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SUMMARY

A population can be entered at a known sequence of discrete times; it is sampled cross-
sectionally, and the sojourn times of individuals in the sample are observed. It is well known that
cross-sectioning leads to length-bias, but less well known and often ignored that it may result also
in dependence among the observations. We show that observed sojourn times are independent
only under a multinomial entrance process. We study asymptotic properties of parametric and
nonparametric estimators of the sojourn time distribution using the product of marginals in spite
of dependence, and provide conditions under which this approach results in proper or improper
and wrong inference. We apply the proposed methods to data on hospitalization time after bowel
and hernia surgeries collected by a cross-sectional design.

Some key words: Discrete entrance process; Length bias; Poisson cohort distribution; Survival analysis; Truncation.

1. INTRODUCTION

Consider a population S that can be entered at a fixed and known sequence of time-points. In
our motivating example S consists of patients in a hospital and the entrance times are the days
on which the relevant treatment is available. The population is cross-sectioned at a random time
and individuals in S present at that time comprise the sample. The main aim is to estimate the
sojourn time distribution function, GG, of individuals in S. Cross-sectioning biases G, and also
results in a thinned entrance process. Moreover, sojourn times in the cross-sectional sample may
be dependent even when sojourn times in S are independent. This dependence, which seems to
be overlooked in part of the literature, plays an important role in this paper.

Let A; denote the time from entering S to sampling and let X; denote the total sojourn time
in S of subject j. We observe (A;, X;) for subjects present in S at the sampling time, that
is, those satisfying A; < X;. This is a truncation model where observed pairs have the law of
(A, X) | A < X. The standard approach estimates G conditionally on the times from entering
S to sampling, see Woodroofe (1985) and Wang et al. (1986). In general, these times are not
ancillary, that is, their distribution depends on (5, and therefore, conditioning on them may lead
to loss of information.

The most common unconditional approach maximizes the likelihood of the observed lifetimes
assuming they are independent having a length biased distribution, (Cox, 1969; Vardi, 1985).
This assumption is justified when entrances to S follow a homogeneous Poisson process or when
the distribution of A is uniform; see Laslett (1982), Vardi (1989), and Asgharian et al. (2002).

We show that in our discrete entrance model, observed sojourn times are generally not inde-
pendent. Moreover, the dependence structure is rather complex, and a full likelihood approach
is not feasible. Instead, we study parametric and nonparametric estimators based on the inde-

20

25

30

35



40

45

50

55

60

65

2 M. MANDEL AND Y. RINOTT

—ag—az —ap —ai O

Fig. 1. An example with K = 4, and (N1, N2, N3, Ny) =
(3,5,2,3). Solid lines - observed sojourn times, dashed
lines - unobserved. (N7, N5, N3, Ni) = (3,3,0,1).

pendence likelihood, which consists of the product of univariate marginals (Chandler & Bate,
2007). This approach is within the framework of composite likelihood inference (Varin et al.,
2011). We provide conditions for consistency and for asymptotic normality and non-normality,
and indicate situations where independence likelihood methods are more efficient than the stan-
dard conditional approach. We also indicate situations where the independence likelihood fails,
showing that the dependence in truncated cross-sectional data cannot be ignored unless certain
conditions hold.

2. DISCRETE ENTRANCE PROCESS

Let Ny,..., Nk denote the random cohort sizes, that is, the numbers of individuals who enter
the population S at known and fixed time points —ax < --- < —a; < 0, where 0 is set to be the
cross-sectioning time. The sojourn times of individuals in S are denoted by X, and the times
from entrance to S to 0 are denoted by A; € {a1,...,ax}, where A; may be smaller or larger
than X ;. We refer to A; as the truncation time or age of individual j. A standard assumption
made throughout is that sojourn times { X; } are independent, with X; ~ G independently of the
ages {A;}.

The cross-sectional sample consists of those individuals for whom A; < X;. With some abuse
of notation, these observations will be denoted by (A;'f, X j*) We shall use the generic notation
X ~ G, and X* ~ G*, and denote the corresponding densities or probability functions by g and
g*. The observed number N} of subjects who joined S at —ay, and are still in S at time 0 is
thinned relative to the unobserved Ny, thus N} | Ny ~ Bin{Ny, G(ap—)}, where G =1 — G.
The total population and sample sizes are M = >, Nj and M* = ", N}'. See Figure 1.

The cross-sectional sample does not include sojourn times smaller than a; and therefore G(z)
is not estimable for = < a;; and the estimable function is pr(X < z | X > ay). For notational
convenience, we henceforth assume that a; = 0. The sojourn time X; of individual j is denoted
by X}; when we want to emphasize that it is the ith individual in cohort k. The data comprise
{(a},z7) : 5 =1,...,m"}, the ages and sojourn times of the m™ observations; the number of
individuals of age ay, in the cross-sectional sample is nj, = >, I(a} = ay), and m* = Zle ny.

Under this discrete truncation model, individual sojourn times in the sample are depen-
dent, even asymptotically. For a simple example, let K = 2, a; = 1, ag = 5, and (N7, Na) =
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(10,100) or (100, 10) each with probability 0-5. Let the sojourn times be Unif (0, 100), and sup-
pose m* = 100. Observing x} = 3 implies a} = 1 and makes the event {(N1, Na2) = (100, 10)}
more likely. This suggests that other x}'f’s will tend to be small.

Since conditions for independence of the pairs (A;, X ]*) are often not stated clearly in the
survival literature, it is important to point out exactly when independence holds.

THEOREM 1. The pairs (A}, X{), ..., (A}, X3;+) are independent conditionally on M* if
and only if (N1, ..., Ng) | M = m has a multinomial distribution for all m, which for indepen-
dent N1,..., Nk is equivalent to N, ~ Poisson(X\;), k=1,..., K.

All proofs are given in the Supplementary Material. By Theorem 1, strong assumptions
are needed for the sojourn times in the cross-sectional sample, { X}, to be independent. On
the other hand, conditionally on {A;}, the sojourn times {X ]*} are independent under any
distribution of {Nj}. Hence, the conditional approach, based on the conditional likelihood
1. [1; dG(x3},;)/G(ar—), is robust with respect to the entrance process model.

Although the multinomial model is a reasonable approximation of many entrance processes,
it does not always hold. A natural example is of an infectious disease, where N1, ..., Nk denote
the number of infected individuals in different months, and X denotes the infection period. As
entrance times are dependent, the multinomial model is violated and sojourn times in the cross-
sectional sample are dependent.

3. INDEPENDENCE LIKELITHOOD
3-1. Likelihood construction

In this section, we study the consequences of using the independence likelihood approach
which bases inference on the product of marginals of the (AJ*, X J’-‘)’s. Our goal is to find condi-
tions under which maximizing the independence likelihood provides consistent estimators, and
to compute their asymptotic distribution and variance, taking the dependence into account.

We start with A, the age of subject j, chosen at random among those who entered S at one

of the points —ag, ..., —a;. With 0/0 = 0 by convention, we have
n
pr(dj = ap) =Y —q—pr(N = n1,..., Ng = ng) = B(N/M), (D
N 28:1 Ns

where the sum is over N = {(nl,...,nK) : Zszlnk >1,n,€{0,1,2,...} k=1,...,K3%.

In expressions derived from (1), we shall replace pr(A; = ay) = E(Ny/M) by n =
E(Ny)/E(M); they are equal when (N1, ..., Nx) | M has a multinomial distribution, holding,
for example, when Np’s are independent Poisson, and when Nj’s are exchangeable, in which
case i = E(N,/M) = 1/K. Otherwise, it is an approximation justified by Lemma 1 below.

Recalling X; ~ G, the assumption of independence of A; and X, and that (A;, X]*) are
distributed as (A;, X;) | {4; < X}, the joint density of (A7, X7) is

pr(A; = ar)dG(z dG(x
far xx(ak, x) = 4, 5 L >I(ak <w)= 775()1(% < z), 2
where 3 = pr(4; < X;) = > le n1G (aj,—). The marginal density of an observed sojourn time
is obtained by summing over ay:

k:ap<x
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a weighted version of 7, with weights given by the step-function w(z) = ;.. <, 7. The dis-
tribution obtained in (3) depends on the joint distribution of Ny, ..., N only through the n;’s.
Under exchangeability, the weight function at = reduces to w(z) = K ! Zszl I(ar < z) =
K~!max{k : ay < x}, which is proportional to the potential number of time-points at which
an individual having sojourn time = could enter the population and still be included in the sam-
ple.

For the exchangeable case and more generally for known 7;’s. e.g., Fluss et al. (2012), the
independence likelihood is a product of the marginals of the observed sojourn times as in (3),

L@ =[s@) =I “’“”;M @
j=1 j=1

Clearly, L(G) is proportional to the product of the joint densities of (A}, X7), see (2).

3-2.  Asymptotic results

Our goal is to study the independence likelihood estimator G= arg max L(G) in the presence
of dependence among X7, ..., X},.. An important device to be used below is a representation

of /(G) =log L(G) = ij\fl log g*(X7) in terms of the independent variables Xz; ~ G:

K Ny w(Xei)g(X K N
ZZ[ ar < Xgi) log ——————=2 ki) Zzhk Xki)- )
k=1 1i=1 k=1 i=1

The hj(Xk;) defined in the sum above are independent but not identically distributed.

In our data, and quite typically for truncation models, the relevant asymptotics appear to be
associated with increasing the sample size while keeping the marginals of (A;f, X ]*) fixed; see,
Woodroofe (1985) and Wang et al. (1986). We consider large entrance numbers N, with a fixed
number of entrance points K. Asymptotics obtained by considering large K are technically easy,
leading to standard consistency and normality results; see Supplementary Material. Set N}, =

N, lg”) satisfying lim, _,o pr(N, ,g”) > n) = 1 for all n. For simplicity, we henceforth assume that

the sequence is parameterized so that v = E(M ™)) and E(N, ,EV)) = nrv. We often omit the
superscript v and expressions like Ny /F(Ny) — 1 appearing in Lemma 1 or in Theorem 2
below are taken with respect to v — oo. The following lemma is straightforward; it justifies the
approximation described in Section 3-1 of replacing E(Ny /M) by n, = E(Ny)/E(M).

LEMMA 1. Let E(Ny,) = ngv with Y, ny, = 1, and assume Ny, /E(Ny) — 1 in probability.
Thenfork =1,...,K, E(Ny/M)— ngasv — oc.

3-3.  Parametric models

Suppose G = G(-;0) is indexed by a parameter § € © C R, taken to be univariate for sim-
plicity; extensions to the multi-parameter case and to models with covariates are discussed in the
Supplementary Material. We write £(6), Sg, and hy(-; @) instead of £(G), 3, and hy(-) of (5). The
next theorem deals with consistency.

THEOREM 2. Let Ni/E(Ny) — 1 in probability and assume that g(x;0) is differentiable
with respect to 0 for all x, and the standard regularity conditions of identifiability, common
support for all 0, and the true parameter 0y being an interior point of the parameter space.
Then there exists a consistent sequence 6, of roots of the independence likelihood score equation

0(6)/96 = 0.



Estimation from Cross-Sectional Samples under Bias and Dependence 5

The regularity conditions above appear as Conditions (AO), (Al), and (A3) in Lehmann and
Casella (1998, p. 444-5); their Condition (A2) is that /(G) is a sum of independent and identi-
cally distributed random variables. We extend the proof to our case, where hy(X};) are indepen-
dent but not identically distributed.

When the root is unique, it is the independence likelihood estimator, and the resulting sequence
is consistent. In particular, if G belongs to a canonical exponential family, then so does G*(; 0)
and if the independence likelihood estimator exists, it is unique. Also, if the parameter space is
compact, then any sequence of maximum independent likelihood estimators is consistent and
differentiability of g(z; 6) is not needed (Ferguson, 1996).

By Chebyshev’s inequality, pr{|Ny/E(Ny) — 1| > e} < var(Ny,)/{eE(Ny)}? so that for
models where the coefficient of variation vanishes, Ny /E(Ny) — 1 in probability. This holds
for Poisson or binomial, but not geometric or uniform variables.

The regularity conditions and parts of the analysis of the asymptotic distribution of the inde-
pendence likelihood estimator appear similar to those of Theorem 3.10 in Lehmann and Casella
(1998, page 449). However, the results are not the same; interestingly, the limiting distribution
of the independence likelihood estimator is not necessarily normal.

THEOREM 3. Assume all the conditions of Theorem 2, and additionally that in some neigh-
borhood of 0 the following standard regularity conditions hold. (i) g(x; 0) is differentiable three
times with respect to 0 for all x; (ii) [ dG(x;0) can be twice differentiated under the integral; (iii)
the Fisher information —Eg{9*log g(X; 9)/892} € (0,00); (iv) |0%log g(x;0)/003| < (=)
for all x, where Eg,{1)(X)} < cc. Let

KN, NV 0
vy k — Mk )
U=U" = Z T i E9o{80h (X790)}- (6)

IfUW) — V in distribution for some random variable V, then for any consistent sequence 6, of
roots of the independence likelihood score equation 0£(6)/06 = 0,

51/2

M*1/2(éu - 00) — K
> k=1 Mk Eoq {th(X, 90)}

W+V) (M

in distribution, where W ~ N [O, Zle nivarg, {Oh (X 00)/80}} is independent of V, and the

resulting asymptotic variance of M*Y/%(6,, — 6y) is
e mevarg, { Zhi (X5 00)} + var(V)
2
[Zszl i Ee, {%hk(X, 90)}}

Remark 1. When (Ni,..., Ng) | M has a multinomial distribution holding, for example,
when N ~ Poisson(n;v) 1ndependent then by (6) var(U™")) = 3" nic?. In this case, standard
calculations show that (8) reduces to 1/Eg, {dg*(X*,80)/d0}*, which has the usual interpre-
tation of Fisher’s information for independent Xs. This is expected, since by Theorem 1 the
observed sojourn times are indeed independent. It follows that ignoring the dependence in vari-
ance calculations leads to anti-conservative inference if var(V') > > ci, and conversely. Thus,
when the Poisson model is reasonable or when the variance of cohort sizes is smaller than their
expectations, the observed Fisher information of the independence likelihood can be used as a
basis for a conservative variance estimator. However, if the variance of the cohort sizes is much
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6 M. MANDEL AND Y. RINOTT

larger than their expectation, this variance estimator is anti-conservative, and moreover, the esti-
mator itself may be inconsistent. In such cases, one may resort to the conditional approach.

In general, var(1/') can be estimated by plugging 6 in (8), but var(V') depends on the distri-
bution of the Ny’s. If the N}’s are constant then var(V') = 0; certain pre-scheduled allocations
are indeed close to being constant. If the distribution of the [V;’s is known from past experience,
then var (V') can be evaluated.

In the Supplementary Material, we discuss various dependence structures of cohort sizes, lead-
ing to different asymptotic distributions of V' and hence of M* 1/2 (0, — 6p), and study the effect
of correlations among the cohort sizes on the asymptotic variance of V.

3-4.  Nonparametric models

In the nonparametric case, (4) has the form of a likelihood under biased sampling and is
maximized by the inverse weighting estimator, e.g., Vardi (1985):

o o w(X) T (X < x)
S

This nonparametric independence likelihood estimator can be represented in terms of the inde-
pendent and identically distributed variables Xj; by

G(z) = MUY S w(X) " T (ax < X < @) ©)
MY S w(Xge)” I (ag < Xii)
We next discuss consistency and the asymptotic distribution of the nonparametric indepen-
dence likelihood estimator. For this purpose, set v (z) = E{I(ar < X < z)/w(X)}, then

K K
> m(z) = E { L= Zj([)(?)k = X)I(X < 95)} = G(z). (10)
k=1

THEOREM 4. Suppose that Ni;/ E(Ny,) — 1 in probability. Then for all z, G(z) — G(z) in
probability as v — o0, i.e., the independence likelihood estimator is consistent.

THEOREM 5. Suppose that Ny, /E(N,) — 1 in probability. For any given x, let UV (x) =
Zszl i ()Y 2(Ny, — mpv), where c(x) = () — e (00)G(z). If UM () — V(z) in dis-
tribution for some random variable V (x), then

MG (x) = G(x)} — B/HW (2) + V(2)} (1)

in distribution, where W (z) ~ N[O, Zszl neos(x)| with o2(z) = var[I(a < X){I(X <
x) — G(z)}/w(X)], and W (x) and V (x) are independent.

4. DATA ANALYSIS AND SIMULATION

As part of a monitoring program in Israel, four cross-sectional studies were conducted in all
hospitals in the country. On each survey day, data on all patients who had undergone surgery
during the past 30 days were collected from the surgery day to 30 days afterward, see Fluss et al.
(2012) for more detail. In this section, we compare the nonparametric independence likelihood
and conditional estimators of the distribution of length of hospitalization, trimmed at 30 days.

It is reasonable to assume that the numbers of urgent surgeries on different days of the week
are exchangeable, suggesting the assumption 7, = 1/K. However, the daily schedule of elective
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Fig. 2. Hospitalization time after bowel (left) and hernia

(right) surgery. Solid lines - urgent surgery, broken line -

elective surgery. Black - nonparametric independence like-
lihood, gray - nonparametric conditional likelihood.

surgeries suggests the possibility of unequal expected cohort sizes, see Fluss et al. (2012). It is
therefore expected that the independence likelihood estimator with n;, = 1/ K will work well for
urgent surgeries, but may fail for elective ones. The data comprise 587 bowel and 232 hernia
surgeries of which 57% and 81% are elective, respectively.

Figure 2 presents the nonparametric estimates stratified by surgery type and urgency status.
Urgent surgeries typically require longer hospitalization compared to elective operations, and
the same holds for bowel versus hernia surgeries; median=11 versus 4 days for urgent surgeries,
median=8 versus 2 days for elective surgeries. The conditional and independence likelihood
estimates are quite similar except for the group of elective hernia surgeries. In the latter case,
the independence likelihood estimate for G(2) is 0-79 with standard error of 0-026, while the
conditional likelihood estimate is 0-69 with standard error of 0-039. Elective surgeries schedules
in general do not satisfy the exchangeability assumption of cohort sizes which may explain the
difference between the estimates. However, in this case the schedule may be known, leading to
good estimates of the relevant 7;.’s (Fluss et al., 2012). We remark that the data we analyzed were
aggregated from several hospitals. This may moderate the problem of varying 7;’s if different
hospitals have different schedules.

We conducted a simulation study in order to compare small sample properties of the condi-
tional and the independence likelihood approaches, using K and sample size M* that are some-
what similar to the above data. The results show a clear advantage of the independence likelihood
approach for Poisson or relatively stable N’s, while for more variable N’s, the conditional ap-
proach is preferable. Details are given in the Supplementary Material.

5. DISCUSSION

Our results and simulations show that when the Nj’s are close to multinomial or to being
constant, independence likelihood inference is preferable to the conditional approach. Scheduled
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8 M. MANDEL AND Y. RINOTT

processes lead to constant N’s, and for many random allocation processes, the multinomial
model appears to be reasonable. In certain non-exchangeable problems, the entrance process
may be learnt from past data and the independence likelihood approach can be used; if not, one
may resort to the conditional approach.

We conjecture that when the entrance process is a continuous renewal process, Theorem 1
can be extended to show that sojourn times in a cross-sectional sample are independent if and
only if entrances are governed by a Poisson process. The proof may use a characterization of the
Poisson process, see Gan & Yang (1989).
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Supplementary Material available at Biometrika online includes proofs, extensions of asymp-
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