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ABSTRACT 

In t h i s  paper we d iscuss  a modification of t h e  Dudewicz- 

Dalal  procedure f o r  t h e  problem of s e l e c t i n g  the  population with 

the  l a r g e s t  mean from k normal populations with unknown vari- 

ances. We derive some i n e q u a l i t i e s  and use them t o  lower-bound 

t h e  p robab i l i t y  o f  co r rec t  s e l ec t ion .  These bounds a r e  appl ied  

t o  t h e  determination of t he  second-stage sample s i z e  which i s  

requi red  i n  order t o  achieve a prescr ibed p robab i l i t y  o f  co r rec t  

s e l ec t ion .  We discuss  t h e  r e s u l t i n g  procedure and compare it t o  

t h a t  of Dudewicz and Dalal  (1975).  

1. INTRODUCTION 

Let Xij be normal and independent random va r i ab le s  from 
2 population ni wi th  mean Vi and var iance  oi ( i  = l,.. . ,k, 

j  = 1, 2 , .  . . . We assume t h a t  t he  pi and ai a r e  unknown. 

The ordered ui ' S  a r e  denoted by p E l 1  ( . . . 2 p [ k l ,  Our goal  

Copyright O 1978 by Marcel Dekker, Inc. All Rights Reserved. Neither this work nor any part 
may be reproduced or transmitted in any form or by any means, electronic or mechanical, includ~ng 
photocopying, microfilming, and recording, or by any information storage and retrieval system, 
without permission in writing from the publisher. 
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800 RINOTT 

i s  t o  s e l e c t  t h e  b e s t  popula t ion ,  namely the  populat ion associa-  

t e d  wi th  t h e  l a r g e s t  mean 
U [ k l '  

Let 

a ( & * )  = ((u ,,.. . YU,): [k ]  - '[k-11 
& * I .  

The problem i s  t o  f i n d  a r u l e  f o r  which t h e  p r o b a b i l i t y  of 

c o r r e c t  s e l e c t i o n  (denoted by P(cS) ) w i l l  be g r e a t e r  than o r  

equal  t o  a p re sc r ibed  number P* throughout R ( 6 * ) ,  i . e .  our 

p r o b a b i l i t y  requirement i s  

P (CS)  L P *  whenever (ul ,..., pk) E R ( & * ) .  (1) 

A s ingle-s tage  procedure cannot s a t i s @  t h i s  requirement. 

(Dudewicz (1971) ) .  

Two-stage procedures f o r  t h i s  problem which a r e  genera l i -  

za t ions  of  S t e i n ' s  (1945) two-stage procedures have been given 

by Dudewicz and Dalal  (1375) .  Dudewicz and Dalal  developed t h e  

fol lowing procedure P E ( h ) :  

Take an i n i t i a l  sample of  N o  observations from each popu- 

l a t i o n  ni and a second sample of  s i z e  Ni - Ito observations 

from each ni where 

h 2 2  
Ni = m d N 0  + 1, [ (F)  S i l l ,  

h is a constant  t o  be d iscussed  l a t e r  and sf i s  t h e  usual  un- 
2 b i a sed  e s t ima te  of t he  variance a i  based on t h e  f i r s t  IiO 

observat ions  from ai , i = 1,. . . ,k. (Here [y ] denotes t he  

smal les t  i n t e g e r  ~ y . )  Choose a i j  j = 1,. . . 1 .  ) t h a t  s a t i s f y  

i 
f o r  i = 1,. . . ,k. Se t  Ti = EjZl aijXij and s e l e c t  a s  t h e  "best1 '  

t h e  popula t ion  which gave r i s e  t o  t he  l a r g e s t  of  t he  genera l ized  - 2 
sample means X i ,  i = 1,. . . k .  They show t h a t  f o r  any a l , .  . . 2 

¶Ok 
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TWO-STAGE SELECTION PROCEDURES 

provided  ( p ,  , . . . , p k )  E R(5*) , w i t h  e q u a l i t y  

e v e r  u [ l l  = . . . = u = u - 5* ( t o  be  
[k-11 [ k l  

801 

i n  ( 2 )  h o l d i n g  when- 

c a l l e d  t h e  l e a s t  

f a v o r a b l e  c o n f i g u r a t i o n  o f  pl ,. . . , u k ) ,  where G and g denote  

t n e  d i s t r i b u t i o n  f u n c t i o n  and d e n s i t y ,  r e s p e c t i v e l y  o f  t n e  t 

d i s t r i b u t i o n  w i t h  IdCI - 1 degrees  o f  freedom. Thus p r o b a b i l i t y  

requ i rement  (1) i s  s a t i s f i e d  i f  we apply  t h e  procedure  P E ( h )  

w i t h  h determined by t h e  i n t e g r a l  e q u a t i o n  

Fol lowing S t e i n  (1945)  one may expec t  t h a t  a  s i m i l a r  p rocedure  

based  on o r d i n a r y  sample means may b e  more a p p e a l i n g  t h a n  t h e  

above procednre .  m e  f o l l o w i n g  procedure  c a l l e d  P ( h )  i s  d i s -  
R 

cusserr by Dudewicz and D a l a l  (1975)  and g e n e r a l i z e s  S t e i n ' s  con- 

s i d e r a t i o n s  i n  a  n a t u r a l  way. The f i r s t  s t a g e  i n  p R ( h )  i s  t h e  

same a s  i n  p E ( h )  above. Then i n  t h e  second  s t a g e  t a k e  Ni  - N O  

a d d i t i o n a l  o b s e r v a t i o n s  from each T where now 
i 

i 
S e t  Ti = ( ~ / N ) . Z . -  X and s e l e c t  a s  " b e s t "  t h e  p o p u l a t i o n  which 

J -1  i j  - 
y i e l d s  t h e  l a r g e s t  o f  t h e  o v e r a l l  sample means 

Xi,  
i = 1,. . . ,k .  

The q u e s t i o n  whether  it i s  g e n e r a l l y  t r u e  t h a t  

p ( c s / p , ( h ) )  p ( c s / p E ( h ) )  ( 4 )  

was r a i s e d  by Dudewicz and D a l a l  and remained open ( e x c e p t  f o r  t h e  

c a s e  k = 2 i n  which t h e y  showed t h a t  ( 4 )  h o l d s  s o  t h a t  PR i s  

un i formly  b e t t e r  t h a n  pE) and t h u s  it i s  n o t  c l e a r  how' h s h o u l d  

b e  determined s o  t h a t  P w i l l  g u a r a n t e e  t h e  p r o b a b i l i t y  r e q u i r e -  
R 

ment (1). We show t h a t  (4) does no t  h o l d  i n  g e n e r a l  and prov ide  a  

new i n t e g r a l  e q u a t i o n  ( 1 3 )  from which h* can b e  determined s o  

t h a t  PR(h*) w i l l  g u a r a n t e e  ( 1 ) .  

We d i s c u s s  one- and two-stage procedures  based  on sample means 

showing t h a t  a procedure  which i n t u i t i v e l y  may seem most r e a s o n a b l e  

i s  sometimes worse t h a n  g u e s s i n g ,  i . e .  may y i e l d  P(CS) < l / k  f o r  
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80 2 RLNOTT 

c e r t a i n  c o n f i g u r a t i o n s  o f  t h e  v a r i a n c e s  and s u i t a b l e  j*. 3 r t h e r -  

more a  d e c r e a s e  i n  t h e  v a r i a n c e s  of  t h e  s t a t i s t i c s  involved  may 

cause  a  d e c r e a s e  i n  P ( c S )  c o n t r a r y  t o  s t a t i s t i c a l  i n t u i t i o n .  

Ve prove  some i n t e g r a l  i n e q u a l i t i e s  r e l a t i n g  ( 1 3 )  and ( 3 )  and. 

compare ~ ~ ( h * )  and P,(h) from t he  p o i n t s  o f  view o f  sample s i n e  
& 

and p r o b a b i l i t y  o f  c o r r e c t  s e l e c t i o n .  30 th  PEI and ?; have some - 
u n d e s i r a b l e  p r o p e r t i e s  b u t  i t  appears  tc us t h a t  u n l e s s  one i s  

i n t e r e s t e d  i n  v e r y  s m a l l  samples and s m a l l  P*, ?= might be :he 

more e f f i c i e ~ t  p rocedure ,  having a  l a r g e r  P(cS ? m C e r  conf lgura-  

t i o n s  t h a t  d i f f e r  from t h e  l e a s t  f a v o r a b l e  one. 

2. THE PIiOCEDURE P  (h*) R 

I n  t h i s  s e c t i o n  we show t h a t  t h e  p rocedure  P R ( h * )  ( l e f i n e c  

i n  S e c t i o n  1) s a t i s f i e s  o u r  ? r o b a b i l i t y  req ldrement .  

For easy  r e f e r e n c e  we f i r s t  s t a t e  'he f o l l o w i n g  r e s u l t  due t o  

S l e p i a n  (1962)  which i s  b a s i c  i n  many o f  our c o n s i d e r a t i o n s .  

I f  (XI,. . . ,X ) has t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  j r i th  
n  

n  n o r s i n g u l a r  covar iance  m a t r i x  1 = 1 / u i j  1 1 i ,  j=l, then  f o r  any 

c o n s t a n t s  c , .  . . c t h e  p r o b a b i l i t y  Pr(Xl 5 e l , .  . . , I ,  5 e n ?  i s  n  

s t r i c t l y  i n c r e a s i n g  a s  a  f u n c t i o n  o f  each o f o r  i 3 .  I n  
i j 

p a r t i c u l a r  i f  o . .  > 3 ,  i ,  j  = 1 ,..., n  t h e n  
1 J  

P r o p o s i t i o n  1. The procedure  P ( h * )  with h* d e f i n e d  by (i3) 
R 

Proof .  I t  i s  easy  t o  s e e  t h a t  t h e  ? ( c s )  s f  P, i s  minimized - 
over  ~ ( 6 * !  when u r l 1  = . . .  = u - l~~~ - 6* !:he so-ca l led  

[k'] - L.., 

l e a s t  f a v o r a b l e  c o n f i g u r a t i o n )  ; we s h a l l  c o n s i d e r  t h i s  conf igura-  

t i o n  i n  t h e  f o l l o w i n g  p r o b a b i l i t y  c a l c u a l t i o n o .  Denote by n 
2 ( i )  

t h e  p o p u l a t i o n  hav ing  mean p [ i l ,  i = 1 , .  k Let  u 
(i) be 
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TWO-STAGE SELECTION PROCEDURES 803 

(i) 
the sample variances the variances of n and denote by S(i) 

based on the first No observations from ?T(~). Let N 
(i) 

be - 
) and '(i) the over- the total number of observations from n - (i 

all sample mean from .rr (i) 
so that EX, 

:i) 
We then have 

P(CS) = P ~ ( T  < ri 
(i) (k)' 

i = l,.. . ,k-1) 

3enote 

z 

and 

4 

Since 
h* 2 2 

N(i) > (T*)  G ( i )  
it follows that - 

so that (5) implies 

P(CS) - > Pr(Z(i) < Q(i), i = l,...,k-1). ( 6  

By standard arguments it follows that under the least favorable 

configuration the conditional distribution of Z(l),...,Z 
2 

(k-1) 
given S(l),...,S i smu l t i va r i a t enoma lwi thmeans  equalto 

(k) 
zero and covariance matrix determined by Var Z = 1, (i) 
i = 1, ..., k-1, and for i # j, i,j = 1, ..., k-1 
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804 RINOTT 

Since t h e  var iances  a r e  cons tant ,  t h e  covaxiances p o s i t i v e ,  and 

s ince  t h e  Q(i) a r e  func t ions  of 
2 2 

S( l ) , . . . , S (k )  and may there-  
2 

f o r e  be regarded as cons t an t s  when we condi t ion  on S ( l ) , . . . , S  
2 
( k ) '  

Let @ denote t h e  d i s t r i b u t i o n  func t ion  of a ~ ( 0 , l )  v a r i a b l e  
2 

1 
i .e.  ( t  ) = - e x  . Note t h a t  t h e  marginal  cond i t i ona l  

m 2 
d i s t r i b u t i o n  of each Z ( i )  given S ( l ) , . . . , S  ( k )  i s  ~ ( 0 , l )  so 

k-1 h* 
= E{ n o (  1 

i=l [ ( a ( i ) / ~ ( i )  ) + ( u f k ) / ~ ; k ) ) ~  112 )J. 

2 2 ( 1 0 )  
The v a r i a b l e s  

'(i) 
def ined  by Y ( i )  = ( N , , - ~ ) s ( ~ ) / u ( ~ ) ,  

i = 1,. . . ,k ,  a r e  independent X 2  v a r i a b l e s  wi th  No - 1 ieq rees  

of freedom, and by ( 6 )  and (10 )  we have 

Note t h a t  t h e  express ion  on t h e  r i g h t  s i d e  of (11) i s  independent 
2 

of a (1), . . . ,a  
2 
(k). Let f denote t h e  dens i ty  of t h e  y2 d i s -  

t r i b u t i o n  wi th  No - 1 degrees of freedom. Applying t h e  

independence of  t h e  Y 
( i ) '  

i = 1, ..., k,  we can s i m p l i e  t h e  above 

express ion  t o  
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TWO-STAGE SELECTION PROCEDURES 

k-i 
h* 

m m 

= 1[1 a (  h* 

0 0 { ( N o - l ) [ ( l / x )  + ( ~ / Y ) I ; ~ ' ~  ( 12 )  

Thus (11) anc (12 )  imply P ( C S )  > P* i f  h* i s  determined by 

'he i n t e g r a l  equation 

h * ) f  (x)dxlk- l f  (y)dy = P*. (13 )  
{(N 0 - ~ ) [ ( u x )  + ( ~ I ~ ) I I ~ ' *  J 

3. PROPERTIES OF P, 

I n  t h i s  s ec t ion  we po in t  out  some undes i rable  p rope r t i e s  of 

s e l e c t i o n  procedures based on sample means. We a l s o  answer t h e  

ques t ion  of comparison of PE and PR r a i s e d  by hdewicz  and 

Dalal (1975) ( s e e  eq. (4)) and extend some of t h e i r  r e s u l t s .  

Consider a one-stage procedure f o r  t h e  problem of iden t i fy ing  

t h e  normal popula t ion  having l a r g e s t  mean, var iances  unknown, 

where N observations a r e  taken from each popula t ion  and t h e  - - 
population y i e ld ing  t h e  l a r g e s t  of t h e  sample means X l 7 .  .., 
i s  s e l ec t ed  a s  "best". Assume - U[I] = ,"" - 

Ii, 
'[k-11 = '[k] - 6" 

where B* i s  small  t o  be spec i f i ed  below, and cons ider  a configu- 

r a t t o n  of t h e  var iances  such t h a t  u2 - 2 2 2 
(1) - 3 m * . 7  = (k-1) > '(k)' '(i) 

denoting a s  before  t h e  var iance  a s s o c i a t e d  wi th  t h e  population having 

mean 
2 2 

P [ ~ ] .  Denote 0 = u i k  > 1. For k > 2 we have: 

Proposi t ion  2 .  Under t h e s e  condi t ions  t h e  procedure performs worse 
1 

than ~ e s s i n g ;  without any observat ions ,  i . e .  P(CS) < . 
Proof. With 

P(CS)  = 

no ta t ion  a s  above - 
P ~ ( x ( , )  < X ( k ) ,  i = l , . . . y k - l )  
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RINOTT 

and f o r  6 *  = 0 

P ( C S )  = P ~ ( Z ( ~ )  < 0 ,  i 1,. . . , k - l j ,  

where ( Z ( l )  ,- - -  , 'Z(k-l) ) is  m u l t i v a r i a t e  

means e q u a l  t o  z e r o  and covar iance  m a t r i x  

nonna i ly  d i s t r i b u t e &  w i t c  

determined by 

Let (u~,. . . ,Uk-l) be  a  ( k - 1 ) - v a r i a t e  normal randon v e c t o r  such. 

t h a t  i i u i )  = 0 ,  Var(Ui ) = 1 and C O V ( U  U:  j = 112, 
i '  

1 < i f j  5 k-1. Then we have - 

where t h e  s t r i c t  i n e q u a l i t y  fol lows from S l e p i a n ' s  (1962)  i n e q u a l i t y .  

By c o n t i n u i t y  of  P(CS) i n  6* we have f o r  some 6* > 9 and t n e  

c o n f i g u r a t i o n  d e s c r i b e d  b e f o r e  P r o p o s i t i o n  2  P ( c s )  < l/k. Moreover 

l e t t i n g  u2 -t a, and a 
( i )  

* bounded o r  02 -t c o  i n  such a  way 
( k  ( k )  

s o  t h a t  f o r  l a r g e  va lues  o f  t h e  v a r i a n c e s  we can have 

1 
and c l e a r l y  (1/2)k-1 < - f o r  k  > ' 2 .  k  

Remark 1. For k  > 2  t h e r e  e x i s t  va lues  o f  h  and c o n f i g u r a t i o n s  

o f  t h e  parameters  such t h a t  P ( c s / P ~ ( ~ ) )  < P(CS J p E ( h )  ) , showing 

t h a t  ( 4 )  i s  n o t  u n i v e r s d l l y  t r u e .  

P r o o f :  F i r s t  n o t e  t h a t  (4) and ( 2 )  would imply - 
00 

1 
P ( c s ~ P ~ ( ~ ) )  2 J ~ ~ - ' - ( t + h ) ~ ( t ) d t  L~ . 

-OD 

As h  4 0 t h e  p r o b a b i l i t y  o f  drawing a  second sample i n  p R ( h )  
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TWO-STAGE SELECTION PROCEDURES 

t ends  t3  0 and hence P ( c s / P ~ ( ~ ) )  w i l l  t e n d  t o  t h e  P(CS) 

o f  t h e  one-stage procedure  d e s c r i b e d  above,  and it fo l lows  from 

t h e  preced ing  d i s c u s s i o n  t h a t  f o r  some h > 0 and c e r t a i n  con- 
1 f i g u r a t i o n s  o f  parameters  we have P ( c s / P ~ ( ~ ) )  < k .  This  

c o n t r a d i c t s  t h e  above i n e q u a l i t y  and we conclude t h a t  ( b )  does 

n o t  n o l d  f o r  s u f f i c i e n t l y  s m a l l  v a l u e s  o f  h  when k > 2.  

Note t h a t  t h e  argument h o l d s  even when P ( h )  and p E ( h )  a r e  
R 

compared w i t h  d i f f e r e n t  i n i t i a l  sample s i z e s .  

Remark 2. Assume 
= " '  = [k-ll = u r k 1  - 6* and c o n s i d e r  

two c o n f i g u r a t i o n s  o f  v a r i a n c e s  a (  1 ) ,  . . . and a { l )  ,- . . , a { k )  

such t h a t  o ( )  - - a ,  i = l , . .  k -  and < a t k ) .  Then 

f o r  some 6* and h we have P ( c s / P ~ ( ~ ) )  < P ' ( C S [ P ~ ( ~ ) )  where 

t h e  p r o b a b i l i t y  on t h e  l e f t - h a n d  s i d e  i s  under  
a ( l )3 . . .  9 u ( k )  

( 
) , . . . a ( i  . e .  i n c r e a s i n g  and on t h e  r igh t -hand  s i d e  under  a '  

a  v a r i a n c e  sometimes i n c r e a s e s  t h e  p r o b a b i l i t y  o f  c o r r e c t  s e l e c t i o n ) .  

This  fo l lows  from t h e  f a c t  t h a t  t h e  covar iances  i n  ( 1 5 )  i n c r e a s e  

i n  and t h u s  by S l e p i a n ' s  r e s u l t  i n c r e a s i n g  w i  11 

i n c r e a s e  t h e  P( cS) o f  t h e  aforementioned one-stage procedure  

f o r  s m a l l  va lues  o f  6". L e t t i n g  h + 0, P ( C S ~ P ~ ( ~ )  ) t e n d s  t o  

P(CS) o f  t h e  one-stage procedure  implying t h a t  f o r  some s m a l l  

6" and h ,  P ( c s I P ~ ( ~ ) )  < P ' ( c s I P ~ ( ~ ) ) .  

4. INEQUALITIES PSJD THEIR APPLICATIONS TO A COMPARISON OF 1 

P, AND P, 

We compare t h e  procedure  PR w i t h  h determined by ( 1 3 )  and 

PE bo th  t a k e n  w i t h  i n i t i a l  sample o f  No o b s e r v a t i o n s  from each 

p o p u l a t i o n .  

4 .1  Comparison o f  h 

R e c a l l  t h a t  h  i s  t h e  c o n s t a n t  a p p e a i n g  i n  t h e  d e t e r m i n a t i o n  

o f  t h e  second sample s i z e  i n  PR and PE. 

P r o p o s i t i o n  3. The v a l u e  of h* determined by  ( 1 3 )  t o  w a r a n t e e  

t h e  p r o b a b i l i t y  requirement  ( 1 )  w i t h  t h e  procedure  pR(h*) & 
l a r n e r  t h a n  t h e  v a l u e  o f  h determined by (3) needed t o  g u a r a n t e e  
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808 RINOTT 

t h e  p robab i l i t y  requirement (1) by pE(h)  f o r  any P*, k > 2 .  

For k = 2 t h e  two values  coincide.  - 
Proof. Comparing t h e  i n t e g r a l  expressions i n  (13 )  and ( 3 )  from - 
which t h e  values of h are determined t h i s  proposi t ion  i s  equi- 

va l en t  t o  t h e  r e l a t i o n :  

wi th  equa l i ty  holding f o r  k = 2, and s t r i c t  i nequa l i ty  f o r  k > 2. 

I n  order  t o  prove (16)  def ine  Zi t o  be ~ ( 0 , l )  va r i ab le s  and 
2 

5 .  t o  be X2 v a r i a b l e s  wi th  No - 1 degrees of freedom a l l  in-  
1 

dependently d i s t r i b u t e d ,  i = 1, ..., k. S e t t i n g  , - - 
Z = Z ~ / [ S / ( N - ~ ) ] ~  i = 1, k ,  t h e  Z i a r e  independent t 

va r i ab le s  with No - 1 degrees of freedom. We have 

where t h e  l a s t  i nequa l i ty  follows from S lep ian ' s  i nequa l i ty  with 

s t r i c t  i nequa l i ty  f o r  k > 2 and c l e a r l y  equa l i ty  holding f o r  

k = 2 .  a s  i n  (12) t h e  l a s t  expression reduces t o  t h e  right-hand 

s i d e  of ( 1 6 ) .  

I n  t h e  next Proposi t ion  4 we give  a lower bound t o  t h e  i n t e g r a l  

of equation (13 ) .  The lower bound w i l l  be appl ied  t o  t h e  procedure 

pR(h)  a s  s t a t e d  i n  Proposi t ion  5. 
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TWO-STAGE SELECTION PROCEDURES 

P r ~ o f .  This fol lows from Jensen ' s  i n e q u a l i t y  ( i n  t h e  form - 
,. 

' -- > ! an5 t n e  case  k = 2 equal izy  of ( 1 6 ) .  

?roposi:ions 1 a16 L imply t h a t  

tnus  proving 

Sroposi:ion 5. The p r o b a b i l i t y  requirement (1) w i l l  be s a t i s f i e d  

a - ~ ~ ( h )  if n i s  determined from t h e  equatior ,  

This de terminat ion  of h  w i l i  of course y i e l d  l a r g e r  va lues  

of  h than  those  of  h* obta ined  by ( 1 3 ) ,  t h e  d i f f e r ence  becoming 

i e s s  s i g n i f i c a n t  f o r  l a r g e  value of P*. Dudewicz and Dalal  (1975) 

presented  t a b l e s  f o r  t h e  i n t e g r a l  i n  (17 )  and by Propos i t ion  5 

t h e s e  t a b l e s  can be app l i ed  f o r  a  conservat ive  determination o f  h  

i n  P (h) f o r  any k. R 

Numerical comparisons i n d i c a t e  t h a t  f o r  l a r g e  va lues  o f  P* 

(P* 2 0.75) t h e  d i f f e r ence  between t h e  va lues  o f  h  a s  de ter -  

mined from ( 3 ) ,  (13) and ( 1 7 )  i s  sma l l  and thus  t h e  d i f f e r ence  

i n  t h e  second-stage sample s i z e s  between PR and PE due t o  

t h e  d i f f e r e n t  de terminat ion  o f  h  i n  t h e s e  procedures may not  

be very s i g n i f i c a n t .  

4 .2 Comparison of  Sample S i z e  

( R )  Denote by N:~ '  and Ni t h e  sample s i z e s  i n  PE and 

P,, respect i - re ly .  Here I l jE) i s  d e t e m i n e d  wi th  h s a t i s o i n g  
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( 3 ) ,  and N ( R )  i s  determined w i t h  i* s a t i . s f y i n g  ( 1 3 ) .  By i 
P r o p o s i t i o n  3  we have h* 2 h.  R e c a l l  t h a t  

and 

If t h e  same N, i n i t i a l  o b s e r v a t i o n s  i n  each  p o p u l a t i o n  a r e  
V 

(R)  used  f o r  b o t h  procedures we have N .  + 1 2 N i  1 
( E )  ( t h a t  i s  

pR(hY)  cannot  s a v e  more t h a n  one o b s e r v a t i o n  p e r  p o p u l a t i o n  

over  PE) . We t h u s  have 

( E )  P r o p o s i t i o n  6.  EN^^) + 1 2 ENi , i = 1,. . . &. 
The r e l a t i o n  between ENi (E) ( R )  and EN depends on t h e  un- 

i 
known v a l u e s  o f  t h e  v a r i a n c e s .  I f  N, remains f i x e d ,  l e t t i n g  

( E l U  
- 

N ( ~ )  + N and Y - x0 + 1 and t h u s  f o r  2 + 0  w e h a v e  0: 0  i 

s m a l l  v a l u e s  o f  oC i 

< 

L e t t i n g  oi  + we 

we have 

s e e  t h a t  t h e  r e l a t i o n  h ( R )  - > h ( E )  i m p l i e s  

. / 
f o r  l a r g e  v a l u e s  o f  oi . 
4 .3  Comparison o f  P(CS) 

We compare t h e  p r o b a b i l i t y  o f  c o r r e c t  s e l e c t i o n  o f  PR and 

PE under  t h e  l e a s t  f a v o r a b l e  c o n f i g u r a t i o n .  For t h e  procedure 

PE we have P(CS IpE) = P* f o r  any v a l u e s  o f  t h e  v a r i a n c e s ,  w h i l e  

as fo l lows  c l e a r l y  from prev ious  s e c t i o n s  P ( C S  / p R )  + 1 a s  

o .  + 0 ,  i = 1 . .  k ,  f o r  any f i x e d  6* > 9 s o  t h a t  t h e  P ( C S )  

o f  PR w i l l  exceed t h a t  o f  TE when v a r i a n c e s  are s n a i l .  

S i m i l a r l y  when N o  -+ a, 6" > 0 f i x e d  t h e n  P(CS / P R )  + 1 

and we conclude t h a t  f o r  l a r g e  N o ,  P w i l l  have a  l a r g e r  P(cs)  
R 

t h a n  PE f o r  any f i x e d  c o n f i ~ r a t i o n  o f  t h e  r e s t  o f  t h e  parameters .  
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