a generalized form of a reservation price property appearing
in classical search models. In Section 4 we offer two sets of sufficient con-
ditions under which the second-best policy coincides with the first-best (in
other words, we offer conditions under which the complete information dy-
namically efficient policy characterized by Albright is incentive compatible).
A common requirement is a stochastic dominance condition: higher current
observations should lead to more optimistic beliefs about the distribution of
future values. The other requirement puts a bound on the allowed optimism
associated to higher observations in each period of search. The two obtained
bounds differ in their response to an increase in the number of objects (or
search periods): in the first result, Theorem 4, the bound becomes tighter in
early search stages, while in the second the bound becomes tighter in later
periods. In Subsection 4.1 we highlight the similarities and the differences
between our results and several earlier results about the reservation price
property obtained in the search literature. Section 5 concludes. All proofs
are relegated to an Appendix.



2 The Model

There are m items and n agents. Each item i is characterized by a "quality"
¢i, and each agent j is characterized by a "type" z;. If an item with quality
¢; > 0 is assigned to an agent with type x; and this agent is asked to pay p,
then this agent enjoys a utility given by ¢;x; — p. Getting no item generates
utility of zero. The goal is to find an assignment that maximizes total welfare.
In a static problem, total welfare is maximized by assigning the item with the
highest quality to the agent with the highest type, the item with the second
highest quality to the agent with the second highest type, and so on... This
assignment rule is called "assortative matching".

Here we assume that agents arrive sequentially, one agent per period of
time, that each agent can only be served upon arrival (there is no recall),
and that assigned items cannot be reallocated in the future.

Let period n denote the first period, period n—1 denote the second period,
..., period 1 denote the last period. If m > n we can obviously discard the
m — n worst items without welfare loss. If m < n we can add "dummy"
objects with ¢; = 0. Thus, we can assume without loss of generality that
m=n.

While the items’ properties 0 < ¢; < ¢s... < ¢, are assumed to be known,
the agents’ types are assumed to be independent and identically distributed
random variables X; on [0, +00) with common cumulative distribution func-
tion F.

We assume that there are one or more unknown parameters of the dis-
tribution F' from which agents’ types are sampled. The beliefs about these
parameters are originally given by a prior distribution which is then sequen-
tially updated via Bayes’ rule as additional information is observed. De-
note by ®,, the designer’s prior over possible distribution functions, and by
Oy (2, ..., xky1) his beliefs about the distribution function F' after observ-
ing types x,,...,rp11. Given such beliefs, let ﬁk(x|xn, ...y Tx+1) denote the
distribution of the next type zj, conditional on observing x,, ..., Tx+1, while
fk(a:]xn, ..., Zr+1) denote the corresponding density. We assume that the dis-
tribution F; i (Z|Tp, ..., Tr1) is symmetric with respect to observed signals - a
feature satisfied by the standard Bayesian learning model used here.

Finally, we assume that upon arrival each agent observes the whole history
of the previous play.

We start by characterizing the dynamically efficient allocation under



complete information, i.e., the agent’s type is revealed to the designer
upon the agent’s arrival (thus there is still uncertainty about the types of fu-
ture agents). The efficient allocation maximizes at each decision period the
sum of the expected utilities of all agents, given all the information available
at that period.

Let the history at period k, Hy, be the ordered set of all signals reported
by the agents that arrived at periods n, ..., k+ 1 , and of allocations to those
agents®. Let Hj, be the set of all histories at period k. Denote by Y, the
ordered set of signals reported by the agents that arrived at periods n, ..., k+1.
Finally, denote by I, the set of available objects at k& (which has cardinality
k by our convention that equates the number of objects with the number
of periods). Note that an initial inventory II, and a history Hj completely
determine the set II.

The result below characterizes, at each period, the dynamically efficient
policy in terms of cutoffs determined by the history of observed signals. This
policy can be seen as the dynamic version of the assortative matching policy
that is optimal in the static case where all agents arrive simultaneously (see

Becker [4]).
Theorem 1 (Albright, 1977)

1. Assume that types x,, .., i1 have been observed, and consider the ar-
rival of an agent with type x; in period k > 1. There exist functions
0 = aok (X @) < a1k (Xps k) < a2 (X T) - S ane(Xp Tk) = 00
such that the efficient dynamic policy - which maximizes the expected
value of the total reward - assigns the item with the i — th smallest type
if vk € (@i Tk)s @ik(Xgs k)] The functions a;x(x, vx) do not
depend on the ¢'s.

2. These functions are related to each other by the following recursive

6Since we allow for random mechanisms, the history needs to include the results of the
previous randomizations. But, a mechanism that depends on these can be replicated by
another mechanism that only depends on the result of the current randomization. For
notational simplicity we shall therefore exclude the results of the previous randomizations
from the specification of histories.



formulae:
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A = e o < aimie (X 7))}
A = {ze a1 k) < 2k < aip(Xp, Tr)}
Z@k = {{L‘k X > ai7k(xk,xk)} .

These cutoffs have very natural interpretation: for each object ¢ and
period k the cutoff a; 1 (x;, xx) equals the expected value of the agent’s type
to which the item with ¢+ — th smallest type is assigned in a problem with
k — 1 periods before the period k — 1 signal is observed.

3 The Incentive Efficient (Second-Best) Pol-
icy

We now focus on the additional constraints imposed by incentive compatibil-
ity in the model with incomplete information and learning. We there-
fore assume below that the agents’ types are private information. Without
loss of generality, we can restrict attention to direct mechanisms where every
agent, upon arrival, reports his type and where the mechanism specifies which
item the agent gets (if any), and a payment.®

In this Section we characterize the incentive compatible, optimal solution
(second best). The second-best allocation - that maximizes expect welfare

"We set +00-0 = —o00-0=0.

8Since agents observe the history, they are better informed after directly observing
types. Yet, the argument holds because: (i) if a policy is implementable by a general
mechanism then, with private values, it is also implementable via an augmented mechanism
where, in addition, agents report types, but the designer does not use this information;
(ii) this augmented mechanism can be replicated by a direct one.



under the incentive constraints - turns out to be deterministic: it uses cutoffs
that at each period partition the set of types into disjoint intervals associated
with available qualities such that higher types obtain a higher quality. This
is the appropriate generalization of the reservation price property.

We first need to characterize incentive compatible allocations in our model:
an allocation policy (which may be random) is implementable under incom-
plete information if and only if, in each period and for every history of events
at preceding periods, the expected quality allocated to the current agent is
non-decreasing in the agent’s reported type.

Proposition 1 For a fized allocation policy, denote by Qy (Hy,x) the ex-
pected quality allocated to an agent arriving at period k after history Hy, and
reporting signal x. An allocation policy is implementable if and only if for
any k and for any Hy the expected quality Qy (Hy,x) is non-decreasing in x.

Proof. See Appendix A. m

3.1 An Illustration

In this subsection we illustrate some of our insights in a simple example where
the designer is uncertain about a shape parameter affecting the distribution
of values.

Example 1 There is one object of quality ¢ = 1, and two periods (this cor-
responds to the general case of o = 1 and q; = 0). The agents’ valuations
distribute on [0, 1]: with probability « the distribution is F(x) = x, while with
probability 1 — « the distribution is F(x) = 2% where 6 > 0.

After observing the type of the agent who arrives at period 2 (the first
period !) the designer’s belief about the next period’s type given the current
observation 1s given by

o+ (1 —a)f?zh a0t

i (eles) = a+(1—a)fzy™

Therefore, the expected type at the next period is given by:

2 _
2+ (1—a)fgzy™!

a+(1—a)fzdt

E [z]s] =

The figure below shows the function E [x|xs] for values o = 0.2 and § = 12.
The designer would like to allocate the object in period 2 if and only if his

9
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Figure 1: The efficient allocation is not monotone.

value exceeds the expected value of the agent that arrives at the next period.
Therefore, the designer wants to allocate the object at period 2 if and only if
Ty € (Toq, Tap| U (T2, 1] where xoq & 0.513, xg, =~ 0.691, and xo. ~ 0.895. The
efficient (first-best) allocation is not monotone, and hence, by Proposition 1,
it 18 not implementable. The reason for this non-monotonicity is the follow-
ing: when xo is relatively low, the designer is almost certain that the distri-
bution is uniform (since the density of the second distribution is very low at
the bottom of the type distribution); but, at some point, the density of the sec-
ond distribution becomes very steep and, for low «, this causes the designer
to adjust his beliefs also very steeply: he becomes more and more optimistic
about the future, which is detrimental to a current agent with relatively high
types.

We shall show below that the second-best mechanism - which needs to in-
duce a monotonic allocation - is characterized by a fixed cutoff above which
the object is allocated in the current period, and below which the object is car-
ried to the next period.” When choosing this cutoff, the goal of the designer

9For this simple case with one object, this reduces to an argument originally due to

10



is to minimize the disutility from misallocating the object relative to the effi-
cient allocation. For example, if the designer chooses a cutoff b € (xaq, Tap),
misallocation occurs if the signal of the first agent if xo € (294, b] U (2, T2c)-
It is straightforward to see that a cutoff at xa, dominates such an allocation
since then the object will be misallocated only if xe € (xay,x2.). Moreover,
any cutoff below o, is dominated by the cutoff of xaq. Similarly, the cutoff of
x9. dominates the allocation induced by any cutoff in the interval [zap, a.),
and by any cutoff above xo.. Therefore, the optimal cutoff is either xq, or x4
In other words, the optimal cutoff is one of the types that makes the designer
indifferent between allocating the object and keeping it.

Which of these two cutoffs is optimal? A cutoff at xs, causes misallocation
in case the signal of the first agent belongs to the interval (xop, xo.) since then
the efficient allocation prescribes to keep the object until the next period. The
disutility from the misallocation is

Toc _
| (Blala) - 22) Flaz) o
Z2p
Setting the cutoff at xo., causes misallocation in case the signal of the first
agent belongs to the interval (xq,, Tap) since then efficient allocation prescribes
to allocate the object to that agent. The disutility from the misallocation is
given by

Zop -

[ w2 Blolea)) Faws)das

T2a
Because f;;ib (rg — E [z|22]) folwe)dTe < f;;b (E [x|xo] — x3) fo(we)dxs, the
cutoff xo. is here optimal. Note how the density of next arrival’s type, its
expected value, and all types that make the designer indifferent between al-
locating today and tomorrow are involved in this calculation. Finally, note
that backward induction can be used for cases with more periods in order to
show that second-best mechanisms have a cut-off structure.

Remark 1 Chen and Wang [7] study the learning process of a revenue-
mazimizing seller who employs posted prices in a related model with one
object, infinite horizon, and time discounting. In their setting there are two
possible true distributions of values. Assuming that these two distributions
are ordered in the hazard rate order, and have an increasing hazard rate (this

Riley and Zeckhauser [22].
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holds in the above example for any 0 > 1), they show that, after each rejec-
tion, more and more weight is put on the stochastically worse distribution,
and therefore prices decline over time. It is important to note that these
authors did not consider the optimal mechanism which would constitute the
revenue analog of what we do here!’ .

3.2 The General Case

We now characterize the policy that maximizes expected welfare over the
entire class of incentive compatible policies. The main mathematical idea
used to prove that this policy is deterministic relies on several concepts from
majorization theory (see Lemma 1 in Appendix A). Majorization is a mea-
sure of dispersion for vectors, akin to the second-order stochastic dominance
relation among distributions. We first need the following definitions and a
well-known result:

Definition 1 1. For any n—tuple v = (v1,72,-,7,) let v, denote the
jth largest coordinate (so that v,y < Y41y < .. < 7)) Let a =
(a1, g, .., ) and B = (B4, By, -, B,,) be two n—tuples. We say that o
s majorized by 5 and we write o < B if the following system of n — 1
inequalities and one equality is satisfied:

B
Bay+ B

()

Q1) t Q(2)

VAN VAN VAN VAN

aq) +ag@) + o) Bay+Be +Bu-

Bay+ B+ + 8w

2. A function ¥ : R" — R is called Schur-convex if ¥(a) < ¥ (f3) for any
a, B such that o < f3.

Theorem 2 (see Marshall and Olkin [15]) Assume that ¥ : R" — R is
symmetric and has continuous partial derivatives. Then W is Schur-convex
if and only if for all (yi,...,yn) € R™ and alli,j € {1,..,n} it holds that

0y 9y; R

Q) T @) + .+ Q)

10Babaioff et al. [3] offer several bounds on the ratio between the revenue that can be
obtained by employing posted prices in models where the distribution is unknown and the
revenue obtained when the distribution is known.
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Theorem 3 1. At each period k, expected welfare (calculated before the
arrival of the period k agent) is a Schur-convex, linear function of the
available qualities at that period.

2. The incentive compatible, optimal mechanism (second-best) is deter-
manistic. That is, for every history at period k, Hy, and for every type
x of the agent that arrives at that period, there exists a quality q that
15 allocated to that agent with probability 1 .

3. At each period, the optimal mechanism partitions the type set of the
arriving agent into a collection of disjoint intervals such that all types
in a given interval obtain the same quality with probability 1, and such
that higher types obtain a higher quality.

Proof. See Appendix A. =

The proof of the Theorem proceeds by backward induction. The decision
at the last period is trivial. At the last but one period there are at most
two objects left, and the question is whether to allocate the higher quality
to the current agent. We adapt a no-haggling argument due to Riley and
Zeckhauser [22] in order to show that the optimal mechanism uses a cutoff-
rule (see also the Illustration above). This argument is also analogous to the
well known one showing that the revenue-maximizing mechanism for a seller
facing one buyer - whose virtual value need not be increasing ! - is always a
take-it-or-leave-it offer at a certain reserve price. The analogy follows because
in all these cases the decision variable is binary.

The main challenge is then to prove that the optimal allocation is deter-
ministic also at earlier periods, where several objects with different qualities
are available. Assume then that the optimal mechanism is deterministic at
all later stages k, k — 1,..1, and consider stage k + 1. Given the observed
signals so far, let b; ;11 denote here the expected value of the agent’s type
to which the item with i — th smallest type is assigned in the future (from
stage k on, before the period k signal is observed). Then, because the op-
timal mechanism from period k on is deterministic, and because cutoffs are
chosen optimally, expected welfare is given by Zle q(i)bik+1 Where g de-
notes here i—th lowest quality among the items available for allocation at
period k. By monotonicity of implementable rules, by the definition of the
terms b; x+1, and by Theorem 2, expected welfare is a Schur-convex function
of the available qualities at stage k. Since this function takes higher values

13



for more dispersed vectors of qualities - in the sense of majorization - the
designer prefers to leave for the future the most disperse set of feasible quali-
ties (among all feasible and incentive compatible allocations that are welfare
equivalent at period k-+1). Turning this argument on its head, the allocation
at period k 4 1 should be the least dispersed possible among all welfare
equivalent and incentive compatible allocations. This implies that, for any
agent arriving at k+1, the allocation should be either deterministic, or should
randomize among at most two neighboring qualities.!! Finally, randomiza-
tion among two neighboring qualities cannot be optimal - this follows by the
same argument used above for binary decisions.

4 When the Second Best Coincides with the
First Best

After having characterized the second-best policy, we now look for conditions
on the model’s primitives under which the first-best, complete information
policy is implementable.

The next result, related to a result in GM [10], displays an implicit suffi-
cient condition on the cutoffs of the efficient, complete information allocation,
characterized in Theorem 1 above.

Proposition 2 Assume that for any k, x;,, i € {0, .., k}, the cutoff a; x(xy, Tr)
1s a Lipschitz function of xp with constant 1. Then, the efficient dynamic
policy is implementable under incomplete information.

Proof. See Appendix B. =

Due to the learning process, the current information affects both the
current value of allocating some object to the arriving agent and the option
value of keeping that object and allocating it in the future. The previous
result requires the effect of the current information on the current value to
be stronger than the effect on the option value, similarly to the well known
single-crossing condition that appears in the theory of efficient design with

Tn other words, if the designer seeks to allocate the object of expected quality § to
the current agent, he may use different lotteries between the available qualities. However,
different lotteries leave different vectors of the qualities available for the future allocations.
The lottery that randomizes between two neighboring qualities leaves for future allocation
the most dispersed vector of expected ordered qualities of the objects.

14



interdependent valuations. Under such conditions, the second best policy is
also first best, i.e., the incentive constrained optimal policy coincides with
the optimal policy under complete information.

Theorem 4 Assume that for any k, and for any pair of ordered lists of

reports X, > X} that differ only in one coordinate, the following conditions
hold:

suffl. By, (z)xy) Srosp Fi (z]x})

suff2 E (z|x,) — E (z|x}) < 2;where A is size of the difference between
Xi and X,
Then, the efficient dynamic policy can be implemented also under in-
complete information.

Proof. See Appendix B. =

The first condition (stochastic dominance) above says that higher ob-
servations should lead to optimism about future observations'?, while the
second condition puts a bound on this optimism. The result is simple, but
its disadvantage is that, as the number of objects (or search periods) grows,
the second condition gets tighter (i.e., the bound on the optimism associated
to higher observation gradually decreases) in the early search periods. But
learning models typically have a relatively high gradient in early learning pe-
riods, implying that our second condition is likely to be violated if there are
many search periods (Example 3 in Appendix B illustrates this phenomenon).

In order to obtain sufficient conditions on the learning process that hold
independently of the number of objects/ periods, we focus now on bounds
that, as the number of objects grows, get tighter in late, rather than in early
periods. Such conditions are, in principle, easier to satisfy since in many
learning models (in particular in those where beliefs converge, say, to the
true distribution) the impact of later observations is significantly lower than
that of early observations. Thus, a tighter bound on the allowed optimism

12The stochastic dominance condition is, for example, a simple consequence of a standard
setting found in the literature (Milgrom [16]): Assume that values z are drawn according
to a density f(x|0) where § € R. Denote by h(f) the density of 6, and by H() the
corresponding probability distribution - the prior belief which gets then updated after
each observation. If f(z|f) has the Monotone Likelihood Ratio (MLR) property, then
Fy, (z]xx) Zrosp Fi (x[x})-
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associated with higher observations is less likely to be binding in late periods.
For mathematical convenience, we make a mild differentiability assumption
that allows us to work with bounds on derivatives rather than with the
Lipschitz condition of Proposition 2.

Theorem 5 Assume that, for all k, all z, and all n — k > ¢ > 1, the condi-
tional distribution function F, (x|Zn, .., Try1) and the density fk (@|Tp, - -+ Ther)
are continuously differentiable with respect to xyy;. If for all z, x;, and all
n—k>1i>1, it holds that

> aﬁk (xx) S _ 1 6ﬁk (xx)

0 Orry; — n—k or (2)

then the efficient dynamic policy can be implemented also under incomplete
information.

Proof. See Appendix B. =
Example 2 below illustrates these conditions on a simple two-periods set-
ting.

Remark 2 While the left hand inequality in condition (2) is just another
way to express the stochastic dominance condition also employed in Theorem
4, it is worth to deeper explore the right hand side.

1. Putting aside differentiability, this condition is equivalent to requir-
ing that the function ﬁk (a: + ﬁ|$k+17 o Thai + 2, Tpaitts - :L‘n) 18 mon-
decreasing in z. In other words, after having made n — k observations,
a small shift to the right - which moves the value of the distribution
upwards - is enough to compensate the downward effect on the distri-
bution’s value caused by an (n — k) times larger upward shift in one
of the past observations (recall that, by stochastic dominance, higher
observations move the entire distribution downwards).

2. Alternatively, denote by x* (u) the u—th percentile of next type’s con-
ditional distribution function Fy (x|x.), that is, Fy(x*(u)|xz) = u.
Condition (2) implies that

Oy (x]xy,)

dz* (u) _ _ Ompyy < 1
OTpri OF (z]x) “n—k
oz r=2*(u)
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In other words, the effect of an increase in a previous observation on
any percentile of the distribution governing the next observation is

bounded by ﬁ, where n — k is the number of observations already
made.

0a;, 1 (Xp k) 1

. Note that our condition guarantees that Yi,k,n, 0 S w al-
though %’f’xk) < 1 seems sufficient for the implementation of the

efficient allocation. Nevertheless, the long-term effect of each non-
terminal observation makes it impossible to obtain tighter conditions
that apply generally. To see that, recall equation 12 which shows that
each cutoff is given by the expectation of the second highest value among
the type observed next period, and two adjacent next-period cutoffs. In
particular, the current observation affects today’s cutoffs via: 1. an
impact on next period cutoffs, and 2. a shift of the relevant distribution
of the second highest order-statistic. The second effect is bounded by

OF (zp—1|zk, X1) 9 /Oo =
= 1—Fj)_ < —
o1, Dz )y < k—1 (x|$k>Xk)) S A

With a bound of 1 instead of -, the first effect would be bounded by

n—k’
1— [ﬁkfl (ai,kfl‘xlm Xk) - ﬁk—l (aifl,kflymka Xk)]

where a; ;1 are tomorrow’s optimal cutoffs. Since for any period k — 1
there exists an i such that Fi_1 (@i p—1|%k, X3) — Frio1 (@ic1 p—1]2k, X5) <
ﬁ, we would obtain

k—2

1- [ﬁk—l (@i p—1|Trs X3) — Fiq (@1 1| Ths X3) | = —

which s arbitrarily close to 1 if the number of the remaining objects is
high. Thus, the combined effect may bigger than 1 for any k > § +1
which would violate the single-crossing condition.

Example 2 There are two periods. The agents’ valuations distribute on

[0, 1]: with probability o the distribution is F(x) = x, while with probability
1 — «a the distribution is F(z) = 2 where § > 0. Recall that the designer’s
belief about the next period’s type given the current observation is given by

a4+ (1 —a)f?zh a0

Fu(eles) = a4+ (1—a)bzy?
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Condition (2) requires here that

OF, (x]xs) - OF; (a]ry)
- 0y - ox

a(l—a)f (0 —1)a %z (2271 - 1)
- (a+ (1—a)bz5™)

> —a— (1 —a)fzf 120!

The left-hand-side inequality - stochastic dominance - holds for any 0 > 1. It
is also easy to see that the right-hand-side inequality holds for any o whenever
0 is close enough to 1. Hence the efficient allocation is implementable for any
a if 0 is relatively close to 1. This is very intuitive since in those cases the
two possible distributions are very close to each other and hence, for any xs,
the designer’s belief about the agent that arrives next will not be significantly
updated. When 0 is larger, the condition holds for a smaller range of values
of the parameter o, where the designer is relatively more confident that the
uniform distribution is the true one. For example, when 0 = 2 the sufficient
condition holds for any o > 1/3.

As already mentioned above, our condition is not necessary for imple-
mentability. While it guarantees that for any xo € [0,1], %‘fﬂ <1, a
necessary and sufficient condition for the monotonicity of the efficient allo-
cation in this example is that this inequality holds at the indifference points
E[z|xe] = x9. The next figure, plotted for a = 0.8 and 0 = 18 reveals that
OB[rlz] 1 for relatively high xo. Nevertheless, the efficient allocation is here

Oxao
monotone and hence implementable.

4.1 Search for the Lowest Price and the Reservation
Price Property

In a famous paper, Rothschild [21] studied the problem of a consumer who
obtains a sequence of price quotations from various sellers, and who must de-
cide when to stop the (costly) search for a lower price. In Rothschild’s model,
the buyer has only partial information about the price distribution, and she
updates (in a Bayesian way) her beliefs after each observation. Under full
information about the environment, the optimal stopping rule is character-
ized by a reservation price R such that the searcher accepts (or stops search)
at any price less than or equal to R, and rejects (or continues to search)
any price higher than R. One of the appealing features of this policy (see
Rothschild’s paper for the others) is that, if all customers follow it, a firm
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Figure 2: Sufficiency of Condition (2).

in the market will face a well-behaved demand function: expected sales are
a non-increasing function of the price it charges. Such regularity conditions
are extensively used in theoretical and empirical studies, and thus it is of
major interest to find out when they are validated by theory.

In the case studied by Rothschild, stopping prices necessarily change as
information changes, and hence the optimal policy cannot be characterized
by a single reservation price. But, in order to have expected sales decreasing
in price, it is enough to assume that, for each information state, a searcher fol-
lows a reservation price policy, i.e., for each information state s there exists a
price R(s) such that prices above are rejected and prices below are accepted.
The optimal Bayesian search rule need not generally have this property (see
Rothschild [21] and Kohn an Shavel [13] for examples). Rothschild showed
that the reservation price property holds for a searcher equipped with a
Dirichlet prior about the parameters of a multinomial distribution govern-
ing the price quotations'®. Albright [1] computed several cases of Bayesian
learning with conjugate priors where a generalized reservation price property
holds in his model with several objects. This requires then that sets of types

13The Dirichlet is the conjugate prior of the multinomial distribution, so the posterior
is also Dirichlet in this case.
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to whom particular objects are allocated are convex and ordered, with bet-
ter objects being allocated to higher types. An obvious open problem was
to establish some more or less general, sufficient conditions under which op-
timal search policies have the reservation price property. For the one-object
case studied by Rothschild, various answers to this problem were offered by
Rosenfield and Shapiro [20], Morgan [17], Seierstad [24] and Bickchandani
and Sharma [6].

The conditions derived in our paper are more stringent than those ob-
tained in the search literature, mainly because of the presence here of multiple
objects: these induce a more complex structure of the optimal search policies,
and more stringent conditions are needed in order to control it.!*

The first general conditions ensuring that the optimal search policy in
Rothschild’s search model is characterized by a sequence of reservation prices
appear in a subtle paper by Rosenfield and Shapiro [20]. In order to under-
stand the relation between our results and theirs, recall first our condition
from Theorem 5: For all z , x, ,and alln —k >¢>1

aﬁk<x|Xk)>_ 1 aﬁk(ﬂXk)

0> S (3)

Orpri — n—Fk

The first requirement in the paper by Rosenfield and Shapiro is identical
to our stochastic dominance condition (the left hand side of condition (3)),
while their second condition - translated to the differentiable case and to the
case of a searching seller instead of a searching buyer in order to facilitate
comparison- reads: For all z,k, x, and alln —k >i>1

/°° OF (ylx) dy > _ 1 (1 — F(z]x)- (4)

0Ty - n—k

In other words, theirs is simply the "average" version of the right hand side
side of our condition (3), and hence it is obviously implied by it.

Seierstad [24] offers another variant. Besides stochastic dominance, his
condition reads (again in the differentiable case): For all x, k and y,

Z R () o F (5)

axk—‘rz

which is also clearly imphed by our condition (3). The reason why we need
stronger conditions than both Rosenfield and Shapiro’s and Seierstad’s is

!4These more stringent conditions are needed even if all objects are homogenous.
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intimately related to the fact that we do analyze a model with several objects:
at each point in time we have several critical cutoffs to control, instead of
only one. In particular, the reservation price property is connected in our
model to the existence of several fixed points at each period, and we need
to control the conditional distribution of future values between any two such
fixed points (without a-priori knowing where they will be). In contrast, in
the one-object search problem there are only two fixed points to consider
at each period, and one of them is trivially equal to either "minus infinity"
(for a searching buyer) or "plus infinity" (for a searching seller). This fact
allows Rosenfield and Shapiro to use an average bound, and Seierstad to use
a bound that aggregates the effect of all past observations.

Remark 3 Albright [1] displays a list of families of distributions/conjugate
priors for which, at each period, the sets of types that get assigned to various
qualities form an ordered sequence of intervals (see Theorem 1). In those
cases, the efficient dynamic allocation (first best) is implementable. For ex-
ample, consider a normal distribution of values T ~ N(u, 1) with unknown
mean i, and prior beliefs about p of the form @ ~ N(ug, 1/7) where 7 > 0.
We now show that the conditions of Theorem 5 are indeed satisfied.

After observing x, ..z the posterior on i is given by N (i, 1/(T+n—k))

where
o THot Do
S
This yields
Fo(@|@n, ooy 25s1) = NI, 1+ 1/ (7 + n — k).

Note that

Fy(x + Ty s @i 4 2,y Tpy1) = Fu(@|T, o 24y 2pp1)  (6)

z
T+ (n—k)
so that the stochastic dominance condition necessarily holds. By differenti-
ating with respect to z both sides of the identity (6), and by letting z go to
zero, we obtain that
aﬁk ('r|$n7"'7'rk+1) 1 s
o = —mfk (@[T, s Ths1) =

aﬁk ('r’xTw ) 'rk—i-l)

0Ty - n—=k

P (@], ooy i)
as desired.
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5 Conclusion

We have derived conditions on the primitives of the learning environment
that allow efficient dynamic implementation, and we have characterized the
constrained efficient policy in terms of a generalized reservation price prop-
erty. In yet another interpretation, our results can be seen as delineating the
loss entailed by requiring "online" payments in dynamic allocation problems.

An interesting alternative approach for analyzing learning in our dynamic
mechanism design environment would be to restrict attention to some simple
class of indirect mechanisms that may be appealing for applications, e.g., a
menu of prices at each period. It is important though to point out that such
mechanisms entail some sub-optimality because the designer is not able then
to elicit precise information about the agents’ types. Thus she will learn less
than in a direct mechanism, and each particular specification of prices also
determines how much is being learned.

In contrast to our focus on dynamic welfare maximization, there is an
extensive literature on dynamic revenue maximization in the field of yield or
revenue management (see the book of Talluri and Van Ryzin [25]). Roughly
speaking, this literature considers intuitive pricing schemes, and does not fo-
cus on implementation issues (since in most considered settings this is not an
issue). But, as soon as learning about the environment takes place simulta-
neously with allocation decisions, one has to be more careful: not all ad-hoc
pricing schemes will be generally implementable, and the revenue maximiza-
tion exercise must take this fact into account, similarly to the phenomena
illustrated here.

Our model can be easily generalized to allow for random arrival of agents
(e.g., arrivals governed by a stochastic process). In such a framework an
interesting extension is to also allow learning about arrival rates. We shall
analyze such settings in future research.

Finally, one can perform exercises analogous to the present one also for
other (non-Bayesian) learning models.
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6 Appendix A: The Incentive Efficient (Second-
Best) Policy

Proof of Proposition 1. = For a given implementable allocation policy,
assume by contradiction that there exist a period k, a history Hj, and two
signals of the current agent 2’ > a” such that Qy (Hy,2') < Qp (Hg,2").
Denote by Py (Hy, x) the expected payment of the agent that arrives at period
k after history Hj, and reports x. The incentive constraint for type z” implies:

2" Qr (Hy,2") — Py (Hg,2") > 2"Qy (Hy,2") — Py (Hg, 2') . (7)

Since by assumption 2’ > 2” and Q (Hy, ') < Qk (Hg,2"), the above in-
equality implies that

' (Qk (Hk, x”) — Qx (Hk, I/)) " (Qk (Hk7 I//) — Qk (Hk, 13/))

>
2 Pk (Hk,flj,/) — Pk (Hk, iL'”)
which further implies that

o' (Qr (Hi, 2") — Qi (Hy, 2")) > Py (Hy, 2") — Py (Hy, ")

The above inequality contradicts the incentive compatibility constraint for

type .
< We prove this part by constructing a payment scheme that implements
a given monotonic allocation. Consider the following payment scheme:

P, (Hk, )—Jka ch; / Qr Hk,

The expected utility of an agent with type = that arrives at period k after
history Hj and reports truthfully is given by fox Qr (Hg,y) dy . If he reports
x' # x, his expected utility is given by

(x —2") Qr (Hy, 2’ / Qr (Hy,y)

We need to show that for any k , Hy, xz, 2’ we have

(z —2') Qr (Hy, ' /Qk Hy,y dy</Qk Hy,y)
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The last inequality can be written as

(z — ") Qr (Hy, 2’ / Qr (Hy,y)

which is true by the monotonicity of Qy (Hy,z). m
For the proof of the Theorem 3, we need first the following Lemma:

Lemma 1 Consider a set of m numbers ¢, > ¢n_1 > ...q1 > 0, and assume
that q; 1s deleted from the set with probability p; ,where 0 < p; < 1 and
>opi = 1" Let Q = 377" pjq; denote the expectation of the deleted term.
Denote by qm-—1) the expectation of the highest order statistic out of the (m —
1) remaining terms, by Gun—2) the second highest order statistic, and so on,
until q()

1. If there exists © such that QQ = q;, then the (m — 1) dimensional vector
(Qm-1), Am—2), ---q(1)) s majorized by the (m — 1) dimensional vector
(Gm» Gm—1, --Gi+1, Gi—1, --q1) obtained by deleting q; with probability 1.

2. If there exist no i such that Q = q;, let | and o € (0,1) be such that
Q = > pig = aq + (1 —a)g . Delete @ with probabzlzty a,
and g1 with probability (1 — ), and denote by q,_1y; Gm—2) - 4(1)
the expectations of the order statistics out of the (m — 1) remaining
terms. Then the (m — 1) dimensional vector (qim-1), qm—2); - q(l))

magjorized by the (m — 1) dimensional vector (q(m,—1y, Qm—2): -- q(l))

Proof. 1. If there exists j with p; = 1, the claim is obvious. Assume
therefore that at least two probabilities p; are strictly positive (in particular
this implies ¢; < @ < ¢,). We need to show that the following holds:

m—1 m
Dol = D e
=1 =1
m—1
VE = L.om—1 > G < gn+ ot s+ gio++a
=k

15In our application below, the deleted element is the quality of the object allocated
today, while the remaining qualities stay for future allocation.
16Note that such an ! and a must exist and are unique.
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The first equality is clear by the the definition of g). Note also that , for
each [ = 1,.m — 1, we have ¢; < q) < q41. For the inequalities there are
two cases:

i. k <i. Then ¢ < qq) implies:

k—1 k—1 m—1 k—1 m k—1
o > D ae ) aw <O gG—a) =Y
=1 =1 =1 =1 =1 =1
m—1
A aQy < gm+ .+ Q1+ 1+ G

2. The proof is very similar to the above one, and is omitted here. m
Proof of Theorem 3. We prove the statement by backward induction,
and we divide the proof in several steps. The argument for period 1 (last
period) is obvious.

1. The argument for the last but one period. Consider period
k =2, and define by 5( x5, T2) = fooo r1dF, (1] X2, 2). This is the expectation
of the agent’s type who arrives at period 1, as a function of the observed
history. Denote by q@.11,) 2> qu:m,) = 0 the two highest remaining qualities
- only these are relevant here for welfare maximizing allocations - , and by
p(z2) the probability that the period 2 agent gets the object with the higher
quality. It is easy to see that incentive compatibility is equivalent here to p
being monotonically increasing. The designer’s problem is given by:

mgX/ (p(x2)[q2imy) T2 + Qi) b1,2(Xos T2)]+
0

(1 — p(2))gemy) @2 + gy bra(Xa, 22)])dFs(22]xs)

over increasing functions p with range in [0, 1].

After simple manipulations the above reduces to

max (gem) — g ) / ()79 — bra(Xa, T2)|dF (2] X)
0

over increasing functions p with range in [0, 1].
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Note that the solution of the above maximization problem does not de-
pend on the values of qu.m,) > qum,) = 0. The problem is completely
analogous to the classical problem faced by a revenue-maximizing seller who
wants to allocate an indivisible object to a unique buyer whose virtual valua-
tion (which need not be increasing) is given by the function zy — by 2(x4, 22).
By an argument originally due to Riley and Zeckhauser (1984), the solution

is deterministic, and is given by

_J Lifor > b7 5(xo)
plra) = { 0, otherwise

where b} 5(X,) = arg max,e(o,00) fxoo (22— b12(Xy, 2)|dF5 (22| X5). In particular,
note that in order to be a maximizer bj ,(x,) must necessarily belong to the
set

x : 3¢ > 0 such that Vy € (z,z + ¢) it holds that by 5(x,,y) <y
51,2 (x2) =

and Vz € (x — e, x) it holds that by 2(xs,y) >y

In other words, if by 2(Xy,72) is continuous in x5, then b} ,(x,) is one of
the solutions of x5 = by 2(x5, T2).

Finally, note that the expected welfare after the allocation of period 2 has
been made, but before the period 1 agent arrives, is given by q(1.11,)b1,2 (X2, 72).

2. The formula for expected welfare. Assume that the allocation at
stages 1,2,..k is deterministic and uses cutoffs b;_, ;(x;) , j = 1,2, ..k. Let
bi2(Xa 22) = [y 21dF1(21|xy, 22) and define inductively

bik1(Xps 15 Tht1) :/ Ty (Tr| X gy 1> Tht1)
B; i

+/ bi—1.6 (o> 28 ) A F% (28] X Trp1)
B

=i,k

+ / bi s (X 21 )AF (| X s 15 Thr1) (8)
B;
where

By = {meim <b_ . (x0)}
Bir = {xk b1k (e) < @ < 074X >}

Bip = {ar: 2 >05.00)}
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That is, b;x+1(Xpp1, Tk+1) equals the expected value of the agent’s type to
which the item with ¢ — th smallest type is assigned in a problem with &
periods (before the period k signal is observed) in a non-random mecha-
nism that uses cutoffs b}, (x;). Note that for any k, x;,z, and i, we have
bik (Xper Tr) 2 bim i (Xpor The)-

Denote by qg.m,) the i—th lowest quality among the items available for
allocation at period k, II,. We now show that the expected utility after the
allocation at period k£ + 1 has been completed is given by

k

Z 1) bik1 (X 1> Tht1) (9)
i=1

By Theorem 2, the above function is a Schur-convex function of the available
qualities at stage k.

The statement holds for period 2 (see point 1 above), and assume by
induction that the expected utility from allocating the object of quality ¢ in
period k to an agent with type zy is qxp + Zf;ll q(iznk\q)bi,k(xk,xk) where
I1;\g is the set of the available objects after the allocation of the object of
quality ¢ at period k. Taking the expectation over x; and using the inductive
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formulae 8, we obtain:

k k—1
Z/ [qunk)l’k ) qmag)bik (e ) | AP (klXp41s i)
j=1 " Bjk

=1

k
= ZQ(j:Hk)/ T dF (T X g 15 Tht1)
j=1 Bk

ko k-1
+ZZQ(i:Hk\qj)/ bige(Xi» T )AF (k| X g1, Tr1)
j=1 i=1 Bjk
k ~
= un:nk)/ Thd Fy(Tk]Xpg1, Th1)
j=1 Bjk
kg1 N
+ZZQ(i:Hk)/ bige(Xi» T )AF e (Tk| Xy 1, Trov1)
j=1 i=1 Bik
ko k N
+Z Z Q(i:Hk)/ bi1k(Xk» T ) Ak (Tk| Xy 1, Thot1)
j=1 i=j+1 Bjk
k

= ZQ(j:Hk)/ T dF (T X g 1: Thr1)
j=1 Bjk

k—1 k
+) gy Z/B bi g (Xi> T ) AF (k| X g 15 T 1)
i=1 3,k

j=i+1

k i—1
+ Z q(i11z) Z /B bi1,(Xp> T )AFk (Tk| Xy 1, Trot1)
i=2 j=1 " Pik

= ZQ(j:Hk)/ T dF (T X g 15 Ths1)
B,

7,k

k—1 N

+Z%:nk)/ bige(Xi» T )AF ke (Tk| Xy 1, Trot1)

i=1 Bik

k

k
+ ey / i1,k (ks T1) AP (T X5 Tri1) = D qGmbinir (Xesr Thi1)-
1=2

B, j=1

The the third equality is obtained by changing the order of summation,
and the fourth equality follows from the definition of sets B, and B ik
3. The optimal mechanism is deterministic. We now show that

the optimal allocation at period k£ + 1 is non-random. Take any incentive
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compatible mechanism such that the expected quality assigned to type x after
history Hy1 is given by Qi1 (Hyy1, 7). Recall that expected utility from
stage k on is a Schur-convex function of the remaining qualities. In particular,
this function is monotonically increasing in the majorization order. Apply
now Lemma 1 to 1, 1, the set of items available for allocation at period k+1,
with "deletion of quality ¢; " taken to mean "allocate quality ¢; at period
k+17. This application yields another incentive compatible mechanism that
generates at least the same welfare as the original one, and that uses for
any history Hy,; and arriving type = at stage k£ + 1 either a non-random
allocation rule, or a random rule that assigns positive probability only to
two neighboring qualities!”.

Together with the necessary monotonicity of the expected quality, the
above argument implies that, without loss of generality, we can restrict at-
tention to allocation rules that divide the type space of the arriving agent
into intervals [0,Z!), [#', 2?), [22,7?), ..., [Z¥, 2% 1), [2FF!, c0) where [2!,7) is
the interval of the types that get assigned to object ¢, ,) with probabil-
ity 1, while [z/!, 2') is the interval of randomization between q(i-1:11,,,) and
q(:11,,,)- To complete the proof we need to show that for each potential in-
terval of randomization [7'~!, 2] there exists a cutoff z!~! € [#'7!, z!] such
that the designer can increase expected welfare by using (instead of ran-
domization) a deterministic policy that allocates the object of quality ¢, 1 if
x € [#71,2!71) and allocate the object of quality ¢ if x € [2/%, 2!). Since
this argument involves only two adjacent qualities, the proof is identical to
the one used at point 1 above, and we omit it here.

4. The determination of optimal cutoffs. We finally show that the
optimal cutoffs at period & + 1, b}, (xs1) must belong to the set

B (Xia) = { and Vz € (z — ¢, 2) holds b; y11(Xp11,Y) = ¥

(10)
If such set is empty, that is, if b; g+1(Xg11, Tht1) > 24 for any 41, object
i is never allocated to agent that arrives at period % after history ., and
we set b, (Xx41) = 00 in this case.

By the derivation at point 3 above, the expected welfare at period k+1 if
an object of quality ¢ is allocated to the agent arriving at k + 1 and if future

1"The new mechanism is incentive compatible since, by the constructions used in Lemma
1, each type gets the same expected quality as in the original mechanism.
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allocations are governed by the optimal policy is given by

k

qTri1 + Z q<j:Hk+l\q)bi,k+1(Xk+la Thy1)- (11)
j=1

Assume by contradiction that there exists a cutoff 27 (x;_) which is used for
allocating an object with quality g, , ) such that x} (ch+1) ¢ Biks1 (Xk+1)~
Then either there exists € > 0 such that for any y € (:17:‘ (Xk+1) , Ty (Xk+1) + 5)
we have b; p11(Xp41,Y) > Y , or there exists ¢ > 0 such that for any y €
(27 (Xpq1) — € 2} (Xpy1)) we have by g1 (Xpi1, y) < y. Take the first case (the
second is analogous), and change the cutoff from @} (X;1) to @} (Xpsy) + €
where 0 < € < . Such a change is possible only if the cutoff for the adjacent
higher quality is above x} (Xk +1) + €. Then the change increases expected
welfare since it has an impact only if z,, € (a:;‘ (Xk+1) , T (Xk+1) + e) in
which case the current agent gets object q(_1.m,,,) instead of g, ,). The
effect of the increase on (11) is given by

(bi,k+1(Xk+17$k+1> - l‘k+1) (Q(iznkﬂ) - Q(i—1:Hk+1)> > 0.

If the cutoff for the adjacent higher quality object g1, ,) is also equal to
x! (Xk +1) , then adjust both cutoffs upwards by e. In this case, the increase
has an impact only if x4 € (:z:;* (Xk+1) , Ty (Xk:+1) + e) , and the effect on
welfare is

(bi-i-l,k:-l-l(XkJrla Thi1) — 93k:+1) (Q(z’+1;nk+1) - C_I(ze1:n,€+1)) >0

To complete the proof we need to show that the selection of cutoffs from
the set 3, .4 (Xk +1) is independent of the qualities of the available objects.
This however, follows from the linearity of expected welfare in the available
qualities. m

7 Appendix B: Coincidence of Second Best
and First Best

Proof of Proposition 2. GM [10] showed that the efficient allocation is
implementable if and only if for any &, ¢« < k and y,, the set of types that is
matched with a given quality {x : a;x(xs, *) > = > ai—1 (X4, 7)} is convex.
The characterization of the complete information efficient allocation provided
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by Albright states that for any k, i < k, x and x;, we have a;x(x;,x) >
a;—1%(Xg, «). Therefore, it is sufficient to show that if there exist k, x, and
i € {0,..,k}, and a signal zj, with a; (X}, Tr) < Tk, then there is no z) > xy
such that a; ;(xy, z},) > x}. Assume that such z}, exists. Since a;, is Lipschitz
with constant 1, a; x(xz, %) < % — Tk + @ik (X, Tr)- Since a; k(X Tr) < Ty
we obtain a; (X4, 7)) < =}, which yields a contradiction. m

Before proving the main results about the implementability of the com-
plete information efficient allocation (first best), we prove two useful struc-
tural results about the efficient cutoffs. First, we show that the average of
all but the extreme cutoffs equals the expectation about the next type. Note
that, by Theorem 1 we can write

ai,k+1(Xk+1a $k+1) = Exk\xkﬂ Gi,k(xka Th41, Xk—i—l) (12)

where the function G; (2, Tri1, Xpy1) Is given by:

ai—l,k(XkJrla Th+t1, xk) if T < ai—l,k(Xk+17-Tk+laxk)
T if Cbz;l,k(XkJrla Tht1, l'k) < < &i,k(XkH,J?kH,ﬂ?k)
ai,k(Xk—&—l?xk-H?xk) if Ty > ai,k(Xk+17$k+17$k)

(13)
In other words G j(zk, Tkt1, Xp41) is the second-highest order statistic out
Cl,f the set {a;—11(Xpt1s Tht1, Th), T 5 Qi k(Xps1> Tht1, T) }- Note also that if
Fi(2k|Xps1, Thy1) is symmetric with respect to the observed signals, then
i g1 (X1, Tht1) 1s symmetric as well.

Lemma 2 For any k < n, it holds that

k—1

D ik mh) = (k= 1) By, ().

=1

Proof. We prove the claim by induction. For k& = 2, aj12(xy,22) =
fooo 11dFy (21|Xx1,72) = Eg|yy2.71. Theorem 1 implies that, for any fixed
Lk,

k—1
Z [aifl,k(Xka xk)léi,k + ai,k(Xkaxk)lzi,J = Zai,k(Xk+17$k+17$k) (14)
i=1 i=1

where 15 is an index function. Using (1) and the previous expression we
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obtain for period k + 1 that:
k

o0
E ai,k+1(Xk+17 913k+1) = / xdFk<x’Xk+1u karl)
i=1 0
k—1
+ : :Ezk\xk+1,zk+1 aZ,k(Xk+17 Ik+17 Ik) = kE$k‘Xk+17Ik+lxk
i=1

where the first equality follows from (14) , and where the last equality follows
from the induction argument. m

Next, we derive a monotonicity properties of the cutoffs that holds when-
ever higher observations induce more optimistic beliefs about the distribution
of values:

Lemma 3 Assume that for any k, and for any pair of ordered lists of reports
Xi > X} that differ only in one coordinate Fy (x|x;) ZZrosp Fk (x|x}) . Then
forany i € {1,....k — 1} the cutoff a; x(xy, Tx) is non-decreasing in .

Proof. The proof is by induction on the number of remaining periods. For
k = 2 we have

a2,2(X2>$2) = o0

a12(Xo, T2) = / 21dFy (21]X, 22)
0
0

a0,2(X27 $2) =

Stochastic dominance immediately implies that the cutoffs are non-decreasing
in x2. We now apply the induction argument, and assume that, for any x,
and for any 4, a;(xy,2x) is non-decreasing in ;. This implies that the
function G; i (2k, Tg41, X4 1) is non-decreasing in xj and that for any 4,

Wik (Xht1) Tht 1> Tk) = @ik (Xpor1> Thy Thy1) =
ai,k(XkJrl’xk’x;q-i-l) = ai7k(Xk+17x;c+1>xk)
where both equalities follow from the assumption of symmetry whereby
switching the order of the observations does not affect the final beliefs.

Therefore we obtain G (Tr, i1, Xpr1) = Gik(Th, Tppqs Xppr) for any .
Moreover we have that

az‘,k+1(X]<;+1a l‘k+1) = Exk|a:k+1Gi,k<xka Th+15 Xk+1)
/
E$k|$k+1Gi7k<xk7 Tht1> Xk:—H)

! - !
E;vk|$;€+1 Gi,k(@"k, Thi1s Xk+1) = Qi k+1 (XkJrla $k+1)

AVARLY,
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where the second inequality follows from the assumed stochastic dominance,
and from the fact that, by the induction argument, Gy (xx,®} 1, Xpt11) 18
non-decreasing in x;. ®

Proof of Theorem 4. Lemma 2 and the second condition in the Theorem’s
statement imply that

k—1

Z (ai,k(ch’ xk) - ai,k<Xk>$;c)) = (k - 1) (E-Tk—lb(k@kmk*l - EIk—l|Xk793;cxk71)

=1

E—1

Sk—1<xk_x;€)' (15)
k=1

In other words, the sum of cutoffs > a; (X, 2x) is a Lipschitz function with
i=1

constant 1 of z;. By Lemma 3, and the stochastic dominance condition, we
know that the cutoff a; x (x4, 1) is a non-decreasing function of z5. Therefore,
inequality 15 implies that, for any ¢, the function a;x(xy, zx) must also be
a Lipschitz function with constant 1 of z,. By Proposition 2, the efficient
dynamic policy is then implementable. m

Example 3 Assume that with probability p the arriving agent’s type x is
distributed on the interval [0,1] with density fi(z) = 1 — % + biz, and with
probability 1 — p it is distributed on [0,1] with density fo(z) =1 — 2 + by,
where by, by € [—2,2). Note that

E (ZL‘|Xk) = Pr (bz = b1|$n, .y mk—i—l) E [Fl] + Pr (bz = b2|ZL‘n, .y xk—i—l) E [Fg] .
Using Bayesian updating we get that

n

~1
1—p 1—%"‘[72.%’3
Pr(b; = bi|wy, .., Tpy1) = <1+ D H 1 :

_ b .
j=kt+1 2 +bll’]

Therefore,
b1 — by

E(xlxi) = E(lxi) = =5 [Prb = bilxe) = Pr(bi = bilxi)] -

Let x;, and X}, be two sequences of observed signals that differ only in one
coordinate, with x;, > x%- Then by simple calculations we obtain

(by — b2)? (w5 — x7)
12 (1= % +box) (1 - % + b))
(bl - b2)2 /

S 3@t by )

E(xlxy) — E(zlx;) <
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Finally, if ,
(b1 — bo) < 1 ’

we obtain that

(0~ 29) _ (r;— 1)
n—1 — k-1

E(zlxi) — E(z]x;) <

as desired. To see that the second condition of Theorem 4 will not hold for
sufficiently high number of periods, note that at the first period E (a:| Xn—l) —
E(z|x),_,) = 252 [Pr(b; = bi|z,) — Pr(b; = by|2},)] is independent of the
number of future observations n. Therefore, there exist number of periods n

and observations x,, and ), such that E (z|x,_1) — E (z|x,_;) > —wz:g".
Proof of Theorem 5. Note first that
OF (z|x4) 0 7 ( ~
= 1-F ) d
OTpyi OTpri k() ) de
(z |Xk 1
< = 16
= k/ Tk (16)

0

where the inequality follows from the condition of the theorem. By Propo-
sition 2, it is sufficient to show that for any %, any history of reports x,
and any n — k > i > 1, the cutoff a;;(x,zx) is differentiable and satisfies
agkal k(Xkaxk) < 1. Since ai,k(Xkaxk) = Efkfl‘Xk,mkGi,kfl(xk*17xk?Xk)? we
need to show that Emk_1|xk7kai,k_1(xk_1, Tk, Xj) exists and that

0

_Exk,ﬂxk,kai,k—l(xk—la T, Xk) <1l
0xk

We claim now that Exk|Xk+1 kaGi,k(xk,ka,XkH) is differentiable and

that
aE$k‘Xk+1,xk+1Gi,k(xk7 Th+1, Xk+1) < 1

OTpi1 “n—Fk

This yields 8:v -a; k+1(Xgs1> Thy1) < 7= for any history of signals x;,,, any
pair of signals :L‘k, Tk11, any period k —|— 1 > 1, and any item 1.

We prove the claim by induction on the number of the remaining periods
k. For k = 1, note that ag1(xs, T2, 1) = 0 and ay1(x,, T2, x1) = 0o. Hence,
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we have Gy (21, 22, X3) = 1. Therefore, inequality (16) implies

9 1
8_x2Ex1|X27w2G171(x1’ T2 Xz) < n—1 and
2 o) €
a T
5z, 12 Xoo¥2) =

Note also that continuous differentiability of fl (x|zp, ..., x9) implies contin-
uous differentiability of aj (X, 2). Assume now that a;x(xy, zx) is contin-
uously differentiable and that

0L, 1 1xporGik—1(Th—1, Tk, X) < 1
Oxy, ~ n—k+1’
8ai,k(Xk> xk?) < 1
oxy, - n—k+1

Since a; (X, k) is continuous, the induction hypothesis implies that for any
i € {1, ..., k—1} there exists at most one solution to the equation a; x (X, *) =
z. Denote this solution by aj,(x;). If aix(xy,z) > x for any z, define
a;(xx) = oo, and if a;x(xs,2) < x for any x define aj,(x;) = 0. Recall
that, by induction, we can rewrite

E$k|Xk+17$k+1 Glﬁk (xkv T+, Xk+1)

a;‘,lyk(X}c)

= / i1,k (Xps 1 Tt ) f (2k|Xpoy 1, Than) dizg
0
:,k(Xk)

+ / e f (k| Xpg1s Tryr) dog

C";’Ll,k(Xk)
o

+ / ai,k(XkJrlaiUkH,iUk)f(xk’XkHalUkH)dxk-

a;‘,k(Xk)

Since @; k(X415 Tht1, k) is continuously differentiable in zy., for any i €
{1,...,k — 1} by the induction argument, and since i (2| Xps1, Trs1) is con-
tinuously differentiable by assumption, we can invoke the Implicit Function
Theorem to deduce that the fixed point a;,(x;) is continuously differentiable

in ;1. Thus, we obtain that E, Gk (Tk, Thi1, Xy ) 1S continuously

k ‘Xk+1 »Ch+1
differentiable in x 4.
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9 1
We now show that meklka,wkHGi,k(xkv Thy1, Xpp1) < - We have

o -

5 /Gi,k(Ik,IkH,XkH)fk (2| Trt1, Xegr) di
Tht1

by aGZ 3 ) rs

= / k(T ey XkH)fk (ﬂfk|$k+1an+1) dzy, (17)
aJ3k+1

0
006~ Tl Than,

+/ fk( ke Xk+1)Gi,k(xkvxk+17Xk+1)dxk~ (18)
g OTpy1

Consider first the term in the sum above (17):

ﬁc (Qf’k|l’k+1, Xk+1) dzxy,

0T j41

/3Gi,k($k, Thi1, Xe+1)
0

@iy (@1 )
_ / aGi,k(mka Th+1, Xk+1)
8$1<:+1

J?l; ($k|$k+1, Xk+1) dzy,
0

a;"k<xk+1,Xk+1)
O0Gi 1 (Th, Thy1, Xpy1)

+ Dres f (k| Trs1, Xpyr) d
at_y (Thr1Xpes1)
°f 0G; 1 (Tp, Ti1, X ~
+ / xl g ek k+1)fk: (2| Trt1, Xegr ) di
Tht1
azk(wk+17Xk+1)
1
n—k+1
1 - * I *
m [Fk (ai,k ($k+17Xk+1) ’95k+17Xk+1) — Fy (ai—Lk (kaa Xk+1) |Tht1, Xk+1):|

where the existence of the fixed points a; (Th+1, X1 ) and aiqp, (Tht1s Xps1)

follows from the induction argument, while the inequality follows from the
sCustnane) 0 if 5, c

induction argument and from the fact that

[af_ljk (karla Xk+1) N ($k+1, Xk—i—l)]'
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Consider now the second term in the sum (18):

78ﬁ (Tr]Th11s Xp1)

5 G (T, Thot1, Xpg1 )Tk,
Tr41

0

aﬁk Te|Te+1, X
_ ( | +1 k+1) Gi,k(xkvxk"'l’xm'l)
0T 41

o0

=0
00

/aFk Ik|l‘k+1,Xk+1) 8Gz‘,k(9€k, Th+1, Xk-i-l)dx
k
0

aka Oxy,

o)

B /8Fk £k|$k+1 Xk+1) ank(IBk,ka,XkH)

d
0T 41 Oz, o

IA

dl‘k

> 8 1-— Fk $k|$k+1a Xk—i—l)]
n— k + 1/ 0Tp41
0

ai’k($k+1,Xk+1) ~
- 2 / OF, ($k|$k+1a Xk+1>
n—Fk+1 Oki1

-y (rr0e1)

d{L‘k

aZk(IkJrl:Xk-ﬁ-l) ~
1 1 . n- k / O0F, ($k|$k+1a Xk+1)
n—k+1ln—k n—-k+1 O%p11

a1k (mkH’XkJrl)

IN

dCL’k

where the first equality follows by integration by parts, and where the second
equality follows because lim,_, o F, (x]ackﬂ, Xk+1) — 1and F, (O|xk+1, Xk+1) =
0. The first inequality follows by the induction argument (which implies the
existence of the fixed points a}; (Tr+1, Xpp1)s @1 s (Th41, Xpy1) ) and be-
cause

G, 1 (Thy Tht15 Xper1) =1 if zp e [al 1y (Ter1 Xnn) » Gk (Trrts Xag) ]
dxy, < i e @ (o (Trens Xarn) > Gk (ks Xrn) ]

Combining now the two terms 17 and 18 we obtain
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o .
5 /Gi,k(xk, Thats Xia1) S (@0l Tat1, Xppr) dn
Ll+1
0
1
< -
-~ n—k+1
1 — * -~ *
k1 [Fk (ai,k (95k+17Xk+1) |Tpeg1, Xk+1) — Fj (azeug (Ikﬂa ch—f—l) | Tkt Xk:-}—l)}

af (@) o
N 1 1 . n- k / OFj, ($k|$k+1, Xk:+1)
n—k+1ln—k n—k+1 O0%p11

071k (Thr1Xes1)

Recalling the miraculous relation

1 1 N 1 1
n—k+1ln—k n—k+1 n—=k

it is therefore sufficient to prove that

1 ~ ~
" [Fk (Cl;k ($k+17 Xk+1) |-’17k+1a Xk+1) — Fy (be—uc ($k+17 Xk+1) |$k+17 Xk+1)]

G;k<$k+17Xk+l> ~
_ / OF}, (wk!$k+17 Xk+1) d
- 8~’Uk+1 ’

a;i_qg (-Tk+17Xk+1)

Integrating with respect to x both sides of the assumed inequality

_afk (]xx) < 1 3ﬁk (=|xx)
Orpi ~— n—k Ox

between the fixed points af |, (:UkH, Xk“) and aj (ka, Xk+1) yields the
desired result. m
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